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èêàãéÜÖçàÖ 1

ÇÖäíéêçÄü ÄãÉÖÅêÄ

á‰ÂÒ¸ ÓÔËÒ˚‚‡˛ÚÒfl ÌÂÍÓÚÓ˚Â ‡Î„Â·‡Ë˜ÂÒÍËÂ ÓÔÂ‡ˆËË Ì‡‰ ÒÍ‡ÎflÌ˚ÏË
Ë ‚ÂÍÚÓÌ˚ÏË ÙÛÌÍˆËflÏË, ËÒÔÓÎ¸ÁÛ˛˘ËÂÒfl ‚ ‰‡ÌÌÓÈ ‡·ÓÚÂ.
1. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ÒÍ‡Îfl T Ë ‚ÂÍÚÓ M fl‚Îfl˛ÚÒfl ÙÛÌÍˆËflÏË ÚÓ˜ÍË p:

T = T( p) Ë M = M( p). (1)

ëÍ‡Îfl T ÓÔÂ‰ÂÎflÂÚÒfl ‡·ÒÓÎ˛ÚÌÓÈ ‚ÂÎË˜ËÌÓÈ |T| Ë ÁÌ‡ÍÓÏ, ‡ ‚ÂÍÚÓ M ı‡-
‡ÍÚÂËÁÛÂÚÒfl ÏÓ‰ÛÎÂÏ (‰ÎËÌÓÈ) M Ë Ì‡Ô‡‚ÎÂÌËÂÏ im:

M( p) = M( p)im. (2)

á‰ÂÒ¸ M( p) – ÔÓÎÓÊËÚÂÎ¸Ì‡fl ‚ÂÎË˜ËÌ‡, im – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ, ÒÓ‚Ô‡‰‡˛˘ËÈ
ÔÓ Ì‡Ô‡‚ÎÂÌË˛ Ò ‚ÂÍÚÓÓÏ M:

|im| = 1. (3)

èÓ ÓÔÂ‰ÂÎÂÌË˛, Û ÒÍ‡ÎflÌÓÈ ‚ÂÎË˜ËÌ˚ ÌÂÚ Ì‡Ô‡‚ÎÂÌËfl, ‡ ‚ÂÍÚÓ ÌÂ fl‚Îfl-
ÂÚÒfl ÌË ÔÓÎÓÊËÚÂÎ¸Ì˚Ï, ÌË ÓÚËˆ‡ÚÂÎ¸Ì˚Ï. íÓ˜Í‡ p, ‚ ÍÓÚÓÓÈ ËÁÛ˜‡ÂÚÒfl
ÔÓ‚Â‰ÂÌËÂ ˝ÚËı ÙÛÌÍˆËÈ, Ó·˚˜ÌÓ Ì‡Á˚‚‡ÂÚÒfl ÚÓ˜ÍÓÈ Ì‡·Î˛‰ÂÌËfl. èÓÎÓÊÂ-
ÌËÂ ˝ÚÓÈ ÚÓ˜ÍË ‚ ÔÓÒÚ‡ÌÒÚ‚Â Á‡‰‡ÂÚÒfl ‡‰ËÛÒ-‚ÂÍÚÓÓÏ Lop ËÎË ÚÂÏfl ÍÓÓ-
‰ËÌ‡Ú‡ÏË x1, x2 Ë x3.

Ç Ó·ÓËı ÒÎÛ˜‡flı ÚÂ·ÛÂÚÒfl Á‡‰‡Ú¸ Ì‡˜‡ÎÓ ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú ‚ ÌÂÍÓÚÓÓÈ
ÚÓ˜ÍÂ O, ÔÓÎÓÊÂÌËÂ ÍÓÚÓÓÈ ËÁ‚ÂÒÚÌÓ. íÓ„‰‡ ‡‰ËÛÒ-‚ÂÍÚÓ Lop ÏÓÊÌÓ Á‡-
ÔËÒ‡Ú¸ Í‡Í

Lop = Lop i, (4)

„‰Â Lop – ‡ÒÒÚÓflÌËÂ ÓÚ Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú ‰Ó ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl; i – Â‰ËÌË˜-
Ì˚È ‚ÂÍÚÓ, Ì‡Ô‡‚ÎÂÌÌ˚È ÔÓ ‡‰ËÛÒÛ ÓÚ Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú Í ÚÓ˜ÍÂ Ì‡·Î˛-
‰ÂÌËfl (ËÒ. 1, à).

àÚ‡Í, ‚ Í‡˜ÂÒÚ‚Â ‡„ÛÏÂÌÚÓ‚ ÙÛÌÍˆËÈ T( p) Ë M( p) ÏÓÊÌÓ ‚˚·‡Ú¸ ÎË·Ó
‡‰ËÛÒ-‚ÂÍÚÓ, ÎË·Ó ÚË ÍÓÓ‰ËÌ‡Ú˚ ˝ÚÓÈ ÚÓ˜ÍË:

T(Lop) ËÎË T(x1, x2, x3)
Ë (5)

M(Lop) ËÎË M(x1, x2, x3).

Ñ‡ÎÂÂ Ï˚ ·Û‰ÂÏ Ú‡ÍÊÂ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÍË‚ÓÎËÌÂÈÌÛ˛ ÒËÒÚÂÏÛ ÍÓÓ‰ËÌ‡Ú, Ó·-
‡ÁÓ‚‡ÌÌÛ˛ ÚÂÏfl ‚Á‡ËÏÌÓ ÓÚÓ„ÓÌ‡Î¸Ì˚ÏË ÒÂÏÂÈÒÚ‚‡ÏË ÍÓÓ‰ËÌ‡ÚÌ˚ı        
ÎËÌËÈ l1, l2 Ë l3, Ì‡Ô‡‚ÎÂÌËfl ÍÓÚÓ˚ı Á‡‰‡˛ÚÒfl Â‰ËÌË˜Ì˚ÏË ‚ÂÍÚÓ‡ÏË  
( ËÒ. 1, á).

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÓÔÂ‰ÂÎËÚ¸ ÔÓÎÓÊÂÌËÂ ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl, ÌÂÓ·ıÓ‰ËÏÓ
‚˚˜ËÒÎËÚ¸ ÂÂ ÍÓÓ‰ËÌ‡Ú˚ x1, x2 Ë x3 ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ.
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2. Ç‚Â‰ÂÏ ÒÍ‡ÎflÌÛ˛ Ë ‚ÂÍÚÓÌÛ˛ ÍÓÏÔÓÌÂÌÚÛ ‚ÂÍÚÓ‡ M ‚‰ÓÎ¸ ÌÂÍÓÚÓ-
Ó„Ó Ì‡Ô‡‚ÎÂÌËfl l ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ (ËÒ. 1, â):

Ml = M cos (M, il) Ë Ml = Ml il. (6)

á‰ÂÒ¸ il – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ ‚‰ÓÎ¸ ÍË‚ÓÈ l, ‡ (M, il) – Û„ÓÎ ÏÂÊ‰Û ‚ÂÍÚÓ‡ÏË
M Ë il. á‡ÏÂÚËÏ, ˜ÚÓ ÒÍ‡ÎflÌ‡fl ÍÓÏÔÓÌÂÌÚ‡ Ml ÔÓÎÓÊËÚÂÎ¸Ì‡, ÂÒÎË ˝ÚÓÚ
Û„ÓÎ ÓÒÚ˚È, Ë ÓÚËˆ‡ÚÂÎ¸Ì‡, ÂÒÎË Û„ÓÎ ÒÚ‡ÌÓ‚ËÚÒfl ÚÛÔ˚Ï.  

ÇÂÍÚÓ M ˜‡ÒÚÓ ÓÔËÒ˚‚‡˛Ú, ËÒÔÓÎ¸ÁÛfl Â„Ó ÒÍ‡ÎflÌ˚Â Ë ‚ÂÍÚÓÌ˚Â ÍÓÏ-
ÔÓÌÂÌÚ˚ ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ l1, l2 Ë l3:

Ml = M cos (M, il),  M l = Ml il (7)

Ë  l = (1, 2, 3).

á‰ÂÒ¸ (M, il) – Û„ÓÎ ÏÂÊ‰Û ‚ÂÍÚÓÓÏ M Ë Â‰ËÌË˜Ì˚Ï ‚ÂÍÚÓÓÏ il, Á‡‰‡˛˘ËÏ
Ì‡Ô‡‚ÎÂÌËÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÍÓÓ‰ËÌ‡ÚÌÓÈ ÎËÌËË.

3. ëÛÏÏËÓ‚‡ÌËÂ ‚ÂÍÚÓÓ‚ ÔÓËÁ‚Ó‰ËÚÒfl ÔÓ Ô‡‚ËÎÛ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡ Ë,
ÍÓÌÂ˜ÌÓ, ÓÌÓ ÓÚÎË˜‡ÂÚÒfl ÓÚ ÒÛÏÏËÓ‚‡ÌËfl ÒÍ‡ÎflÓ‚. èÛÒÚ¸ ËÏÂÂÚÒfl ‰‚‡ ‚ÂÍ-

êËÒ. 1.  ÇÂÍÚÓ Ë Â„Ó ÍÓÏÔÓÌÂÌÚ˚
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ÚÓ‡ M1 Ë M2 (ËÒ. 1, ã). ëÓÒÚ‡‚ËÏ ËÁ ÌË ı Ô‡‡ÎÎÂÎÓ„‡ÏÏ, ÔÓÍ‡Á‡ÌÌ˚È Ì‡
ËÒ. 1, ä. èÓ ÓÔÂ‰ÂÎÂÌË˛, ÒÛÏÏ‡ ‚ÂÍÚÓÓ‚ Ú‡ÍÊÂ fl‚ÎflÂÚÒfl ‚ÂÍÚÓÓÏ:

M = M1 + M2.

åÓ‰ÛÎ¸ ˝ÚÓ„Ó ‚ÂÍÚÓ‡ ‡‚ÌflÂÚÒfl ‰ÎËÌÂ ‰Ë‡„ÓÌ‡ÎË Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, Ë ÓÌ
Ì‡Ô‡‚ÎÂÌ Í ÍÓÌˆÛ ‚ÚÓÓ„Ó ‚ÂÍÚÓ‡. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÂ ËÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂ ˝ÚÓ„Ó Ô‡‚ËÎ‡ ÔÓÁ‚ÓÎflÂÚ Ì‡ÈÚË ÒÛÏÏÛ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ˜ËÒÎ‡ ‚ÂÍ-
ÚÓÓ‚. ùÚ‡ ÔÓˆÂ‰Û‡ ÔÓÍ‡Á‡Ì‡ Ì‡ ËÒ. 1, å.

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Ì‡ÈÚË ‡ÁÌÓÒÚ¸ ‚ÂÍÚÓÓ‚ M1 Ë M2, ÌÂÓ·ıÓ‰ËÏÓ Û˜ÂÒÚ¸,
˜ÚÓ ‚ÂÍÚÓ˚

M3 = –M1  Ë   M1

ËÏÂ˛Ú Ó‰ËÌ‡ÍÓ‚Û˛ ‰ÎËÌÛ Ë Ô ÓÚË‚ÓÔÓÎÓÊÌ˚ ÔÓ Ì‡Ô‡‚ÎÂÌË˛ (ËÒ. 1, æ).
ëÌÓ‚‡ ËÒÔÓÎ¸ÁÛfl Ô‡‚ËÎÓ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, ÔÓÎÛ˜ËÏ

M = M2 + M1 = M2 – M1, (9)

Ë ‡ÁÌÓÒÚ¸ ‰‚Ûı ‚ÂÍÚÓÓ‚ Ú‡ÍÊÂ Ì‡Ô‡‚ÎÂÌ‡ ‚‰ÓÎ¸ ‰Ë‡„ÓÌ‡ÎË (ËÒ. 1, ç).
ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ ÂÒÎË Ì‡Ô‡‚ÎÂÌËfl ‚ÂÍÚÓÓ‚ ÒÓ‚Ô‡‰‡˛Ú ËÎË fl‚Îfl˛ÚÒfl

ÔÓÚË‚ÓÔÓÎÓÊÌ˚ÏË, ÚÓ ‰Îfl ÌËı ÓÔÂ‡ˆËË ÒÛÏÏËÓ‚‡ÌËfl Ë ‚˚˜ËÚ‡ÌËfl ÔÓËÁ-
‚Ó‰flÚÒfl Ú‡Í ÊÂ, Í‡Í Ë ‰Îfl ÒÍ‡ÎflÓ‚.

4. íÂÔÂ¸, ËÒÔÓÎ¸ÁÛfl Ô‡‚ËÎÓ Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, ‚ÂÍÚÓ M ÏÓÊÌÓ ÔÂ‰-
ÒÚ‡‚ËÚ¸ ˜ÂÂÁ Â„Ó ‚ÂÍÚÓÌ˚Â Ë ÒÍ‡ÎflÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı
ÎËÌËÈ. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, Í‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 2, à,

M = M1 + M2, (10)

„‰Â M1 Ë M2 – ‚ÂÍÚÓÌ˚Â ÍÓÏÔÓÌÂÌÚ˚.
é·Ó·˘ÂÌËÂ Ì‡ ÚÂıÏÂÌ˚È ÒÎÛ˜‡È Ó˜Â‚Ë‰ÌÓ (ËÒ. 2, ·á):

M = M3 + M12.

á‰ÂÒ¸

M12 = M1 + M2,

Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

M = M1 + M2 + M3 (11)

ËÎË

M = M1i1 + M2i2 + M3i3. (12)

èÓÒÍÓÎ¸ÍÛ ‚ÂÍÚÓÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ Ó·‡ÁÛ˛Ú ÔflÏÓÛ„ÓÎ¸ÌËÍ, ‰ÎËÌ‡ ‚ÂÍÚÓ‡
ÓÔÂ‰ÂÎflÂÚÒfl ‚˚‡ÊÂÌËÂÏ

    M M M M= + +1
2

2
2

3
2 .

Ç ÚÓ ÊÂ ‚ÂÏfl, ÂÒÎË ËÁ‚ÂÒÚÌ˚ ‰ÎËÌ‡ Ë Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ ‚ÂÍÚÓ‡
M, ÚÓ Â„Ó ÒÍ‡ÎflÌ‡fl ÍÓÏÔÓÌÂÌÚ‡ ÓÔÂ‰ÂÎflÂÚÒfl ÙÓÏÛÎÓÈ (6).

àÁ ÒÓÓÚÌÓ¯ÂÌËÈ (2), (6) Ë (11) ÔÓÎÛ˜ËÏ
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M im = M cos α i1 + M cos β i2 + M cos γ i3

ËÎË

 im = cos α i1 + cos β i2 + cos γ I3, (14)

Ú.Â. Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚  cos α , cos β Ë  cos γ  fl‚Îfl˛ÚÒfl ÔÓÂÍˆËflÏË
Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡ im Ì‡ ÍÓÓ‰ËÌ‡ÚÌ˚Â ÓÒË. àÁ ‡‚ÂÌÒÚ‚‡ (13) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

cos2 α +  cos2 β + cos2 γ = 1. (15)

èÛÒÚ¸ ÍÓÓ‰ËÌ‡Ú‡ÏË Ì‡˜‡Î‡ Ë ÍÓÌˆ‡ ‚ÂÍÚÓ‡ M fl‚Îfl˛ÚÒfl

êËÒ. 2.  ëÍ‡ÎflÌ˚Â Ë ‚ÂÍÚÓÌ˚Â ÍÓÏÔÓÌÂÌÚ˚. ÇÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ. ÇÁ‡ËÏÌ‡fl ÓËÂÌ-
Ú‡ˆËfl ÍË‚˚ı Ë ÔÓ‚ÂıÌÓÒÚÂÈ
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x1, y1, z1  Ë  x2, y2, z2.  

íÓ„‰‡, Í‡Í ˝ÚÓ ‚Ë‰ÌÓ ËÁ ËÒ. 2, â, ÒÍ‡ÎflÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ ‡‚Ì˚ ‡ÁÌÓÒÚË
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÍÓÓ‰ËÌ‡Ú:

M1 = x2 – x1,  M2 = y2 – y1,  M3 = z2 – z1. (16)

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ì‡Ô‡‚Îfl˛˘ËÂ ÍÓÒËÌÛÒ˚ Ë ‰ÎËÌ‡ ‚ÂÍÚÓ‡ M ÓÔÂ‰ÂÎfl˛ÚÒfl
Í‡Í

    
cos ,α =

−x x

M
2 1  

    
cos ,β =

−y y

M
2 1  

    
cos γ =

−z z

M
2 1 (17)

Ë

    M x x y y z z= + + + + +( ) ( ) ( ) .2 1
2

2 1
2

2 1
2

å˚ ËÏÂÂÏ ‰‚‡ ‡ÁÌ˚ı ÔÂ‰ÒÚ‡‚ÎÂÌËfl ‚ÂÍÚÓ‡:

M = M im  Ë  M = M1 i1 + M2 i2 + M3 i3.

èÓÒÎÂ‰Ìflfl ÙÓÏ‡ ÔÂ‰ÒÚ‡‚ÎÂÌËfl fl‚ÎflÂÚÒfl ·ÓÎÂÂ Û‰Ó·ÌÓÈ ‰Îfl ÒÛÏÏËÓ‚‡ÌËfl Ë
‚˚˜ËÚ‡ÌËfl ‚ÂÍÚÓÓ‚. Ç ˜‡ÒÚÌÓÒÚË,

M ± N = (M1 ± N1)i1 + (M2 ± N2)i2 + (M3 ± N3)i3. (18)

5. Ç ÓÚÎË˜ËÂ ÓÚ ÒÍ‡ÎflÓ‚, ‰Îfl ‚ÂÍÚÓÓ‚ ÒÛ˘ÂÒÚ‚ÛÂÚ ‰‚Â ÓÔÂ‡ˆËË ÛÏÌÓ-   
ÊÂÌËfl: ÒÍ‡ÎflÌÓÂ Ë ‚ÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ, ‡ ÓÔÂ‡ˆËfl ‰ÂÎÂÌËfl ÓÚÒÛÚÒÚ-
‚ÛÂÚ.  

ëÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‰‚Ûı ‚ÂÍÚÓÓ‚

a = a1i1 + a2i2 + a3i3

Ë (19)

b = b1i1 + b2i2 + b3i3

ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í

a ⋅ b = a b cos (a, b), (20)

„‰Â (a, b) – Û„ÓÎ ÏÂÊ‰Û ˝ÚËÏË ‚ÂÍÚÓ‡ÏË.
í‡ÍËÏ Ó·‡ÁÓÏ, ‰‡ÌÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ fl‚ÎflÂÚÒfl ÒÍ‡ÎflÓÏ, ‡ Â„Ó ÁÌ‡Í ÓÔÂ-

‰ÂÎflÂÚÒfl Û„ÎÓÏ (a, b). Ç ˜‡ÒÚÌÓÒÚË, ÂÒÎË ‚ÂÍÚÓ˚ a Ë b ÔÂÔÂÌ‰ËÍÛÎflÌ˚, Ëı
ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‡‚ÌÓ ÌÛÎ˛.

èÓÒÍÓÎ¸ÍÛ Ï˚ ‡ÒÒÏ‡ÚË‚‡ÂÏ ÚÓÎ¸ÍÓ ÓÚÓ„ÓÌ‡Î¸Ì˚Â ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú,
ÚÓ

i1 ⋅ i2 = i1 ⋅ i3 = i2 ⋅ i3 = 0

Ë (21)

i1 ⋅ i1 = i2 ⋅ i2 = i3 ⋅ i3 = 1.

ëÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ Ú‡ÍÊÂ Ó˜ÂÌ¸ ÔÓÒÚÓ ‚˚‡Ê‡ÂÚÒfl ˜ÂÂÁ ÍÓÏÔÓÌÂÌÚ˚
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‚ÂÍÚÓÓ‚. èÂÂÏÌÓÊ‡fl ‚ÂÍÚÓÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ ËÁ Ô‡‚ÓÈ ˜‡ÒÚË ÙÓÏÛÎ˚
(19), ÔÓÎÛ˜ËÏ

a ⋅ b = a1b1 + a2b2 + a3b3. (22)

ùÚÓ ‚ÚÓ‡fl ÙÓÏ‡ ÔÂ‰ÒÚ‡‚ÎÂÌËfl ÒÍ‡ÎflÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl.
ê‡‚ÂÌÒÚ‚Ó (20) ÔÓÁ‚ÓÎflÂÚ ÓÔÂ‰ÂÎËÚ¸ Û„ÓÎ ÏÂÊ‰Û ‰‚ÛÏfl ‚ÂÍÚÓ‡ÏË. àÒ-

ÔÓÎ¸ÁÛfl  ÒÓÓÚÌÓ¯ÂÌËfl (14) Ë (22), ËÏÂÂÏ

a ⋅ b = a b ia ⋅ ib = a b cos (a, b)

ËÎË

cos(a, b) = cos αa cos αb +  cos βa cos βb + cos γa  cos γb. (23)

ê‡ÒÒÏÓÚËÏ ‚ÏÂÒÚÓ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ‚ÂÍÚÓ‡ b Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ il. íÓ„‰‡

a ⋅ il = a cos(α, il) = al, (24)

„‰Â al – ÔÓÂÍˆËfl ‚ÂÍÚÓ‡ a Ì‡ ÍË‚Û˛ l. ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ˜ÚÓ·˚ Ì‡ÈÚË
ÔÓÂÍˆË˛ ‚ÂÍÚÓ‡ Ì‡ ÌÂÍÓÚÓÓÂ Ì‡Ô‡‚ÎÂÌËÂ, Ï˚ ‰ÓÎÊÌ˚ ‚ÁflÚ¸ ÒÍ‡ÎflÌÓÂ
ÔÓËÁ‚Â‰ÂÌËÂ ˝ÚÓ„Ó ‚ÂÍÚÓ‡ Ë Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡ ‚ Á‡‰‡ÌÌÓÏ Ì‡Ô‡‚ÎÂÌËË.
ÖÒÎË Ì‡Ô‡‚ÎÂÌËfl ˝ÚËı ‚ÂÍÚÓÓ‚ ÒÓ‚Ô‡‰‡˛Ú, ÚÓ cos(a, b) = 1 Ë ÒÍ‡ÎflÌÓÂ
ÔÓËÁ‚Â‰ÂÌËÂ Ò‚Ó‰ËÚÒfl Í ÔÓËÁ‚Â‰ÂÌË˛ ‰ÎËÌ ˝ÚËı ‚ÂÍÚÓÓ‚.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ‚ÚÓÓÈ ÚËÔ ÛÏÌÓÊÂÌËfl. ÇÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‚ÂÍ-
ÚÓÓ‚ a Ë b:

c = (a × b) (25)

fl‚ÎflÂÚÒfl ‚ÂÍÚÓÓÏ, ÔÂÔÂÌ‰ËÍÛÎflÌ˚Ï Í Í‡Ê‰ÓÏÛ ËÁ ÌËı. Ö„Ó ‰ÎËÌ‡ ‡‚ÌflÂÚ-
Òfl ÔÎÓ˘‡‰Ë Ô‡‡ÎÎÂÎÓ„‡ÏÏ‡, Ó·‡ÁÓ‚‡ÌÌÓ„Ó ˝ÚËÏË ‚ÂÍÚÓ‡ÏË:

c = a b sin(a, b). (26)

ç‡Ô‡‚ÎÂÌËÂ ‚ÂÍÚÓÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl c ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ÛÒÎÓ‚Ëfl, ÒÓ„Î‡Ò-
ÌÓ ÍÓÚÓÓÏÛ ‚ÂÍÚÓ˚ a, b Ë c ‰ÓÎÊÌ˚ Ó·‡ÁÓ‚˚‚‡Ú¸ Ô‡‚Û˛ ÚÓÈÍÛ (ÒÏ.
ËÒ. 2, ã).

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ

a × b = –b × a. (27)

ëÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ (26) ‚ÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‰‚Ûı Ô‡‡ÎÎÂÎ¸Ì˚ı ‚ÂÍÚÓÓ‚
‡‚ÌflÂÚÒfl ÌÛÎ˛, ‡ Â„Ó Ï‡ÍÒËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ‰ÓÒÚË„‡ÂÚÒfl, ÍÓ„‰‡ ‚ÂÍÚÓ˚
ÔÂÔÂÌ‰ËÍÛÎflÌ˚ ‰Û„ ‰Û„Û. í‡Í, Ì‡ÔËÏÂ, ‰Îfl Â‰ËÌË˜Ì˚ı ‚ÂÍÚÓÓ‚ ÓÚÓ-
„ÓÌ‡Î¸ÌÓÈ ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú

i3 = i1 × i2, i2 = i3 × i1, i1 = i2 × i3

Ë (28)

i1 × i1 = i2 × i2 = i3 × i3 = 0.

èÂÂÏÌÓÊ‡fl ‚ÂÍÚÓÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ ËÁ ÙÓÏÛÎ˚ (19) Ë ËÒÔÓÎ¸ÁÛfl ‡‚ÂÌÒÚ‚‡
(28), ÔËıÓ‰ËÏ Í ‰Û„ÓÏÛ ‚˚‡ÊÂÌË˛ ‰Îfl ‚ÂÍÚÓÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl:
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c
i i i

=
1 2 3

1 2 3

1 2 3

    
 
 

 

 

a a a
b b b

. (29)

Ö„Ó ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

c = (a2b3 – a3b2)i1 + (a3b1 – a1b3)i2 + (a1b2 – a2b1)i3. (30)

6. ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ Â˘Â ‰‚Â ÓÔÂ‡ˆËË Ì‡‰ ‚ÂÍÚÓ‡ÏË. ëÏÂ¯‡ÌÌÓÂ ÔÓ-
ËÁ‚Â‰ÂÌËÂ ÚÂı ‚ÂÍÚÓÓ‚ a, b Ë c fl‚ÎflÂÚÒfl ÒÍ‡ÎflÌÓÈ ‚ÂÎË˜ËÌÓÈ, ‡‚ÌÓÈ Ó·˙-
ÂÏÛ Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡, Ó·‡ÁÓ‚‡ÌÌÓ„Ó ˝ÚËÏË ÚÂÏfl ‚ÂÍÚÓ‡ÏË:

a ⋅ (b × c) = b ⋅ (c × a) = c ⋅ (a × b) 

    

=
a a a
b b b
c c c

1 2 3

1 2 3

1 2 3

 

 

 

 
 
 

(31)

ËÎË

a ⋅ (b × c) = –b ⋅ (a × c) = –a ⋅ (c × b).

Ñ‚ÓÈÌÓÂ ‚ÂÍÚÓÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‚ÂÍÚÓÓ‚ a, b Ë c

a × (b × c)

fl‚ÎflÂÚÒfl ·ÓÎÂÂ ÒÎÓÊÌÓÈ ÓÔÂ‡ˆËÂÈ, Ó‰Ì‡ÍÓ Â„Ó ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â
‡ÁÌÓÒÚË ‰‚Ûı ‚ÂÍÚÓÓ‚:

a × (b × c) = (a ⋅ c)b – (a ⋅ b)c. (33)

Ñ‡ÌÌÓÂ ‡‚ÂÌÒÚ‚Ó ·˚‚‡ÂÚ Ó˜ÂÌ¸ ÔÓÎÂÁÌ˚Ï ‰Îfl ÛÔÓ˘ÂÌËfl ‡Î„Â·‡Ë˜ÂÒÍËı
ÔÂÓ·‡ÁÓ‚‡ÌËÈ.

àÁ ÓÔÂ‰ÂÎÂÌËfl ÒÏÂ¯‡ÌÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl ÒÎÂ‰ÛÂÚ, ˜ÚÓ

a × (b × c) = (b × c) × a. (34)

7. àÁ‚ÂÒÚÌ˚Â Ô‡‚ËÎ‡ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl ÒÍ‡ÎflÌ˚ı ÙÛÌÍˆËÈ ÏÓÊÌÓ
ÔËÏÂÌflÚ¸ Ë ‰Îfl ÌÂÔÂ˚‚Ì˚ı ‚ÂÍÚÓÌ˚ı ÙÛÌÍˆËÈ. í‡Í, Ì‡ÔËÏÂ,

      
d

dx

d

dx

d

dx
( ) ,a b a b+ = +

      
d

dx

d

dx

d

dx
ϕ ϕ

ϕa aa= + ,

      
d

dx

d

dx

d

dx
( ) ,a b b aa b⋅ = ⋅ + ⋅ (35)

      
d

dx

d

dx

d

dx
( ) .a b b aa b× = × + ×

á‰ÂÒ¸ ϕ – ÒÍ‡ÎflÌ‡fl ÙÛÌÍˆËfl, a Ë b – ‚ÂÍÚÓÌ˚Â ÙÛÌÍˆËË, ÔÂÂÏÂÌÌ‡fl x



441

fl‚ÎflÂÚÒfl Ëı ‡„ÛÏÂÌÚÓÏ. Ç ˜‡ÒÚÌÓÒÚË, x ÏÓÊÂÚ ·˚Ú¸ ÍÓÓ‰ËÌ‡ÚÓÈ ÚÓ˜ÍË Ì‡-
·Î˛‰ÂÌËfl.
ÄÌ‡ÎÓ„Ë˜Ì˚Â ÒÓÓÚÌÓ¯ÂÌËfl ÏÓÊÌÓ Ì‡ÔËÒ‡Ú¸ Ë ‰Îfl ·ÓÎÂÂ ÒÎÓÊÌ˚ı ÍÓÏ-

·ËÌ‡ˆËÈ ‚ÂÍÚÓÌ˚ı Ë ÒÍ‡ÎflÌ˚ı ÙÛÌÍˆËÈ. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â Í‡Í ‰ÎËÌ‡, Ú‡Í Ë
Ì‡Ô‡‚ÎÂÌËÂ ‚ÂÍÚÓ‡ fl‚Îfl˛ÚÒfl ÙÛÌÍˆËflÏË ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl. Ç
ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÙÓÏÛÎÓÈ (2), ÔÓËÁ‚Ó‰Ì‡fl ‚ÂÍÚÓÌÓÈ ÙÛÌÍˆËË M( p) ÔÓ ‡-
„ÛÏÂÌÚÛ x Á‡ÔËÒ˚‚‡ÂÚÒfl Í‡Í

      
d

dx

dM

dx

d

dx
m

mMM i
i= ⋅ + ⋅ . (36)

Ç ˜‡ÒÚÌÓÒÚË, ÔÓËÁ‚Ó‰Ì‡fl ‚ÂÍÚÓÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌÓÈ
ÎËÌËË ÓÔÂ‰ÂÎflÂÚÒfl ÒÎÂ‰Û˛˘ËÏ ‚˚‡ÊÂÌËÂÏ:

      

d

dx

dM

dx

d

dx
k

k

k

k
k k

k

k

M
M i

i= ⋅ + ⋅ , (37)

„‰Â ik – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ ‚‰ÓÎ¸ ÎËÌËË lk, xk – ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÍÓÓ‰ËÌ‡Ú‡.
Ç ÍË‚ÓÎËÌÂÈÌÓÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú Ì‡Ô‡‚ÎÂÌËfl Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡ ik,

Í‡Í Ô‡‚ËÎÓ, fl‚Îfl˛ÚÒfl ÙÛÌÍˆËflÏË ÔÓÎÓÊÂÌËfl ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl Ë, ÒÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ‚ÚÓÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ ÙÓÏÛÎÂ (37) ÌÂ ‡‚ÌÓ ÌÛÎ˛.

8. Ç‚Â‰ÂÏ ÔÓÌflÚËÂ ÓËÂÌÚËÓ‚‡ÌÌÓ„Ó ˝ÎÂÏÂÌÚ‡ÌÓ„Ó ÒÏÂ˘ÂÌËfl dl:

dl = dl il = dl1 + dl2 + dl3 = dl1i1 + dl2i3 +dl3i3. (38)

á‰ÂÒ¸ dl Ó·ÓÁÌ‡˜‡ÂÚ ÏÓ‰ÛÎ¸ ‚ÂÍÚÓ‡ dl, ‡‚Ì˚È ‰ÎËÌÂ ˝ÚÓ„Ó ÒÂ„ÏÂÌÚ‡, ‡ dlk Ë
dlk = dlkik fl‚Îfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÒÍ‡ÎflÌÓÈ Ë ‚ÂÍÚÓÌÓÈ ÍÓÏÔÓÌÂÌÚ‡ÏË
‚ÂÍÚÓ‡ dl ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌÓÈ ÎËÌËË. éËÂÌÚ‡ˆËfl ÍË‚ÓÈ l ‚ ÔÓÒÚ‡ÌÒÚ‚Â
ÓÔÂ‰ÂÎflÂÚÒfl ‚˚·ÓÓÏ ÂÂ ÔÓÎÓÊËÚÂÎ¸ÌÓ„Ó Ì‡Ô‡‚ÎÂÌËfl, Ú.Â. ‚ÂÍÚÓÓÏ dl.
ÄÌ‡ÎÓ„Ë˜Ì˚Ï Ó·‡ÁÓÏ, ÓËÂÌÚËÓ‚‡ÌÌ˚È ˝ÎÂÏÂÌÚ ÔÓ‚ÂıÌÓÒÚË dS ÏÓÊÌÓ
ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í

dS = dS n = dS1 + dS2 + dS3 = dS1i1 + dS2i3 +dS3i3. (39)

á‰ÂÒ¸ dS Ó·ÓÁÌ‡˜‡ÂÚ ‰ÎËÌÛ ‚ÂÍÚÓ‡ dS, ‡‚ÌÛ˛ ÔÎÓ˘‡‰Ë ÔÓ‚ÂıÌÓÒÚË ˝ÎÂ-
ÏÂÌÚ‡, n – Â‰ËÌË˜ÌÛ˛ ÌÓÏ‡Î¸ Í ˝ÚÓÈ ÔÓ‚ÂıÌÓÒÚË, ‡

dSk = dS cos(dS, ik), dSk = dSkik (40)

fl‚Îfl˛ÚÒfl ÒÍ‡ÎflÌÓÈ Ë ‚ÂÍÚÓÌÓÈ ÔÓÂÍˆËÂÈ dS Ì‡ ÔÓ‚ÂıÌÓÒÚ¸, ÔÂÔÂÌ‰ËÍÛ-
ÎflÌÛ˛ Í ÍÓÓ‰ËÌ‡ÚÌÓÈ ÎËÌËË lk. éËÂÌÚ‡ˆËfl ÔÓ‚ÂıÌÓÒÚË dS ÓÔÂ‰ÂÎflÂÚÒfl
ÂÂ ÌÓÏ‡Î¸˛ n .  å˚ ·Û‰ÂÏ ‡ÁÎË˜‡Ú¸ ÔÂÂ‰Ì˛˛ Ë Á‡‰Ì˛˛ ÒÚÓÓÌ˚ ˝ÚÓÈ
ÔÓ‚ÂıÌÓÒÚË Ë ‚‚Â‰ÂÏ ÒÓ„Î‡¯ÂÌËÂ, ÒÓ„Î‡ÒÌÓ ÍÓÚÓÓÏÛ ÌÓÏ‡Î¸ ‚ÒÂ„‰‡ Ì‡-
Ô‡‚ÎÂÌ‡ ÓÚ Á‡‰ÌÂÈ ÒÚÓÓÌ˚ Í ÔÂÂ‰ÌÂÈ.

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Óı‡‡ÍÚÂËÁÓ‚‡Ú¸ ‚Á‡ËÏÌÛ˛ ÓËÂÌÚ‡ˆË˛ ‚ÂÍÚÓÓ‚, Ï˚
·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÚÓÎ¸ÍÓ Ô‡‚ËÎÓ Ô‡‚ÓÈ ÛÍË, ÍÓÚÓÓÂ ÏÓÊÌÓ ÔÓËÎÎ˛Ò-
ÚËÓ‚‡Ú¸ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. èÛÒÚ¸ ÔÓÎÓÊÂÌËÂ ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl ÏÂÌflÂÚ-
Òfl ‚‰ÓÎ¸ ÌÂÍÓÚÓÓÈ Í Ë‚ÓÈ l ‚ ÔÓÎÓÊËÚÂÎ¸ÌÓÏ Ì‡Ô‡‚ÎÂÌËË dl (ËÒ. 2, ä).
ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ‚ÂÍÚÓ dl Ó·‡ÁÛÂÚ Ô‡‚ÓÒÚÓÓÌÌ˛˛ ÒËÒÚÂÏÛ Ò ÔÓËÁ-
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‚ÓÎ¸Ì˚Ï ‚ÂÍÚÓÓÏ s, ÂÒÎË ‰Îfl Ì‡·Î˛‰‡ÚÂÎfl, Ì‡ıÓ‰fl˘Â„ÓÒfl ‚ ÍÓÌˆÂ ‚ÂÍÚÓ‡ s,
‰‚ËÊÂÌËÂ ÚÓ˜ÍË p ÔÓËÒıÓ‰ËÚ ÔÓÚË‚ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË. ç‡ÔËÏÂ, ÏÓÊÌÓ
‡ÒÒÏÓÚÂÚ¸ ÔÓ‚ÂıÌÓÒÚ¸ S Ò ÌÓÏ‡Î¸˛ n, Ó„‡ÌË˜ÂÌÌÛ˛ ÍÓÌÚÛÓÏ l (ËÒ. 2,
å). Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò Ô ‡‚ËÎÓÏ Ô‡‚ÓÈ ÛÍË, Ì‡Ô‡‚ÎÂÌËÂ dl ‰ÓÎÊÌÓ ·˚Ú¸
‚˚·‡ÌÓ Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ·˚ ÓÌÓ ÛÍ‡Á˚‚‡ÎÓ Ì‡ ‚‡˘ÂÌËÂ ‚ÓÍÛ„ ‚ÂÍÚÓ‡
n ÔÓÚË‚ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ÚË ‚ÂÍÚÓ‡ a, b Ë c Ó·‡ÁÛ˛Ú
Ô‡‚ÓÒÚÓÓÌÌ˛˛ ÒËÒÚÂÏÛ, ÂÒÎË Ëı Ì‡Ô‡‚ÎÂÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú Ô‡‚ËÎÛ Ô‡-
‚ÓÈ ÛÍË (ËÒ. 2, ã). Ç ˜‡ÒÚÌÓÒÚË, ‚ Ô‡‚ÓÒÚÓÓÌÌÂÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú Â‰Ë-
ÌË˜Ì˚Â ‚ÂÍÚÓ˚ ÔÓ‰˜ËÌfl˛ÚÒfl ÒÓÓÚÌÓ¯ÂÌËflÏ (28).

9. ê‡ÒÒÏÓÚËÏ Í‡ÚÍÓ ÓÒÌÓ‚Ì˚Â Ò‚ÓÈÒÚ‚‡ ÍË‚ÓÎËÌÂÈÌÓÈ ÓÚÓ„ÓÌ‡Î¸ÌÓÈ
ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú. ä‡Í ÓÚÏÂ˜‡ÎÓÒ¸ ‡ÌÂÂ, ÚË ‚Á‡ËÏÌÓ ÔÂÔÂÌ‰ËÍÛÎflÌ˚Â
ÎËÌËË l1, l2 Ë l3, Á‡‰‡ÌÌ˚Â ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÔÓÒÚ‡ÌÒÚ‚‡, Ó·‡ÁÛ˛Ú ÚË ÒÂ-
ÏÂÈÒÚ‚‡ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ. Ç‰ÓÎ¸ Í‡Ê‰ÓÈ Ú‡ÍÓÈ ÎËÌËË ËÁÏÂÌflÂÚÒfl ÚÓÎ¸ÍÓ
Ó‰Ì‡ ÍÓÓ‰ËÌ‡Ú‡, ‡ ‰‚Â ÓÒÚ‡Î¸Ì˚ı ÓÒÚ‡˛ÚÒfl ÔÓÒÚÓflÌÌ˚ÏË. ç‡ÔËÏÂ, ÍÓÓ-
‰ËÌ‡Ú˚ x2 Ë x3 ÌÂ ÏÂÌfl˛ÚÒfl ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌÓÈ ÎËÌËË l1. èÓÎÓÊÂÌËÂ ÚÓ˜ÍË
ÏÓÊÌÓ ı‡‡ÍÚÂËÁÓ‚‡Ú¸ Ú‡ÍÊÂ ÚÂÏfl ÒÂÏÂÈÒÚ‚‡ÏË ÍÓÓ‰ËÌ‡ÚÌ˚ı ÔÓ‚ÂıÌÓÒ-
ÚÂÈ S1, S2 Ë S3, ÓËÂÌÚ‡ˆËfl ÍÓÚÓ˚ı Ú‡ÍÓ‚‡, ˜ÚÓ ÍÓÓ‰ËÌ‡ÚÌ‡fl ÎËÌËfl lk ÔÂ-
ÔÂÌ‰ËÍÛÎflÌ‡ ÔÓ‚ÂıÌÓÒÚË Sk ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ. ç‡ Í‡Ê‰ÓÈ ÍÓÓ‰ËÌ‡ÚÌÓÈ ÔÓ-
‚ÂıÌÓÒÚË ÓÒÚ‡ÂÚÒfl ÌÂËÁÏÂÌÌÓÈ ÚÓÎ¸ÍÓ Ó‰Ì‡ ÍÓÓ‰ËÌ‡Ú‡. ìÍ‡Á‡ÌÌ˚Â ÚË ÒÂ-
ÏÂÈÒÚ‚‡ ÔÓ‚ÂıÌÓÒÚÂÈ ÔÂÔÂÌ‰ËÍÛÎflÌ˚ ‰Û„ ‰Û„Û, Ú‡Í ÊÂ, Í‡Í Ë ÚË ÒÂÏÂÈ-
ÒÚ‚‡ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ. àÁ ËÒ. 1, á ‚Ë‰ÌÓ, ˜ÚÓ ˝ÎÂÏÂÌÚ˚ ÍÓÓ‰ËÌ‡ÚÌ˚ı
ÔÓ‚ÂıÌÓÒÚÂÈ dSk, Ó„‡ÌË˜ÂÌÌ˚ı ÍÓÓ‰ËÌ‡ÚÌ˚ÏË ÎËÌËflÏË, ÓÔÂ‰ÂÎfl˛ÚÒfl
‚ÂÍÚÓ‡ÏË

dS1 = dl2dl3i1,  dS2 = dl1dl3i2,  dS3 = dl1dl2i3. (41)

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ˝ÎÂÏÂÌÚ‡Ì˚È Ó·˙ÂÏ, Ó„‡ÌË˜ÂÌÌ˚È ÍÓÓ‰ËÌ‡ÚÌ˚ÏË ÔÓ-
‚ÂıÌÓÒÚflÏË Á‡ÔËÒ˚‚‡ÂÚÒfl Í‡Í

dV = dl1dl3dl3. (42)

Ç‚Â‰ÂÏ ÚÂÔÂ¸ ÏÂÚË˜ÂÒÍËÂ ÍÓ˝ÙÙËˆËÂÌÚ˚, ÛÒÚ‡Ì‡‚ÎË‚‡˛˘ËÂ Ò‚flÁ¸ ÏÂÊ‰Û
‰ÎËÌÓÈ ˝ÎÂÏÂÌÚ‡ÌÓ„Ó ÒÂ„ÏÂÌÚ‡ ÍÓÓ‰ËÌ‡ÚÌÓÈ ÎËÌËË dlk Ë ËÁÏÂÌÂÌËÂÏ ÒÓÓÚ-
‚ÂÚÒÚ‚Û˛˘ÂÈ ÍÓÓ‰ËÌ‡Ú˚ dlk, Ú.Â.

dl1 = h1dx1,  dl2 = h2dx2,  dl3 = h3dx3. (43)

á‰ÂÒ¸ h1, h2 Ë h3 – ÏÂÚË˜ÂÒÍËÂ ÍÓ˝ÙÙËˆËÂÌÚ˚ ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú, fl‚Îfl˛-
˘ËÂÒfl Ó·˚˜ÌÓ ÙÛÌÍˆËflÏË, Á‡‚ËÒfl˘ËÏË ÓÚ ÚÓ˜ÍË. ÄÌ‡ÎËÚË˜ÂÒÍËÂ ‚˚‡ÊÂÌËfl
‰Îfl ÏÂÚË˜ÂÒÍËı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‚˚‚Ó‰flÚÒfl, Í‡Í Ô‡‚ËÎÓ, ËÁ ‡Ì‡ÎËÁ‡ „ÂÓÏÂÚ-
ËË ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ.

ê‡ÒÒÏÓÚËÏ ÔÓÒÚÂÈ¯ËÂ ÒËÒÚÂÏ˚ ÍÓÓ‰ËÌ‡Ú.

èflÏÓÛ„ÓÎ¸Ì‡fl ‰ÂÍ‡ÚÓ‚‡ ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

x1 = x,  x2 = y,  x3 = z.

ÇÒÂ ÍÓÓ‰ËÌ‡ÚÌ˚Â ÎËÌËË fl‚Îfl˛ÚÒfl ÔflÏ˚ÏË, ‡ ÍÓÓ‰ËÌ‡ÚÌ˚Â ÔÓ‚ÂıÌÓÒÚË –
ÔÎÓÒÍÓÒÚflÏË.
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éÚÒ˛‰‡

h1 = h2 = h3 = 1,

dl1 = dx,  dl2 = dy,  dl3 = dz,  (44)

dS1 = dy dz,  dS2 = dx dz,  dS3 = dx dy,  

dV = dx dy dz.

ñËÎËÌ‰Ë˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

x1 = r,  x2 = ϕ,  x3 = z.

äÓÓ‰ËÌ‡ÚÌ˚Â ÎËÌËË l1 Ë l3 fl‚Îfl˛ÚÒfl ÔflÏ˚ÏË, ‡ l2 – ÓÍÛÊÌÓÒÚ¸˛. äÓ-
Ó‰ËÌ‡ÚÌ‡fl ÔÓ‚ÂıÌÓÒÚ¸ r = const fl‚ÎflÂÚÒfl ˆËÎËÌ‰ÓÏ, ϕ = cosnt – ÔÓÎÛÔÎÓ-
ÒÍÓÒÚ¸˛, z = const – „ÓËÁÓÌÚ‡Î¸ÌÓÈ ÔÎÓÒÍÓÒÚ¸˛.

í‡ÍËÏ Ó·‡ÁÓÏ,

h1 = 1,  h2 = r,  h3 = 1,

dl1 = dr,  dl2 = r dϕ,  dl3 = dz,  (45)

dS1 = r dϕ dz,  dS2 = dr dz,  dS3 = r dr dϕ,  

dV = r dr dϕ dz.

ëÙÂË˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

äÓÓ‰ËÌ‡ÚÌ‡fl ÎËÌËfl l1 fl‚ÎflÂÚÒfl ÔflÏÓÈ, ‡ l2 Ë l3 – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÔÓÎÛ-
ÓÍÛÊÌÓÒÚ¸˛ Ë ÓÍÛÊÌÓÒÚ¸˛. äÓÓ‰ËÌ‡ÚÌ‡fl ÔÓ‚ÂıÌÓÒÚ¸ R = const fl‚ÎflÂÚÒfl
ÒÙÂÓÈ, θ = const – ·ÓÍÓ‚ÓÈ ÔÓ‚ÂıÌÓÒÚ¸˛ ÍÓÌÛÒ‡ Ò ‚Â¯ËÌÓÈ ‚ Ì‡˜‡ÎÂ ÍÓ-
Ó‰ËÌ‡Ú, ‡ ϕ = cosnt – ÔÓÎÛÔÎÓÒÍÓÒÚ¸˛.

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

h1 = 1,  h2 = R,  h3 = R sin θ,

dl1 = dR,  dl2 = R dθ,  dl3 = R sin θ dϕ,  (46)

dS1 = R2 sin θ dθ dϕ,  dS2 = R sin θ dR dϕ,  dS3 = R dR dθ,  

dV = R2 sin θ dR dθ dϕ.

10. èÓÎÂÁÌÓ ‚‚ÂÒÚË Â˘Â Ó‰ÌÓ ÔÓÌflÚËÂ – ÚÂÎÂÒÌÓ„Ó Û„Î‡. ë ˝ÚÓÈ ˆÂÎ¸˛
ÔÓ‚Â‰ÂÏ ÔflÏ˚Â ËÁ ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl Í ÚÓ˜Í‡Ï, ÔËÌ‡‰ÎÂÊ‡˘ËÏ „‡ÌËˆÂ
ÔÓ‚ÂıÌÓÒÚË S (ËÒ. 3, à). ùÚË ÔflÏ˚Â Ó·‡ÁÛ˛Ú ÍÓÌÛÒ, ÚÂÎÂÒÌ˚È Û„ÓÎ ÍÓÚÓ-
Ó„Ó ω( p) ı‡‡ÍÚÂËÁÛÂÚ Û„ÓÎ, ÔÓ‰ ÍÓÚÓ˚Ï ÔÓ‚ÂıÌÓÒÚ¸ S ‚Ë‰Ì‡ ËÁ ÚÓ˜ÍË p.
ùÚÓÚ Û„ÓÎ ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÓÊËÚÂÎ¸Ì˚Ï, ÓÚËˆ‡ÚÂÎ¸Ì˚Ï ËÎË ‡‚ÌflÚ¸Òfl ÌÛÎ˛.
éÌ ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í
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ω( )p pq

pqS L
=

⋅
∫

dS L
3

, (47)

„‰Â Lpq – ‡ÒÒÚÓflÌËÂ ÓÚ ÚÓ˜ÍË p ‰Ó ÔÓËÁ‚ÓÎ¸ÌÓÈ ÚÓ˜ÍË Ì‡ ÔÓ‚ÂıÌÓÒÚË S
( ËÒ. 3, à); dS = dS n.

ëÛ˘ÂÒÚ‚ÂÌÌÓ, ˜ÚÓ ‚ÒÂ ÔÓ‚ÂıÌÓÒÚË, Ó„‡ÌË˜ÂÌÌ˚Â ‰‡ÌÌ˚Ï ÍÓÌÛÒÓÏ ‚Ë‰Ì˚
ÔÓ‰ Ó‰ÌËÏ Ë ÚÂÏ ÊÂ Û„ÎÓÏ ω (p), ÔË ÛÒÎÓ‚ËË, ˜ÚÓ Ï˚ Ì‡·Î˛‰‡ÂÏ ËÁ ÚÓ˜ÍË p
ÎË·Ó ÔÂÂ‰Ì˛˛, ÎË·Ó Á‡‰Ì˛˛ ÒÚÓÓÌ˚ ˝ÚËı ÔÓ‚ÂıÌÓÒÚÂÈ (ËÒ. 3, á). Ç ÔÓ-
ÚË‚ÌÓÏ ÒÎÛ˜‡Â ÚÂÎÂÒÌ˚Â Û„Î˚ ·Û‰ÛÚ ‡ÁÎË˜‡Ú¸Òfl ÁÌ‡ÍÓÏ. ÖÒÎË ÔÂ‰ÔÓÎÓÊËÚ¸,
˜ÚÓ Ó‰Ì‡ ËÁ ÔÓ‚ÂıÌÓÒÚÂÈ, Ó„‡ÌË˜ÂÌÌ˚ı ‰‡ÌÌ˚Ï ÍÓÌÛÒÓÏ, fl‚ÎflÂÚÒfl ÒÙÂÓÈ
Ssph Ò ‡‰ËÛÒÓÏ Lpq, ÚÓ ‚˚‡ÊÂÌËÂ (47) ÛÔÓÒÚËÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

    
ω( ) .p

S

L

sph

pq

= ±
2

(48)

Ç ˝ÚÓÏ ¯ËÓÍÓ ËÒÔÓÎ¸ÁÛÂÏÓÏ ‚˚‡ÊÂÌËË ‚˚˜ËÒÎÂÌËÂ ÚÂÎÂÒÌÓ„Ó Û„Î‡ Ò‚Ó-
‰ËÚÒfl Í ÓÔÂ‰ÂÎÂÌË˛ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÒÙÂË˜ÂÒÍÓÈ ÔÓ‚ÂıÌÓÒÚË.

èÛÒÚ¸ ÌÂÍÓÚÓ˚È Ó·˙ÂÏ V ÓÍÛÊÂÌ Ô ÓËÁ‚ÓÎ¸ÌÓÈ Á‡ÏÍÌÛÚÓÈ ÔÓ‚ÂıÌÓÒ-
Ú¸˛ S (ËÒ. 3, â, ã). íÓ„‰‡ ËÁ ‡‚ÂÌÒÚ‚‡ (48) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÚÂÎÂÒÌ˚È Û„ÓÎ, ÔÓ‰
ÍÓÚÓ˚Ï ‚Ë‰Ì‡ ÔÓ‚ÂıÌÓÒÚ¸ S, ‡‚ÌflÂÚÒfl

    
ω( ) , ,

, .
p p V

p V
= ±



4
0

    ‚ÌÛÚË 
         ‚ÌÂ    

(49)

ùÚÓÚ ‚‡ÊÌ˚È ÂÁÛÎ¸Ú‡Ú ˜‡ÒÚÓ ËÒÔÓÎ¸ÁÛÂÚÒfl ÔË ËÁÛ˜ÂÌËË ‡ÁÎË˜Ì˚ı ÔÓÎÂÈ.

êËÒ. 3.  èËÏÂ˚ ÚÂÎÂÒ-
Ì˚ı Û„ÎÓ‚
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èêàãéÜÖçàÖ 2

ÉêÄÑàÖçí ëäÄãüêçéÉé èéãü

1. éÔÂ‰ÂÎËÏ ÒÍ‡ÎflÌÓÂ ÔÓÎÂ Í‡Í ÙÛÌÍˆË˛, Á‡‚ËÒfl˘Û˛ ÓÚ ÚÓ˜ÍË p:

T = T( p). (1)

ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ Á‡ ËÒÍÎ˛˜ÂÌËÂÏ ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË p,
‚ÒÂ ÓÒÚ‡Î¸Ì˚Â Ù‡ÍÚÓ˚ fl‚Îfl˛ÚÒfl ÍÓÌÒÚ‡ÌÚ‡ÏË.

Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl, ˜ÚÓ ‰‡ÌÌÓÂ ÔÓÎÂ fl‚ÎflÂÚÒfl Ó‰ÌÓÁÌ‡˜ÌÓÈ
ÙÛÌÍˆËÂÈ. Ç ÓÒÌÓ‚ÌÓÏ Ï˚ ·Û‰ÂÏ ËÁÛ˜‡Ú¸ ÔÓ‚Â‰ÂÌËÂ ˝ÚÓÈ ÙÛÌÍˆËË ‚ ÓÍÂÒÚ-
ÌÓÒÚË ÂÂ Â„ÛÎflÌ˚ı ÚÓ˜ÂÍ, „‰Â ÔÓÎÂ ‚Â‰ÂÚ ÒÂ·fl ÌÂÔÂ˚‚Ì˚Ï Ó·‡ÁÓÏ. é‰-
Ì‡ÍÓ ËÌÓ„‰‡ Ï˚ ·Û‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÒËÌ„ÛÎflÌ˚Â ÚÓ˜ÍË, ÎËÌËË Ë ÔÓ‚ÂıÌÓ-
ÒÚË, „‰Â ÔÓÎÂ ÚÂÔËÚ ‡Á˚‚.

2. äÎ‡ÒÒË˜ÂÒÍËÏË ÔËÏÂ‡ÏË ÒÍ‡ÎflÌ˚ı ÔÓÎÂÈ fl‚Îfl˛ÚÒfl ‰‡‚ÎÂÌËÂ, ‚˚ÒÓ-
Ú‡ Ì‡‰ ÛÓ‚ÌÂÏ ÏÓfl, ÚÂÏÔÂ‡ÚÛ‡, ‚ÂÏfl ÔËıÓ‰‡ ‚ÓÎÌ Ë ÔÎÓÚÌÓÒÚ¸ „ÓÌ˚ı
ÔÓÓ‰.  èÓÏËÏÓ ÔÂÂ˜ËÒÎÂÌÌ˚ı ÔÓÎÂÈ, ËÏÂ˛˘Ëı flÒÌ˚È ÙËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ,
Í ‰‡ÌÌÓÏÛ ÚËÔÛ ÓÚÌÓÒflÚÒfl Ú‡ÍÊÂ ÔÓÎfl, ÍÓÚÓ˚Â ‚‚Ó‰flÚÒfl ‰Îfl ÛÔÓ˘ÂÌËfl ËÁÛ-
˜ÂÌËfl ·ÓÎÂÂ ÒÎÓÊÌ˚ı ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ. èËÏÂ‡ÏË Ú‡ÍËı ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚ı
ÔÓÎÂÈ fl‚Îfl˛ÚÒfl ÔÓÚÂÌˆË‡Î˚ „‡‚ËÚ‡ˆËÓÌÌÓ„Ó Ë ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl, ‡ Ú‡Í-
ÊÂ ‡ÍÛÒÚË˜ÂÒÍËÈ ÔÓÚÂÌˆË‡Î.

3. àÒÒÎÂ‰ÛÂÏ ÚÂÔÂ¸ ÔÓ‚Â‰ÂÌËÂ ÒÍ‡ÎflÌÓ„Ó ÔÓÎfl T( p) ‚ ÓÍÂÒÚÌÓÒÚË Â„Ó
Â„ÛÎflÌÓÈ ÚÓ˜ÍË p. ÑÎfl ˝ÚÓ„Ó ‚˚·ÂÂÏ ÌÂÍÓÚÓÓÂ Ì‡Ô‡‚ÎÂÌËÂ l (ËÒ. 1, à)
Ë ÔÓÒÏÓÚËÏ, Í‡Í ‚‰ÓÎ¸ ˝ÚÓÈ ÍË‚ÓÈ ÏÂÌflÂÚÒfl  ‡ÒÒÏ‡ÚË‚‡ÂÏÓÂ ÔÓÎÂ. ùÚÓ
ËÁÏÂÌÂÌËÂ ı‡‡ÍÚÂËÁÛÂÚÒfl ÔÓËÁ‚Ó‰ÌÓÈ T( p) ÔÓ ‰ÎËÌÂ ‰Û„Ë, Ú.Â.

    
∂

∂

T

l

T

ll
=

→
lim .
∆

∆

∆0
(2)

á‰ÂÒ¸ ∆T Ó·ÓÁÌ‡˜‡ÂÚ ‡ÁÌÓÒÚ¸ ÁÌ‡˜ÂÌËÈ ÙÛÌÍˆËË T:

êËÒ. 1.  É‡‰ËÂÌÚ Ë ÔÓËÁ‚Ó‰Ì‡fl ÔÓ Ì‡Ô‡‚ÎÂÌË˛



446

∆T = T( p2) – T( p1),

‡ ∆l – ‡ÒÒÚÓflÌËÂ ÏÂÊ‰Û ÚÓ˜Í‡ÏË p1 Ë p2.
àÁ ÓÔÂ‰ÂÎÂÌËfl (2) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔÓËÁ‚Ó‰Ì‡fl ∂T/∂l ı‡‡ÍÚÂËÁÛÂÚ ‚ÂÎË˜Ë-

ÌÛ ÓÚÌÓÒËÚÂÎ¸ÌÓ„Ó ËÁÏÂÌÂÌËfl ÔÓÎfl T ‚‰ÓÎ¸ ÍË‚ÓÈ l. ùÚ‡ ‚ÂÎË˜ËÌ‡ ‡‚Ì‡
ÔË‡˘ÂÌË˛ ∆T, ‰ÂÎÂÌÌÓÏÛ Ì‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ËÌÚÂ‚‡Î ∆l.

Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ÔÓËÁ‚Ó‰Ì‡fl ∂T/∂l ÏÂÌflÂÚÒfl ÔË ËÁÏÂÌÂÌËË Ì‡Ô‡‚ÎÂÌËfl
ÍË‚ÓÈ l, ÔÓıÓ‰fl˘ÂÈ ˜ÂÂÁ ÚÓ˜ÍÛ p, Ú.Â. ‚ ÓÍÂÒÚÌÓÒÚË Î˛·ÓÈ ÚÓ˜ÍË Ì‡·Î˛-
‰ÂÌËfl ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ ÔÓËÁ‚Ó‰Ì˚ı.

4. ÇÒÂ ˝ÚË ÔÓËÁ‚Ó‰Ì˚Â ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ˜ÂÂÁ Ó‰ÌÛ Â‰ËÌÒÚ‚ÂÌÌÛ˛ ‚ÂÍ-
ÚÓÌÛ˛ ÙÛÌÍˆË˛, ÓÔËÒ˚‚‡˛˘Û˛ ‰‡ÌÌÓÂ ÔÓÎÂ. ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Â¯ËÚ¸ ˝ÚÛ
Á‡‰‡˜Û, ‚ÓÒÔÓÎ¸ÁÛÂÏÒfl ÚÂÏ, ˜ÚÓ ËÁÏÂÌÂÌË˛ ‰ÎËÌ˚ ‰Û„Ë l ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ËÁÏÂ-
ÌÂÌËÂ ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË x1, x2 Ë x3. ë‚flÁ¸ ÔÓÎfl T( p) Ò ÍÓÓ‰ËÌ‡Ú‡ÏË ÚÓ˜ÍË p Ë
‰ÎËÌÓÈ ‰Û„Ë l ÔÓÍ‡Á‡Ì‡ Ì‡ ËÒ. 1, á. àÒÔÓÎ¸ÁÛfl ˆÂÔÌÓÂ Ô ‡‚ËÎÓ ‰Îfl ÔÓËÁ-
‚Ó‰ÌÓÈ, ÔÓÎÛ˜ËÏ
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Ú‡Í Í‡Í ÏÂÚË˜ÂÒÍËÂ ÍÓ˝ÙÙËˆËÂÌÚ˚ Ô‡ÍÚË˜ÂÒÍË ÌÂ ÏÂÌfl˛ÚÒfl ‚ ÔÂ‰ÂÎ‡ı
Ï‡Î˚ı ËÌÚÂ‚‡ÎÓ‚ ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÎËÌËÈ l1, l2, l3.  

ê‡‚ÂÌÒÚ‚Ó (3) Á‡ÔËÒ˚‚‡ÂÚÒfl ÚÂÔÂ¸ Í‡Í

    

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

T

l h

T

x

l

l h

T

x

l

l h

T

x

l

l
= + +1 1 1

1 1

1

2 2

2

3 3

3 (4)

ËÎË

    

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

T

l

T

l

l

l

T

l

l

l

T

l

l

l
= + +

1

1

2

2

3

3 . (5)

á‰ÂÒ¸ ∂l1, ∂l2 Ë ∂l3 – ÒÍ‡ÎflÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ ‚ÂÍÚÓ‡ dl ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı
ÎËÌËÈ:

      

∂

∂

l

l
1

1= cos( , ),l l  
      

∂

∂

l

l
2

2= cos( , ),l l  
      

∂

∂

l

l
3

3= cos( , ).l l 

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ô‡‚Û˛ ˜‡ÒÚ¸ ÙÓÏÛÎ˚ (5) ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÍ‡Îfl-
ÌÓ„Ó ÔÓËÁ‚Â‰ÂÌËfl ‰‚Ûı ‚ÂÍÚÓÓ‚:

      
∂

∂

T

l
l T= ⋅i grad . (6)
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á‰ÂÒ¸

il = cos(l1, l)i1 + cos(l2, l)i2 + cos(l3, l)i3

fl‚ÎflÂÚÒfl Â‰ËÌË˜Ì˚Ï ‚ÂÍÚÓÓÏ, ı‡‡ÍÚÂËÁÛ˛˘ËÏ Ì‡Ô‡‚ÎÂÌËÂ ÍË‚ÓÈ l ‚
ÚÓ˜ÍÂ p, ÔÓ ÍÓÚÓÓÏÛ ·ÂÂÚÒfl ÔÓËÁ‚Ó‰Ì‡fl.

5. ÇÂÍÚÓ

      
grad T

h

T

x h

T

x h

T

x
= + +1 1 1

1 1
1

2 2
2

3 3
3

∂

∂

∂

∂

∂

∂
i i i

ËÎË

      
grad T T

l

T

l

T

l
= + +∂

∂

∂

∂

∂

∂1
1

2
2

3
3i i i (7)

Ì‡Á˚‚‡ÂÚÒfl „‡‰ËÂÌÚÓÏ ÒÍ‡ÎflÌÓ„Ó ÔÓÎfl Ë, ÒÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ (6), Î˛·Û˛
ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ Ì‡Ô‡‚ÎÂÌË˛ ÒÍ‡ÎflÌÓ„Ó ÔÓÎfl ∂T/∂l ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸
˜ÂÂÁ „‡‰ËÂÌÚ. àÁ ˝ÚÓ„Ó ‡‚ÂÌÒÚ‚‡ Ú‡ÍÊÂ ÒÎÂ‰ÛÂÚ, ˜ÚÓ grad T ÛÍ‡Á˚‚‡ÂÚ Ì‡-
Ô‡‚ÎÂÌËÂ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó Û‚ÂÎË˜ÂÌËfl ÔÓÎfl. ÇÂÎË˜ËÌ‡ |grad T| ‡‚ÌflÂÚÒfl Ï‡Í-
ÒËÏ‡Î¸ÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ ∂T/ ∂l ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl (ËÒ. 1, â).
ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ „‡‰ËÂÌÚ ı‡‡ÍÚÂËÁÛÂÚ ÚÓÎ¸ÍÓ ÔÓ‚Â‰ÂÌËÂ ÔÓÎfl. ëÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, ÓÌ ÌÂ Á‡‚ËÒËÚ ÓÚ ‚ÒÂı ‰Û„Ëı Ù‡ÍÚÓÓ‚ Ë, ‚ ˜‡ÒÚÌÓÒÚË, ÓÚ ÒËÒÚÂÏ˚
ÍÓÓ‰ËÌ‡Ú. ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ‚ÂÍÚÓ

M = grad T

ËÌ‚‡Ë‡ÌÚÂÌ ÓÚÌÓÒËÚÂÎ¸ÌÓ Á‡ÏÂÌ˚ ÍÓÓ‰ËÌ‡Ú. ëÏ˚ÒÎ „‡‰ËÂÌÚ‡ ‚Ë‰ÂÌ ËÁ
ÙÓÏÛÎ˚ (6), ÍÓÚÓ‡fl ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ‚ÏÂÒÚÓ ÚÓ„Ó, ˜ÚÓ·˚ ·‡Ú¸ ÔÓËÁ‚Ó‰-
ÌÛ˛ ∂T/∂l ÔÓ ‰ÎËÌÂ ‰Û„Ë ÍË‚ÓÈ l, ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÒÚÓ ÒÔÓÂÍÚËÓ‚‡Ú¸ grad T
Ì‡ ˝ÚÓ Ì‡Ô‡‚ÎÂÌËÂ. óÚÓ·˚ ÔÓ‰˜ÂÍÌÛÚ¸ ˝ÚÓÚ Ù‡ÍÚ, Á‡ÔË¯ÂÏ ÙÓÏÛÎÛ (6) ‚
‚Ë‰Â

  
∂

∂

T

l
 = gradl T. (8)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓËÁ‚Ó‰Ì‡fl ÒÍ‡ÎflÌÓ„Ó ÔÓÎfl ÔÓ ÔÓËÁ‚ÓÎ¸ÌÓÏÛ Ì‡Ô‡‚ÎÂ-
ÌË˛ l fl‚ÎflÂÚÒfl ÔÓÂÍˆËÂÈ „‡‰ËÂÌÚ‡ Ì‡ ˝ÚÓ Ì‡Ô‡‚ÎÂÌËÂ (ËÒ. 1, â).

6. Ç Í‡˜ÂÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË ÔË‚Â‰ÂÏ ‚˚‡ÊÂÌËfl ‰Îfl grad T ‚ ‡ÁÎË˜Ì˚ı
ÒËÒÚÂÏ‡ı ÍÓÓ‰ËÌ‡Ú.

èflÏÓÛ„ÓÎ¸Ì‡fl ‰ÂÍ‡ÚÓ‚‡ ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
grad T T

x

T

y

T

z
= + +∂

∂

∂

∂

∂

∂
i j k.
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ñËÎËÌ‰Ë˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
grad T T

x r

T

y

T

z
r z= + +∂

∂

∂

∂

∂

∂
ϕi i i1 . (9)

ëÙÂË˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
grad T T

R R

T

R

T
R= + +∂

∂

∂

∂θ θ

∂

∂ϕ
θ ϕi i i1 1

sin
.

7. É‡‰ËÂÌÚ ÒÍ‡ÎflÌÓ„Ó ÔÓÎfl ˜‡ÒÚÓ ·˚‚‡ÂÚ Û‰Ó·ÌÓ Á‡ÔËÒ‡Ú¸ ‚ ÒÎÂ‰Û˛˘ÂÏ
‚Ë‰Â:

grad T = ∇T. (10)

á‰ÂÒ¸ ∇ – ÓÔÂ‡ÚÓ, ËÏÂ˛˘ËÈ ‡ÁÎË˜Ì˚Â ‚˚‡ÊÂÌËfl ‚ ‡ÁÌ˚ı ÒËÒÚÂÏ‡ı ÍÓ-
Ó‰ËÌ‡Ú. í‡Í, Ì‡ÔËÏÂ, ‚ ÔflÏÓÛ„ÓÎ¸ÌÓÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú

      
∇ = + +i j k∂

∂

∂

∂

∂

∂x y z
. (11)

8. ÇÓ ÏÌÓ„Ëı ÒÎÛ˜‡flı ÔËıÓ‰ËÚÒfl ËÏÂÚ¸ ‰ÂÎÓ Ò Ú‡ÍËÏË ÔÓÎflÏË T(ψ), ‡-
„ÛÏÂÌÚ ψ ÍÓÚÓ˚ı Ò‡Ï fl‚ÎflÂÚÒfl ÙÛÌÍˆËÂÈ ÍÓÓ‰ËÌ‡Ú. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÏÓÊÌÓ
Á‡ÔËÒ‡Ú¸

    

∂

∂

∂

∂ψ

∂ψ

∂

T

x

T

xk k

= ,   k = 1, 2, 3.

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Í‡Í ÒÎÂ‰ÛÂÚ ËÁ ÔÂ‚Ó„Ó ÒÓÓÚÌÓ¯ÂÌËfl (7),

    
grad grad T T= ∂

∂ψ
ψ. (12)

ç‡ÔËÏÂ, ÂÒÎË ÔÓÎÂ fl‚ÎflÂÚÒfl ÙÛÌÍˆËÂÈ ‡ÒÒÚÓflÌËfl ÏÂÊ‰Û ‰‚ÛÏfl ÚÓ˜Í‡ÏË:

ψ = Lqp,

ÚÓ

    
∇ = ∇T LT

Lqp
qp

∂

∂
. (13)
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èêàãéÜÖçàÖ 3

ÇÖäíéêçõÖ èéãü

ÇÇÖÑÖçàÖ

ç‡¯‡ ˆÂÎ¸ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ·˚ ÓÔËÒ‡Ú¸ ÌÂÍÓÚÓ˚Â ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚Â
Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ÔÓÌflÚËfl, ÍÓÚÓ˚Â ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÔË ËÁÛ˜ÂÌËË ‚ÂÍÚÓÌ˚ı
ÔÓÎÂÈ ‡ÁÎË˜ÌÓÈ ÔËÓ‰˚. É‡‚ËÚ‡ˆËÓÌÌ˚Â, ˝ÎÂÍÚË˜ÂÒÍËÂ, Ï‡„ÌËÚÌ˚Â Ë
˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚Â ÔÓÎfl fl‚Îfl˛ÚÒfl ÍÎ‡ÒÒË˜ÂÒÍËÏË ÔËÏÂ‡ÏË ‚ÂÍÚÓÌ˚ı ÔÓ-
ÎÂÈ, ÓÔËÒ˚‚‡˛˘Ëı ÓÔÂ‰ÂÎÂÌÌ˚Â ÙËÁË˜ÂÒÍËÂ fl‚ÎÂÌËfl. ëÏÂ˘ÂÌËÂ, ÒÍÓÓÒÚ¸
Ë ÛÒÍÓÂÌËÂ ˜‡ÒÚËˆ ÒÂ‰˚, Ò‚flÁ‡ÌÌ˚Â Ò ‡ÒÔÓÒÚ‡ÌÂÌËÂÏ ‡ÍÛÒÚË˜ÂÒÍËı ËÎË
ÛÔÛ„Ëı ‚ÓÎÌ, Ú‡ÍÊÂ fl‚Îfl˛ÚÒfl ‚ÂÍÚÓÌ˚ÏË ÔÓÎflÏË. ä‡Ê‰ÓÂ ËÁ ÛÍ‡Á‡ÌÌ˚ı
ÔÓÎÂÈ ‚˚Á‚‡ÌÓ ÌÂÍÓÚÓ˚Ï „ÂÌÂ‡ÚÓÓÏ, ÒÔËÒÓÍ ÍÓÚÓ˚ı ÔË‚Â‰ÂÌ ‚ Ú‡·Î. 1.
Ç ˝ÚÓÈ Ú‡·ÎËˆÂ δm Ë δe – Ó·˙ÂÏÌ˚Â ÔÎÓÚÌÓÒÚË ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ï‡ÒÒ˚ Ë Á‡fl-
‰‡; jc Ë ε ∂E/∂t – ÔÎÓÚÌÓÒÚË ÚÓÍ‡ ÔÓ‚Ó‰ËÏÓÒÚË Ë ÚÓÍ‡ ÒÏÂ˘ÂÌËfl; ∂B/∂t –
ÒÍÓÓÒÚ¸ ËÁÏÂÌÂÌËfl Ï‡„ÌËÚÌÓ„Ó ÔÓÎfl ‚Ó ‚ÂÏÂÌË. ç‡ÍÓÌÂˆ, Pa – ˝ÚÓ ‰‡‚ÎÂ-
ÌËÂ, ‚˚Á‚‡ÌÌÓÂ ‰ÂÙÓÏ‡ˆËÂÈ ÒÂ‰˚.

àÁ Ú‡·Î. 1 ‚Ë‰ÌÓ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ‰‚‡ ÚËÔ‡ „ÂÌÂ‡ÚÓÓ‚ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl.
ÉÂÌÂ‡ÚÓ˚, ÓÚÌÓÒfl˘ËÂÒfl Í ÔÂ‚ÓÏÛ ÚËÔÛ, ÓÔËÒ˚‚‡˛ÚÒfl ÒÍ‡ÎflÌ˚ÏË ÙÛÌÍ-
ˆËflÏË, Ú‡ÍËÏË Í‡Í Ï‡ÒÒ‡, Á‡fl‰ ËÎË ‰‡‚ÎÂÌËÂ, Ë Ì‡Á˚‚‡˛ÚÒfl ËÒÚÓ˜ÌËÍ‡ÏË.
ÇÚÓÓÈ ÚËÔ – ˝ÚÓ ‚ËıË. ä ˝ÚÓÏÛ ÚËÔÛ „ÂÌÂ‡ÚÓÓ‚ ÓÚÌÓÒflÚÒfl jc, ε ∂E/∂t Ë
∂B/∂t, Ë ‡ÒÔÂ‰ÂÎÂÌËÂ Ú‡ÍËı „ÂÌÂ‡ÚÓÓ‚ ÓÔËÒ˚‚‡ÂÚÒfl ‚ÂÍÚÓÌ˚ÏË ÙÛÌÍˆË-
flÏË.

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÌÂÍÓÚÓ˚Â ÔÓÎfl ÏÓ„ÛÚ ‚˚Á˚‚‡Ú¸Òfl ÚÓÎ¸ÍÓ ËÒÚÓ˜ÌËÍ‡ÏË, ‡
‰Û„ËÂ – ÚÓÎ¸ÍÓ ‚ËıflÏË. ç‡ÍÓÌÂˆ, ÒÛ˘ÂÒÚ‚Û˛Ú ÔÓÎfl, ÔÓfl‚ÎÂÌËÂ ÍÓÚÓ˚ı
Ò‚flÁ‡ÌÓ Ò Ì‡ÎË˜ËÂÏ ËÒÚÓ˜ÌËÍÓ‚ Ó·ÓËı ÚËÔÓ‚.

ë ÙËÁË˜ÂÒÍÓÈ ÚÓ˜ÍË ÁÂÌËfl Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ ÔÓ‚Â‰ÂÌËÂ ÔÓÎfl ÓÔÂ‰ÂÎflÂÚÒfl
‡ÒÔÂ‰ÂÎÂÌËÂÏ „ÂÌÂ‡ÚÓÓ‚. èÓ˝ÚÓÏÛ ÂÒÚÂÒÚ‚ÂÌÌÓ ÛÒÚ‡ÌÓ‚ËÚ¸ Ò‚flÁ¸ ÏÂÊ‰Û
Í‡Ê‰˚Ï Ú‡ÍËÏ „ÂÌÂ‡ÚÓÓÏ Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ÂÏÛ ÔÓÎÂÏ. í‡ÍÓÈ ÔÓ‰ıÓ‰
ËÒÔÓÎ¸ÁÛÂÚÒfl ÔË ÔÓÒÚÓÂÌËË ÚÂÓËË ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ. èÓÒÍÓÎ¸ÍÛ ÒÛ˘ÂÒÚ‚Û-
ÂÚ ‰‚‡ ÚËÔ‡ „ÂÌÂ‡ÚÓÓ‚, Ï˚ ‚˚‚Â‰ÂÏ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ˝ÚËÏ ÚËÔ‡Ï ‰‚‡ ÙÛÌ-
‰‡ÏÂÌÚ‡Î¸Ì˚ı Û‡‚ÌÂÌËfl, Ë„‡˛˘Ëı ÓÎ¸ Ò‚flÁÛ˛˘Ëı “ÏÓÒÚÓ‚” ÏÂÊ‰Û ‚ÂÍÚÓ-
Ì ̊ Ï ÔÓÎÂÏ å(à) Ë Â„Ó „ÂÌÂ‡ÚÓ‡ÏË. í‡ÍÓÈ ÊÂ ÔÓ‰ıÓ‰ ·Û‰ÂÚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸Ò fl

í ‡ · Î Ë ˆ ‡  1

èÓÎÂ ÉÂÌÂ‡ÚÓ˚
É‡‚ËÚ‡ˆËÓÌÌÓÂ g å‡ÒÒ˚ δm
ùÎÂÍÚË˜ÂÒÍÓÂ Ö á‡fl‰˚ δå
å‡„ÌËÚÌÓÂ Ç íÓÍË ÔÓ‚Ó‰ËÏÓÒÚË Ë ÏÓÎÂÍÛÎflÌ˚Â ÚÓÍË
ùÎÂÍÚÓÏ‡„ÌËÚÌÓÂ Ö, Ç ëÍÓÓÒÚ¸ ËÁÏÂÌÂÌËfl Ï‡„ÌËÚÌÓ„Ó ÔÓÎfl ∂B/∂t Ë

ÚÓÍË ÒÏÂ˘ÂÌËfl ε ∂E/∂t
ëÏÂ˘ÂÌËfl ˜‡ÒÚËˆ s, Ò‚flÁ‡ÌÌ˚Â Ò ‡ÍÛÒÚË-
˜ÂÒÍËÏË ‚ÓÎÌ‡ÏË

Ñ‡‚ÎÂÌËÂ Pà
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ÔË ËÁÛ˜ÂÌËË ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚ı ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ, ÍÓÚÓ˚Â ‚‚Ó‰flÚÒfl, ˜ÚÓ·˚
ÛÔÓÒÚËÚ¸ ‡Ì‡ÎËÁ Â‡Î¸Ì˚ı ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ.

Ç ÔËÌˆËÔÂ, ÏÓÊÌÓ ·˚ÎÓ ·˚ ÔÓÒÚÛÔËÚ¸ Ë ‰Û„ËÏ Ó·‡ÁÓÏ. ÑÂÈÒÚ‚ËÚÂÎ¸-
ÌÓ, ÔÓÒÍÓÎ¸ÍÛ ‚ÂÍÚÓÌÓÂ ÔÓÎÂ å(à) ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â

M( p) = M1( p)i1 + M2( p)i2 + M3( p)i3,

ËÁÛ˜ÂÌËÂ ˝ÚÓ„Ó ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ÏÓÊÌÓ Ò‚ÂÒÚË Í ËÁÛ˜ÂÌË˛ ÚÂı ÒÍ‡ÎflÌ˚ı
ÔÓÎÂÈ M1( p), M2( p) Ë M3( p). é‰Ì‡ÍÓ Ú‡ÍÓÈ ÔÓ‰ıÓ‰ ÔÓÎÂÁÂÌ ÚÓÎ¸ÍÓ ‚ ÚÓÏ ÒÎÛ-
˜‡Â, ÍÓ„‰‡ ÚÂ·ÛÂÚÒfl Á‡‰‡Ú¸ ÔÓ‚Â‰ÂÌËÂ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÚÓ˜-
ÍË Ì‡·Î˛‰ÂÌËfl.

1. ÇÖäíéêçõÖ ãàçàà

óÚÓ·˚ ‚˚‚ÂÒÚË ÒÓÓÚÌÓ¯ÂÌËÂ, Ò‚flÁ˚‚‡˛˘ÂÂ ‚ÂÍÚÓÌÓÂ ÔÓÎÂ Ò Â„Ó ËÒÚÓ˜-
ÌËÍ‡ÏË, Û‰Ó·ÌÓ ‚‚ÂÒÚË ÔÓÌflÚËÂ ‚ÂÍÚÓÌÓÈ ÎËÌËË (ÎËÌËË ÚÓÍ‡). èÓ ÓÔÂ‰Â-   
ÎÂÌË˛, Í‡Ê‰˚È ˝ÎÂÏÂÌÚ dlm ‚ÂÍÚÓÌÓÈ ÎËÌËË Ô‡‡ÎÎÂÎÂÌ Ò‡ÏÓÏÛ ÔÓÎ˛     
M, Ú.Â.

cos(M, dlm) = 1. (1)

ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÔÓÎÂ M Ú‡Ì„ÂÌˆË‡Î¸ÌÓ ÎËÌËË ‚ÂÍÚÓÌÓ„Ó
ÔÓÎfl (ËÒ. 1, à), Ú.Â. ˝ÎÂÏÂÌÚ dlm Ë ‚ÂÍÚÓ M ËÏÂ˛Ú Ó‰ÌË Ë ÚÂ ÊÂ Ì‡Ô‡‚Îfl-
˛˘ËÂ ÍÓÒËÌÛÒ˚.

èÓ˝ÚÓÏÛ Ï˚ ÏÓÊÂÏ Á‡ÔËÒ‡Ú¸

    

∂ ∂ ∂l

M

l

M

l

M
1

1

2

2

3

3
= = . (2)

èÓÒÎÂ‰ÌÂÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ,
Á‡‰‡˛˘ÂÂ ÎËÌËË ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl.

á‰ÂÒ¸

dl = dl1i1 + dl2i2 + dl3i3.

èÓÒÍÓÎ¸ÍÛ ÎËÌËË ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ÛÍ‡Á˚‚‡˛Ú Ì‡Ô‡‚ÎÂÌËÂ ÔÓÎfl ‚ Í‡Ê‰ÓÈ
ÚÓ˜ÍÂ, ÓÌË  Ì‡„Îfl‰ÌÓ ‰ÂÏÓÌÒÚËÛ˛Ú „ÂÓÏÂÚË˛ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl. ùÚË ÎËÌËË
ÏÓÊÌÓ Ú‡ÍÊÂ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰Îfl ËÎÎ˛ÒÚ‡ˆËË ÔÓ‚Â‰ÂÌËfl ÏÓ‰ÛÎfl M Í‡Í ÙÛÌÍ-
ˆËË ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl p. ë ˝ÚÓÈ ˆÂÎ¸˛ ‡ÒÒÏÓÚËÏ ˝ÎÂÏÂÌÚ ÔÓ‚ÂıÌÓÒÚË
dSm, ‡ÒÔÓÎÓÊÂÌÌ˚È ‚ ÔÎÓÒÍÓÒÚË, ÔÂÔÂÌ‰ËÍÛÎflÌÓÈ ÎËÌËflÏ ‚ÂÍÚÓÌÓ„Ó
ÔÓÎfl.

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ˜ËÒÎÓ ÎËÌËÈ dN, ÔÂÂÒÂÍ‡˛˘Ëı  ˝ÚÛ ÔÓ‚ÂıÌÓÒÚ¸,
ÔflÏÓ ÔÓÔÓˆËÓÌ‡Î¸ÌÓ ÏÓ‰ÛÎ˛ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl

dN = α M dSm, (3)

„‰Â α – ÌÂÍÓÚÓ‡fl ÔÓÒÚÓflÌÌ‡fl, ÌÂ Á‡‚ËÒfl˘‡fl ÓÚ ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË.
èÎÓÚÌÓÒÚ¸ ÎËÌËÈ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ‡‚ÌflÂÚÒfl
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dN

dS m
M= α ,

Ú.Â. ÓÌ‡ Û‚ÂÎË˜Ë‚‡ÂÚÒfl ‚ ÚÂı ÏÂÒÚ‡ı, „‰Â ÔÓÎÂ ·ÓÎÂÂ ÒËÎ¸ÌÓÂ, Ë Ì‡Ó·ÓÓÚ.
Ç‡ÊÌÓ ‡ÁÎË˜‡Ú¸ ‰‚‡ ÚËÔ‡ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ‡ ËÏÂÌÌÓ: ÓÚÍ˚Ú˚Â Ë Á‡Ï-

ÍÌÛÚ˚Â (ËÒ. 1, â). èÂ‚˚È ÚËÔ ËÏÂÂÚ ÍÓÌˆÂ‚˚Â ÚÓ˜ÍË   gm
+  Ë   gm

− , ‡ Û ‚ÚÓÓ„Ó
Ú‡ÍËÂ ÚÓ˜ÍË ÓÚÒÛÚÒÚ‚Û˛Ú.

ìÍ‡Á‡ÌÌ˚Â ÚÓ˜ÍË fl‚Îfl˛ÚÒfl „ÂÓÏÂÚË˜ÂÒÍÓÈ ÏÓ‰ÂÎ¸˛ ËÒÚÓ˜ÌËÍÓ‚ ‚ÂÍÚÓ-
ÌÓ„Ó ÔÓÎfl (ÒÏ. ËÒ. 1, ã, ä, å).

2. óàëãé ÇÖäíéêçõï ãàçàâ, èÖêÖëÖäÄûôàï èéÇÖêïçéëíú

èÓ ‡Ì‡ÎÓ„ËË Ò ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ÏË Ë ÍÓÏÔÎÂÍÒÌ˚ÏË ˜ËÒÎ‡ÏË ÏÓÊÌÓ ‚‚ÂÒÚË
Ú‡ÍÓÂ Ô‡‚ËÎÓ, ÍÓÚÓÓÂ ÔÓÁ‚ÓÎËÚ ÒÓÒ˜ËÚ‡Ú¸ ÍÓÎË˜ÂÒÚ‚Ó ‚ÂÍÚÓÌ˚ı ÎËÌËÈ,
ÔÂÂÒÂÍ‡˛˘Ëı ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ S (ËÒ. 1, æ, ç). ÖÒÎË ÎËÌËfl ÔÂÂ-
ÒÂÍ‡ÂÚ ÔÓ‚ÂıÌÓÒÚ¸ S Ë Û„ÓÎ ÏÂÊ‰Û dlm Ë dS ÌÂ ÔÂ‚˚¯‡ÂÚ π/2, ÚÓ ÓÒÛ˘ÂÒÚ‚-
ÎflÂÚÒfl ÔÓÎÓÊËÚÂÎ¸Ì˚È ÔÂÂıÓ‰ ˜ÂÂÁ ˝ÚÛ ÔÓ‚ÂıÌÓÒÚ¸. èÓ ÓÔÂ‰ÂÎÂÌË˛, ‚
˝ÚÓÏ ÒÎÛ˜‡Â ÎËÌËË Ë‰ÛÚ ÓÚ Á‡‰ÌÂÈ Í ÔÂÂ‰ÌÂÈ ÒÚÓÓÌÂ ÔÓ‚ÂıÌÓÒÚË. à Ì‡Ó·Ó-

êËÒ. 1.  ÇÂÍÚÓÌ˚Â ÎËÌËË (ÎËÌËË ÚÓÍ‡)
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ÓÚ, ÂÒÎË Û„ÓÎ ÏÂÊ‰Û dlm Ë dS ·ÓÎ¸¯Â, ˜ÂÏ π/2, ÚÓ ÔÂÂıÓ‰ fl‚ÎflÂÚÒfl ÓÚËˆ‡-
ÚÂÎ¸Ì˚Ï. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÎÌÓÂ ˜ËÒÎÓ ÎËÌËÈ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl, ÔÂÂÒÂÍ‡-
˛˘Ëı ÔÓ‚ÂıÌÓÒÚ¸, ÓÔÂ‰ÂÎflÂÚÒfl ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ‡ÁÌÓÒÚ¸˛ ÏÂÊ‰Û ÍÓÎË˜ÂÒÚ-
‚ÓÏ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ‰‡˛˘Ëı ÔÓÎÓÊËÚÂÎ¸Ì˚È Ë ÓÚËˆ‡ÚÂÎ¸Ì˚È ‚ÍÎ‡‰.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ˜‡ÒÚÌ˚È ÒÎÛ˜‡È Á‡ÏÍÌÛÚÓÈ ÔÓ‚ÂıÌÓÒÚË, ËÁÓ·‡ÊÂÌ-
ÌÓÈ Ì‡ ËÒ. 1, ç. Ç Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÔÓ‚Â ıÌÓÒÚË ÌÓÏ‡Î¸ n(dl = dS n) Ì‡Ô‡‚-
ÎÂÌ‡ ‚ ÒÚÓÓÌÛ ÓÚ Ó·˙ÂÏ‡ V, ÓÍÛÊÂÌÌÓ„Ó ÔÓ‚ÂıÌÓÒÚ¸˛ S. ÖÒÎË ‚ÂÍÚÓÌ‡fl
ÎËÌËfl ÌÂ Á‡Í‡Ì˜Ë‚‡ÂÚÒfl ‚ÌÛÚË Ó·˙ÂÏ‡ V, ÂÂ ‚ÍÎ‡‰ ‡‚ÂÌ ÌÛÎ˛. ÑÂÈÒÚ‚ËÚÂÎ¸-
ÌÓ, ÍÓ„‰‡ ‰‡ÌÌ‡fl ÎËÌËfl ÔÂÂÒÂÍ‡ÂÚ ÔÓ‚ÂıÌÓÒÚ¸ ÓÚ ÂÂ ÔÂÂ‰ÌÂÈ ÒÚÓÓÌ˚ Í
Á‡‰ÌÂÈ, ÚÓ ÔÂÂÒÂ˜ÂÌËÂ fl‚ÎflÂÚÒfl ÓÚËˆ‡ÚÂÎ¸Ì˚Ï. èÓÒÎÂ ˝ÚÓ„Ó Ú‡ ÊÂ Ò‡Ï‡fl
ÎËÌËfl ÒÌÓ‚‡ ÔÂÂÒÂÍ‡ÂÚ ‰‡ÌÌÛ˛ ÔÓ‚ÂıÌÓÒÚ¸, ÌÓ ‚ Ó·‡ÚÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ-
ÒÚË, ÔÓıÓ‰fl ÒÌ‡˜‡Î‡ Á‡‰Ì˛˛, ‡ Á‡ÚÂÏ ÔÂÂ‰Ì˛˛ ÒÚÓÓÌ˚. Ç ˝ÚÓÏ ÒÎÛ˜‡Â
ÔÂÂÒÂ˜ÂÌËÂ fl‚ÎflÂÚÒfl ÔÓÎÓÊËÚÂÎ¸Ì˚Ï. ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔÓÎÌÓÂ ˜ËÒÎÓ ‚ÂÍ-
ÚÓÌ˚ı ÎËÌËÈ ‡‚ÌÓ ÌÛÎ˛. éÚÒ˛‰‡ ÏÓÊÌÓ Ò‰ÂÎ‡Ú¸ ‚˚‚Ó‰ Ó ÚÓÏ, ˜ÚÓ ˜ËÒÎÓ
‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı Á‡ÏÍÌÛÚÛ˛ ÔÓ‚ÂıÌÓÒÚ¸, ÓÔÂ‰ÂÎflÂÚÒfl ˜ËÒ-
ÎÓÏ ÍÓÌˆÂ‚˚ı ÚÓ˜ÂÍ, Á‡ÍÎ˛˜ÂÌÌ˚ı ‚ÌÛÚË Ó·˙ÂÏ‡. í‡Í, Ì‡ÔËÏÂ, ÎËÌËfl,
ËÏÂ˛˘‡fl ‚ÌÛÚË Ó·˙ÂÏ‡ ÚÓ˜ÍÛ  gm

+  ËÎË   gm
− , ‰‡ÂÚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÔÓÎÓÊËÚÂÎ¸-

Ì˚È ËÎË ÓÚËˆ‡ÚÂÎ¸Ì˚È ‚ÍÎ‡‰.
í‡ÍËÏ Ó·‡ÁÓÏ, ˜ËÒÎÓ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı Á‡ÏÍÌÛÚÛ˛ ÔÓ-

‚ÂıÌÓÒÚ¸, ‡‚ÌflÂÚÒfl

    N g gm m= −+ − . (4)

á‰ÂÒ¸   gm
+  Ë   gm

−  – ÔÓÎÌÓÂ ˜ËÒÎÓ ÔÓÎÓÊËÚÂÎ¸Ì˚ı Ë ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÚÓ˜ÂÍ
‚ÌÛÚË Ó·˙ÂÏ‡.

3. èéíéä ÇÖäíéêçéÉé èéãü

Ç‚Â‰ÂÏ ÚÂÔÂ¸ Ó‰ÌÓ ËÁ ÓÒÌÓ‚Ì˚ı ÔÓÌflÚËÈ ‚ÂÍÚÓÌÓ„Ó ‡Ì‡ÎËÁ‡, ‡ ËÏÂÌÌÓ
ÔÓÚÓÍ. èÓÚÓÍÓÏ dF ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl M( p) ˜ÂÂÁ ˝ÎÂÏÂÌÚ‡ÌÛ˛ ÔÎÓ˘‡‰ÍÛ
dS( p) (ËÒ. 1, ç) Ì‡Á˚‚‡ÂÚÒfl ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ

dF = M ⋅ dS. (5)

èÓÒÍÓÎ¸ÍÛ

dF = M dS cos (M, dS), (6)

ÔÓÚÓÍ ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÓÊËÚÂÎ¸Ì˚Ï, ÓÚËˆ‡ÚÂÎ¸Ì˚Ï ËÎË ‡‚Ì˚Ï ÌÛÎ˛. Ç
ÔÓÒÎÂ‰ÌÂÏ ÒÎÛ˜‡Â ÔÓÎÂ M ·Û‰ÂÚ Ú‡Ì„ÂÌˆË‡Î¸Ì˚Ï Í ÔÎÓ˘‡‰ÍÂ dS.

èÓËÁ‚ÓÎ¸ÌÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í ÒÛÏÏÛ ˝ÎÂÏÂÌÚ‡Ì˚ı
ÔÓ‚ÂıÌÓÒÚÂÈ. íÓ„‰‡ ÔÓÚÓÍ ÔÓÎfl M ˜ÂÂÁ ÔÓ‚ÂıÌÓÒÚ¸ S ‡‚ÌflÂÚÒfl

      
F

S

= ⋅∫M dS. (7)

à, Ì‡ÍÓÌÂˆ, ÔÓÚÓÍ ˜ÂÂÁ Á‡ÏÍÌÛÚÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ S ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í

      
F

S

= ⋅∫M dS. (8)
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Ñ‡ÎÂÂ Ï˚ Û‚Ë‰ËÏ, ˜ÚÓ ÔÓÒÎÂ‰ÌÂÂ ÓÔÂ‰ÂÎÂÌËÂ Ë„‡ÂÚ Ó˜ÂÌ¸ ‚‡ÊÌÛ˛ ÓÎ¸ ÔË
ËÁÛ˜ÂÌËË ‡ÒÔÂ‰ÂÎÂÌËfl ËÒÚÓ˜ÌËÍÓ‚. ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÓˆÂÌËÚ¸ ÔÓÚÓÍ, ‚˚‡-
ÁËÏ Â„Ó ˜ÂÂÁ ˜ËÒÎÓ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ. ê‡ÒÒÏÓÚËÏ ÒÌ‡˜‡Î‡ ˝ÎÂÏÂÌÚ dSm

( ËÒ. 1, á). ì˜ËÚ˚‚‡fl, ˜ÚÓ ‚ÂÍÚÓ ˚ dSm Ë M Ô‡‡ÎÎÂÎ¸Ì˚ ‰Û„ ‰ Û„Û, ÔÓÚÓÍ
‚ÂÍÚÓÌÓ„Ó ÔÓÎfl Á‡ÔË¯ÂÏ Í‡Í

dF = M dSm.

éÚÒ˛‰‡, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ‡‚ÂÌÒÚ‚ÓÏ (3), ÔÓÎÛ˜ËÏ

    
dF dN= 1

α
. (9)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ‰‡ÌÌÓÏ ÔÓÒÚÂÈ¯ÂÏ ÒÎÛ˜‡Â ÔÓÚÓÍ dF ‡‚ÌflÂÚÒfl, Ò ÚÓ˜ÌÓÒ-
Ú¸˛ ‰Ó ÍÓÌÒÚ‡ÌÚ˚, ˜ËÒÎÛ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı ÔÓ‚ÂıÌÓÒÚ¸ dSm,
Ë, ÍÓÌÂ˜ÌÓ, ˝ÚÓÚ ÔÓÚÓÍ ÔÓÎÓÊËÚÂÎÂÌ. ê‡ÒÒÏÓÚËÏ ÒÌÓ‚‡ ˝ÎÂÏÂÌÚ‡ÌÛ˛ ÔÓ-
‚ÂıÌÓÒÚ¸ dS, ÔÓËÁ‚ÓÎ¸ÌÓ ÓËÂÌÚËÓ‚‡ÌÌÛ˛ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓÎfl M. àÁ ËÒ.
1, è ‚Ë‰ÌÓ, ˜ÚÓ ÂÂ ÔÓÂÍˆËfl dSm Ì‡ ÔÎÓÒÍÓÒÚ¸, ÔÂÔÂÌ‰ËÍÛÎflÌÛ˛ ÔÓÎ˛ M,
ÂÒÚ¸

dSm = dS cos(M ⋅ dS).

èÓÒÍÓÎ¸ÍÛ ˜ËÒÎÓ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı ÔÓ‚ÂıÌÓÒÚË dS Ë dSm,
Ó‰ËÌ‡ÍÓ‚Ó, ÔËıÓ‰ËÏ Í ‡‚ÂÌÒÚ‚Û

dN = α M dSm = α M dS cos(M ⋅ dS)
ËÎË

dN = α M ⋅ dS = α dF. (10)

í‡ÍËÏ Ó·‡ÁÓÏ, Í‡Í Ë ‚ ÔÂ‰˚‰Û˘ÂÏ ÒÎÛ˜‡Â, ÔÓÚÓÍ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl Ò ÚÓ˜-
ÌÓÒÚ¸˛ ‰Ó ÍÓÌÒÚ‡ÌÚ˚ 1/α ‡‚ÌflÂÚÒfl ˜ËÒÎÛ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı
‰‡ÌÌ˚È ˝ÎÂÏÂÌÚ:

    
dF dN=

α
. (11)

ä‡Í Ï˚ ÛÊÂ ÁÌ‡ÂÏ, Ó·Â ‚ÂÎË˜ËÌ˚ dF Ë dN ÏÓ„ÛÚ ·˚Ú¸ ÔÓÎÓÊËÚÂÎ¸Ì˚ÏË,
ÓÚËˆ‡ÚÂÎ¸Ì˚ÏË ËÎË ‡‚Ì˚ÏË ÌÛÎ˛.

é·Ó·˘ÂÌËÂ Ì‡ ÒÎÛ˜‡È ÔÓËÁ‚ÓÎ¸ÌÓÈ ÔÓ‚ÂıÌÓÒÚË S Ó˜Â‚Ë‰ÌÓ:

      
F N= ⋅ =∫M dS

S

1

α
, (12)

„‰Â N – ÔÓÎÌÓÂ ˜ËÒÎÓ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı ÔÓ‚ÂıÌÓÒÚ¸ S.

4. èéíéä ÇÖäíéêçéÉé èéãü óÖêÖá áÄåäçìíìû èéÇÖêïçéëíú

èÛÒÚ¸ ÚÂÔÂ¸ ÔÓ‚ÂıÌÓÒÚ¸ S fl‚ÎflÂÚÒfl Á‡ÏÍÌÛÚÓÈ. Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÙÓÏÛ-
ÎÓÈ (12) ÔÓÚÓÍ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ˜ÂÂÁ ˝ÚÛ ÔÓ‚ÂıÌÓÒÚ¸
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F N

S

= ⋅ =∫M dS 1

α
. (13)

á‰ÂÒ¸ N – ˜ËÒÎÓ ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı Á‡ÏÍÌÛÚÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ S.
ë Û˜ÂÚÓÏ ‡‚ÂÌÒÚ‚‡ (4) ÔÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

      
M dS⋅ =∫

S

mg1
α

, (14)

„‰Â

    g g gm m m= −+ − . (15)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÚÓÍ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ˜ÂÂÁ Á‡ÏÍÌÛÚÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ ÓÔÂ-
‰ÂÎflÂÚÒfl ÔÓÎÌ˚Ï ˜ËÒÎÓÏ ÍÓÌˆÂ‚˚ı ÚÓ˜ÂÍ ‚ÌÛÚË ‚˚‰ÂÎÂÌÌÓ„Ó Ó·˙ÂÏ‡. ê‡-
‚ÂÌÒÚ‚Ó (14) fl‚ÎflÂÚÒfl Ó‰ÌÓÈ ËÁ ÓÒÌÓ‚Ì˚ı ÙÓÏÛÎ ÚÂÓËË ÔÓÎfl, ÔÓÒÍÓÎ¸ÍÛ
ÓÌÓ ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚ Ò‚flÁ¸ ÏÂÊ‰Û ÔÓÎÂÏ M Ë ÍÓÌˆÂ‚˚ÏË ÚÓ˜Í‡ÏË ‚ÂÍÚÓÌ˚ı
ÎËÌËÈ, Ú.Â. Â„Ó ËÒÚÓ˜ÌËÍ‡ÏË. äÓÌÂ˜ÌÓ, ÔÓ‡ÁËÚÂÎ¸Ì˚È ÂÁÛÎ¸Ú‡Ú, ÓÔËÒ˚‚‡Â-
Ï˚È ˝ÚËÏ ‚˚‡ÊÂÌËÂÏ, ·˚ÎÓ ‰Ó‚ÓÎ¸ÌÓ ÚÛ‰ÌÓ ÔÂ‰ÒÍ‡Á‡Ú¸ Á‡‡ÌÂÂ. ÑÂÈÒÚ‚Ë-
ÚÂÎ¸ÌÓ, ËÁÏÂÌÂÌËÂ ÔÓ‚ÂıÌÓÒÚË S1 ÔË‚Ó‰ËÚ Í ËÁÏÂÌÂÌË˛ ‚ÂÎË˜ËÌ˚ Ë Ì‡-
Ô‡‚ÎÂÌËfl ÔÓÎfl M Ì‡ S1, ‡ Ú‡ÍÊÂ Í ËÁÏÂÌÂÌË˛ Ó·Î‡ÒÚË ËÌÚÂ„ËÓ‚‡ÌËfl.
åÓÊÌÓ ·˚ÎÓ ·˚ ÓÊË‰‡Ú¸, ˜ÚÓ ÔÓÚÓÍ F ˜ÂÂÁ ÌÓ‚Û˛ ÔÓ‚ÂıÌÓÒÚ¸ S2 ·Û‰ÂÚ
ÓÚÎË˜‡Ú¸Òfl ÓÚ ÚÓ„Ó, ÍÓÚÓ˚È ·˚Î ‰Îfl ÔÓ‚ÂıÌÓÒÚË S1 (ËÒ. 2, à). é‰Ì‡ÍÓ ‚
‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÒÚË, ÂÒÎË ˝ÚË ÔÓ‚ÂıÌÓÒÚË ÓÍÛÊ‡˛Ú Ó‰ËÌ‡ÍÓ‚ÓÂ ˜ËÒÎÓ ÍÓÌˆÂ-
‚˚ı ÚÓ˜ÂÍ, ÚÓ Ó·‡ ÔÓÚÓÍ‡ ‡‚Ì˚ ‰Û„ ‰Û„Û:

      
M dS M dS⋅ = ⋅∫ ∫

S S1 2

.

êËÒ. 2.  èÓÚÓÍ ˜ÂÂÁ Á‡ÏÍÌÛÚÛ˛ ÔÓ‚ÂıÌÓÒÚ¸. ÑË‚Â„ÂÌˆËfl. çÓÏ‡Î¸Ì˚Â ÔÓ‚ÂıÌÓÒÚË
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ëÎÂ‰ÛÂÚ Ú‡ÍÊÂ Á‡ÏÂÚËÚ¸, ˜ÚÓ ÔÓÚÓÍ

    
M dS⋅∫

S

ÌÂ Á‡‚ËÒËÚ ÓÚ ÚÂı ÍÓÌˆÂ‚˚ı ÚÓ˜ÂÍ ÎËÌËÈ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl, ÍÓÚÓ˚Â ‡ÒÔÓÎ‡-
„‡˛ÚÒfl ‚ÌÂ Ó·˙ÂÏ‡ V.

àÚ‡Í, Ï˚ ÔÓÍ‡Á‡ÎË, ˜ÚÓ ÍÓÌˆÂ‚˚Â ÚÓ˜ÍË fl‚Îfl˛ÚÒfl „ÂÓÏÂÚË˜ÂÒÍËÏË ÏÓ-
‰ÂÎflÏË Â‡Î¸Ì˚ı ËÒÚÓ˜ÌËÍÓ‚. ê‡ÒÒÏÓÚËÏ ‚ Í‡˜ÂÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË „‡‚ËÚ‡-
ˆËÓÌÌÓÂ, ˝ÎÂÍÚË˜ÂÒÍÓÂ Ë Ï‡„ÌËÚÌÓÂ ÔÓÎfl. àÁ ÙËÁË˜ÂÒÍËı Á‡ÍÓÌÓ‚, ÛÔ‡‚-
Îfl˛˘Ëı ÔÓ‚Â‰ÂÌËÂÏ ˝ÚËı ÔÓÎÂÈ, ÒÎÂ‰ÛÂÚ, ˜ÚÓ

      
E dS⋅ =∫

S

e

ε0

,  
      

g dS⋅ = −∫
S

m4πγ ,   
      

B dS⋅ =∫
S

0.

á‰ÂÒ¸ Ag Ë γ – ÍÓÌÒÚ‡ÌÚ˚, e Ë m – ÔÓÎÌ˚È Á‡fl‰ Ë Ï‡ÒÒ‡ ‚ÌÛÚË Ó·˙ÂÏ‡, ÓÍ-
ÛÊÂÌÌÓ„Ó ÔÓ‚ÂıÌÓÒÚ¸˛ S.

ëÏ˚ÒÎ ÙÓÏÛÎ˚ (14) ÓÒÓ·ÂÌÌÓ flÒÂÌ ‚ ÒÎÛ˜‡Â Ï‡„ÌËÚÌÓ„Ó ÔÓÎfl B . ëÛ˘Â-
ÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ÍÓÎË˜ÂÒÚ‚Ó Ï‡„ÌËÚÌ˚ı ÔÓÎÂÈ ‡ÁÎË˜ÌÓÈ ‚ÂÎË˜ËÌ˚ Ë
Ì‡Ô‡‚ÎÂÌËfl, Ó‰Ì‡ÍÓ ‚Ó ‚ÒÂı ÒÎÛ˜‡flı ÔÓÚÓÍ ÔÓÎfl B ˜ÂÂÁ Á‡ÏÍÌÛÚÛ˛ ÔÓ‚Âı-
ÌÓÒÚ¸ ‡‚ÂÌ ÌÛÎ˛. îËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ ˝ÚÓ„Ó ÂÁÛÎ¸Ú‡Ú‡ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ Û
‰‡ÌÌÓ„Ó ÔÓÎfl ÌÂÚ ËÒÚÓ˜ÌËÍÓ‚ (Ï‡„ÌËÚÌ˚ı Á‡fl‰Ó‚).

å˚ ·Û‰ÂÏ ‡ÒÒÓˆËËÓ‚‡Ú¸ ÍÓÌˆÂ‚˚Â ÚÓ˜ÍË Ò ËÒÚÓ˜ÌËÍ‡ÏË ‰‡ÊÂ ÚÓ„‰‡, ÍÓ„-
‰‡ ÒÚ‡ÌÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚Â ÔÓÎfl, ıÓÚfl ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ËÒÚÓ˜ÌË-
ÍË, ÍÓÌÂ˜ÌÓ, fl‚Îfl˛ÚÒfl ÙËÍÚË‚Ì˚ÏË. í‡ÍËÏ Ó·‡ÁÓÏ, ÙÓÏÛÎÛ (14) ÏÓÊÌÓ
Á‡ÔËÒ‡Ú¸ Í‡Í

      
M dS⋅ =∫

S

k Q1 , (16)

„‰Â k1 – ÌÂÍÓÚÓ‡fl ÔÓÒÚÓflÌÌ‡fl; Q – ÍÓÎË˜ÂÒÚ‚Ó ËÒÚÓ˜ÌËÍÓ‚ ‚ Ó·˙ÂÏÂ V, Ó„‡-
ÌË˜ÂÌÌÓÏ ÔÓ‚ÂıÌÓÒÚ¸˛ S.

5. ÑàÇÖêÉÖçñàü ÇÖäíéêçéÉé èéãü

àÁ ÙÓÏÛÎ˚ (14) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔÓÚÓÍ

    
M dS⋅∫

S

ÓÔÂ‰ÂÎflÂÚ ‡ÁÌÓÒÚ¸ ÏÂÊ‰Û ÔÓÎÓÊËÚÂÎ¸Ì˚ÏË Ë ÓÚËˆ‡ÚÂÎ¸Ì˚ÏË ËÒÚÓ˜ÌËÍ‡-
ÏË:

Q = Q+ – Q–. (17)

íÂÏ ÌÂ ÏÂÌÂÂ, ÓÌ ÌÂ ı‡‡ÍÚÂËÁÛÂÚ Ëı ‡ÒÔÂ‰ÂÎÂÌËÂ ‚ÌÛÚË Ó·˙ÂÏ‡. óÚÓ·˚
ÔÂÓ‰ÓÎÂÚ¸ ˝ÚÓÚ ÌÂ‰ÓÒÚ‡ÚÓÍ, ‡ÒÒÏÓÚËÏ Ú‡ÍÓÈ Ï‡Î˚È Ó·˙ÂÏ ∆V, ‚ ÍÓÚÓÓÏ
ËÒÚÓ˜ÌËÍË (ÔÓÎÓÊËÚÂÎ¸Ì˚Â ÎË·Ó ÓÚËˆ‡ÚÂÎ¸Ì˚Â) ‡ÒÔÂ‰ÂÎÂÌ˚ ‡‚ÌÓÏÂÌÓ.
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èÎÓÚÌÓÒÚ¸ ËÒÚÓ˜ÌËÍÓ‚ ‚ Ú‡ÍÓÏ Ó·˙ÂÏÂ ÏÓÊÌÓ ÓÔÂ‰ÂÎËÚ¸ ÒÎÂ‰Û˛˘ËÏ Ó·‡-
ÁÓÏ:

      

M dS⋅∫
= =S

V

Q

V
k k p

∆ ∆
1 1δ( ). (18)

á‰ÂÒ¸ ÙÛÌÍˆËfl δ( p) ‡‚ÌflÂÚÒfl ÔÎÓÚÌÓÒÚË ËÒÚÓ˜ÌËÍÓ‚, ‡ ÓÚÌÓ¯ÂÌËÂ

      

M dS

M
⋅∫

=S

V∆
div (19)

Ì‡Á˚‚‡ÂÚÒfl ‰Ë‚Â„ÂÌˆËÂÈ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl.
í‡ÍËÏ Ó·‡ÁÓÏ,

div M = k1δ( p), (20)

Ú.Â. ‰Ë‚Â„ÂÌˆËfl ÔÓÎfl M ‚ ÚÓ˜ÍÂ p ÓÔÂ‰ÂÎflÂÚ ÔÎÓÚÌÓÒÚ¸ ËÒÚÓ˜ÌËÍÓ‚ ‚ ÓÍÂ-
ÒÚÌÓÒÚË ˝ÚÓÈ ÚÓ˜ÍË.

í‡Í, Ì‡ÔËÏÂ,

div g = – 4π γ δm, div E =
    

δ

ε

e

0

,  div B = 0, (21)

„‰Â δm Ë δe –  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ó·˙ÂÏÌ‡fl ÔÎÓÚÌÓÒÚ¸ Ë ÔÎÓÚÌÓÒÚ¸ Á‡fl‰Ó‚.
Ç ˜‡ÒÚÌÓÒÚË, ÂÒÎË ËÒÚÓ˜ÌËÍË ‚ ÓÍÂÒÚÌÓÒÚË ÌÂÍÓÚÓÓÈ ÚÓ˜ÍË ÓÚÒÛÚÒÚ‚Û-

˛Ú, ÚÓ

div M = 0.

6. ÇõêÄÜÖçàÖ ÑàÇÖêÉÖçñàà óÖêÖá èêéàáÇéÑçõÖ

ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ÓÔÂ‰ÂÎÂÌËfl (19), ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ ‚˚˜ËÒÎËÚ¸ div M, ÌÂ-
Ó·ıÓ‰ËÏÓ ‚˚ÔÓÎÌËÚ¸ ËÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ ÔÓ‚ÂıÌÓÒÚË S. ùÚÓ ‰Ó‚ÓÎ¸ÌÓ „Ó-
ÏÓÁ‰Í‡fl ÔÓˆÂ‰Û‡, Ë Ï˚ ÔÓÔ˚Ú‡ÂÏÒfl Á‡ÏÂÌËÚ¸ ÂÂ ·ÓÎÂÂ ÔÓÒÚÓÈ ÓÔÂ‡ˆËÂÈ
‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl.

ë ˝ÚÓÈ ˆÂÎ¸˛ ‡ÒÒÏÓÚËÏ ˝ÎÂÏÂÌÚ‡Ì˚È Ó·˙ÂÏ

dV = dl1dl2dl3, (22)

Ó·‡ÁÓ‚‡ÌÌ˚È ˝ÎÂÏÂÌÚ‡ÏË ÍÓÓ ‰ËÌ‡ÚÌ˚ı ÔÓ‚ÂıÌÓÒÚÂÈ (ÒÏ. ËÒ. 2, á). èÓ-
ÒÍÓÎ¸ÍÛ ‰‡ÌÌ˚È Ó·˙ÂÏ Ó„‡ÌË˜ÂÌ ÍÓÓ‰ËÌ‡ÚÌ˚ÏË ÔÓ‚ÂıÌÓÒÚflÏË, ÔÓ‚ÂıÌÓ-
ÒÚÌ˚È ËÌÚÂ„‡Î ÔÓ Í‡Ê‰ÓÈ ËÁ ÒÚÓÓÌ dS ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÍ‡ÎflÌÓ-
„Ó ÔÓËÁ‚Â‰ÂÌËfl

M( pn) ⋅ dS,

„‰Â pn – ÒÂ‰Ìflfl ÚÓ˜Í‡ ÛÍ‡Á‡ÌÌÓÈ ÔÓ‚ÂıÌÓÒÚË.
íÓ„‰‡ ÔÓÚÓÍ Á‡ÔË¯ÂÚÒfl Í‡Í
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M dS⋅ =∫

S

 M( p2) ⋅ dS1( p2) + M( p1) ⋅ dS1( p1) + M( p4) ⋅ dS2( p4) +

+ M( p3) ⋅ dS2( p3) + M( p6) ⋅ dS3( p6) +M( p5) ⋅ dS3( p5). (23)

èÓÒÍÓÎ¸ÍÛ Â‰ËÌË˜Ì˚Â ‚ÂÍÚÓ˚ Í‡Ê‰ÓÈ ËÁ ÒÚÓÓÌ Ì‡Ô‡‚ÎÂÌ˚ ‚ ÒÚÓÓÌÛ ÓÚ
Ó·˙ÂÏ‡, Ï˚ ËÏÂÂÏ

    
M dS⋅ =∫

S

 M1( p2) dS1( p2) + M1( p1) dS1( p1) +M2( p4) dS2( p4) –

– M2( p3) dS2( p3) + M3( p6) dS3( p6) – M3( p5) dS3( p5). (24)

ì˜ËÚ˚‚‡fl, ˜ÚÓ ‡ÒÒÚÓflÌËÂ dl ÏÂÊ‰Û ÔÓÚË‚ÓÔÓÎÓÊÌ˚ÏË ÒÚÓÓÌ‡ÏË Ï‡ÎÓ,
ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÔÓÚÓÍ ÏÂÊ‰Û ÌËÏË ËÁÏÂÌflÂÚÒfl ÎËÌÂÈÌÓ. íÓ„‰‡ ‚ÏÂÒÚÓ
‚˚‡ÊÂÌËfl (24) ÔÓÎÛ˜ËÏ

      
M dS⋅ = + +∫

S

M dS

l

M dS

l

M dS

l
dl dl dl

∂

∂

∂

∂

∂

∂

( ) ( ) ( )
.1 1

1
1

2 2

2
2

3 3

3
3 (25)

ê‡‚ÂÌÒÚ‚Ó (19) Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

      
div M = + +





1

1 2 3 1
1 1 1

2
2 2 2

3
3 3 3

dl dl dl l l l
M dS dl M dS dl M dS dl∂

∂

∂

∂

∂

∂
( ) ( ) ( ) (26)

ËÎË

      
div M = + +





1

1 2 3

2 3 1

1

1 3 2

2

1 2 3

3h h h

h h M

x

h h M

x

h h M

x

∂

∂

∂

∂

∂

∂

( ) ( ) ( )
, (27)

Ú‡Í Í‡Í

dl1 = h1dx1,  dl2 = h2dx2,  dl3 = h3dx3.

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ Á‡ÏÂÌËÎË ÓÔÂ‡ˆË˛ ËÌÚÂ„ËÓ‚‡ÌËfl ‰ËÙÙÂÂÌˆËÓ‚‡-
ÌËÂÏ, Ë ‚˚‡ÊÂÌËÂ (27) ÓÔËÒ˚‚‡ÂÚ ‰Ë‚Â„ÂÌˆË˛ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ‚ ÔÓËÁ-
‚ÓÎ¸ÌÓÈ Â„ÛÎflÌÓÈ ÚÓ˜ÍÂ, „‰Â ÒÛ˘ÂÒÚ‚Û˛Ú ÔÓËÁ‚Ó‰Ì˚Â ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı
ÎËÌËÈ. Ç Í‡˜ÂÒÚ‚Â ÔËÏÂ‡ ÔË‚Â‰ÂÏ ‚˚‡ÊÂÌËfl ‰Îfl ‰Ë‚Â„ÂÌˆËË ‚ÂÍÚÓÌÓ„Ó
ÔÓÎfl ‚ ‡ÁÎË˜Ì˚ı ÒËÒÚÂÏ‡ı ÍÓÓ‰ËÌ‡Ú.

ÑÂÍ‡ÚÓ‚‡ ÔflÏÓÛ„ÓÎ¸Ì‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
div M = + +

∂

∂

∂

∂

∂

∂

M

x

M

y

M

z
x y z . (28)

ñËÎËÌ‰Ë˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
div M = + +











1

r

rM

x

M M

z
r zr

∂

∂

∂

∂ϕ

∂

∂

ϕ( )
. (29)
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ëÙÂË˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
div M = + +











1
2

2

R

R M

R

R M RM
R

sin

( sin ( sin () ) )

θ

∂ θ

∂

∂ θ

∂θ

∂

∂ϕ

θ ϕ . (30)

èÓ ÓÔÂ‰ÂÎÂÌË˛, ‰Ë‚Â„ÂÌˆËfl ı‡‡ÍÚÂËÁÛÂÚ ÔÎÓÚÌÓÒÚ¸ ËÒÚÓ˜ÌËÍÓ‚, Ë,
ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔË Á‡ÏÂÌÂ ÍÓÓ‰ËÌ‡Ú ÂÂ ÁÌ‡˜ÂÌËÂ ÌÂ ËÁÏÂÌËÚÒfl. àÌ˚ÏË ÒÎÓ-
‚‡ÏË, div M, Ú‡Í ÊÂ, Í‡Í Ë grad T, fl‚ÎflÂÚÒfl ËÌ‚‡Ë‡ÌÚÓÏ.

7. èéÇÖêïçéëíçõâ ÄçÄãéÉ div M

Ç˚‡ÊÂÌËÂ (27) ‰Ë‚Â„ÂÌˆËË ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ˜ÂÂÁ ÔÓËÁ‚Ó‰Ì˚Â ÒÔ‡-
‚Â‰ÎË‚Ó ÚÓÎ¸ÍÓ ‚ Â„ÛÎflÌ˚ı ÚÓ˜Í‡ı, „‰Â ÔÓÎÂ M ÌÂÔÂ˚‚ÌÓ. é‰Ì‡ÍÓ ˝ÚÓ
ÛÒÎÓ‚ËÂ ‚˚ÔÓÎÌflÂÚÒfl ÌÂ ‚ÂÁ‰Â, Ë ÔÓÎÂ M ÏÓÊÂÚ ËÏÂÚ¸ ÓÒÓ·ÂÌÌÓÒÚË.

èÛÒÚ¸ ËÒÚÓ˜ÌËÍË ‡ÒÔÂ‰ÂÎÂÌ˚ ÔÓ ÔÓ‚ÂıÌÓÒÚË S Ò ÔÎÓÚÌÓÒÚ¸˛ Σ( p)
( ËÒ. 2,‚â ).

èËÏÂÌflfl ÙÓÏÛÎÛ (16) Í ˝ÎÂÏÂÌÚ‡ÌÓÏÛ ˆËÎËÌ‰Û, ÔÓÎÛ˜ËÏ

M2 ⋅ dS2 + M1 ⋅ dS1 + 
    

M dS⋅∫
Sl

 = k1 Σ( p) dS. (31)

á‰ÂÒ¸

dS2 = dS n,  dS1 = – dS n,  M2  Ë  M1

Ó·ÓÁÌ‡˜‡˛Ú ÔÓÎÂ Ì‡ ÔÓÚË‚ÓÔÓÎÓÊÌ˚ı ÒÚÓÓÌ‡ı ˆËÎËÌ‰‡ Ò ·ÓÍÓ‚ÓÈ ÔÓ-
‚ÂıÌÓÒÚ¸˛ Sl.  

ë ÛÏÂÌ¸¯ÂÌËÂÏ ‚˚ÒÓÚ˚ ˆËÎËÌ‰‡ ÔÓ‚ÂıÌÓÒÚÌ˚È ËÌÚÂ„‡Î ‚ ÙÓÏÛÎÂ
(31) ËÒ˜ÂÁ‡ÂÚ, Ë Ï˚ ÔÓÎÛ˜‡ÂÏ

M2n( p) – M1n( p) = k1 Σ( p), (32)

Ú.Â. ‡ÁÌÓÒÚ¸ ÌÓÏ‡Î¸Ì˚ı ÍÓÏÔÓÌÂÌÚ ÔÓÎfl ÓÔÂ‰ÂÎflÂÚÒfl ÔÎÓÚÌÓÒÚ¸˛ ËÒÚÓ˜-
ÌËÍÓ‚ ‚ ‰‡ÌÌÓÈ ÚÓ˜ÍÂ.

Ç ˜‡ÒÚÌÓÒÚË, ‚ ÚÂı ÏÂÒÚ‡ı, „‰Â ÔÎÓÚÌÓÒÚ¸ ‡‚Ì‡ ÌÛÎ˛, ÌÓÏ‡Î¸Ì‡fl ÍÓÏÔÓ-
ÌÂÌÚ‡ Mn fl‚ÎflÂÚÒfl ÌÂÔÂ˚‚ÌÓÈ ÙÛÌÍˆËÂÈ.

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔÓÎÛ˜ËÎË ÒÓÓÚÌÓ¯ÂÌËfl ÚÂı ÚËÔÓ‚ ÏÂÊ‰Û ÔÓÎÂÏ M
Ë Â„Ó ËÒÚÓ˜ÌËÍ‡ÏË:

      
M dS⋅ =∫

S

k Q1 ,   div M = k1δ    Ë    M2n – M1n = k1 Σ.  (33)

8. îéêåìãÄ ÉÄìëëÄ – éëíêéÉêÄÑëäéÉé

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ‚ÌÛÚË Ó·˙ÂÏ‡ V, ÓÍÛÊÂÌÌÓ„Ó ÔÓ‚ÂıÌÓÒÚ¸˛ S, ÔÓÎÂ
M fl‚ÎflÂÚÒfl ÌÂÔÂ˚‚Ì˚Ï ( ËÒ. 2, ã). èÓ ÓÔÂ‰ÂÎÂÌË˛, ˜ËÒÎÓ ËÒÚÓ˜ÌËÍÓ‚ ‚
˝ÎÂÏÂÌÚ‡ÌÓÏ Ó·˙ÂÏÂ dV ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í
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div M dV = k1δ dV.

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ËÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ Ó·˙ÂÏÛ ‰‡ÂÚ

      
div MdV k Q

V
∫ = 1 .

ë ‰Û„ÓÈ ÒÚÓÓÌ˚,

      
M dS⋅ =∫

S

k Q1 ,

Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ,

      
div M M dSdV

V S
∫ ∫= ⋅ . (34)

èÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ – ˝ÚÓ ËÁ‚ÂÒÚÌ‡fl ÙÓÏÛÎ‡ É‡ÛÒÒ‡ – éÒÚÓ„‡‰ÒÍÓ„Ó,
ÍÓÚÓ‡fl ËÏÂÂÚ ÏÌÓÊÂÒÚ‚Ó ÔËÎÓÊÂÌËÈ Ë, ‚ ˜‡ÒÚÌÓÒÚË, Ë„‡ÂÚ ÓÒÌÓ‚ÓÔÓÎ‡„‡-
˛˘Û˛ ÓÎ¸ ÔË Â¯ÂÌËË Ó·‡ÚÌ˚ı Á‡‰‡˜. ùÚÓ Ò‚flÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ ÒÓÓÚÌÓ¯Â-
ÌËÂ (34) ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚ Ò‚flÁ¸ ÏÂÊ‰Û ÁÌ‡˜ÂÌËflÏË ÔÓÎfl Ì‡ ÔÓ‚ÂıÌÓÒÚË S, ÍÓÚÓ-
˚Â ˜‡ÒÚÓ ËÁ‚ÂÒÚÌ˚, Ë ÔÓÎÂÏ ‚ÌÛÚË Ó·˙ÂÏ‡.

9. çéêåÄãúçõÖ èéÇÖêïçéëíà Sm  ÇÖäíéêçéÉé èéãü å

ç‡È‰ÂÏ ÚÂÔÂ¸ Ò‚flÁ¸ ÏÂÊ‰Û ÔÓÎÂÏ M Ë ‚ÚÓ˚Ï ÚËÔÓÏ „ÂÌÂ‡ÚÓÓ‚ – ‚Ëı-
flÏË. ÑÎfl ˝ÚÓ„Ó Û‰Ó·ÌÓ ‚‚ÂÒÚË ÔÓÌflÚËÂ ÌÓÏ‡Î¸ÌÓÈ ÔÓ‚ÂıÌÓÒÚË Sm (ËÒ. 2,
ä), ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÍÓÚÓÓÈ  ÔÓÎÂ Ì‡Ô‡‚ÎÂÌÓ ‚‰ÓÎ¸ Â‰ËÌË˜ÌÓ„Ó ‚ÂÍÚÓ‡
ÌÓÏ‡ÎË n, Ú.Â. ÓÚ Á‡‰ÌÂÈ ÒÚÓÓÌ˚ Í ÔÂÂ‰ÌÂÈ.

ä‡Í Ë ‚ ÒÎÛ˜‡Â ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, Ï˚ ·Û‰ÂÏ ‡ÁÎË˜‡Ú¸ ‰‚‡ ÚËÔ‡ ÌÓÏ‡Î¸-
Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ: ÓÚÍ˚Ú˚Â Ë Á‡ÏÍÌÛÚ˚Â (ËÒ. 2, ä). èÂ‚˚È ÚËÔ ÔÓ‚ÂıÌÓ-
ÒÚÂÈ Ó„‡ÌË˜ÂÌ Í‡Â‚ÓÈ ÎËÌËÂÈ Lm – ÓËÂÌÚËÓ‚‡ÌÌÓÈ ÍË‚ÓÈ, Ì‡Ô‡‚ÎÂÌËÂ
ÍÓÚÓÓÈ ‚˚·Ë‡ÂÚÒfl Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ·˚ ÔÓÎÂ M ÔÓ‰˜ËÌflÎÓÒ¸ Ô‡‚ËÎÛ
Ô‡‚ÓÈ ÛÍË. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÌÓÏ‡Î¸Ì˚Â ÔÓ‚ÂıÌÓÒÚË ÔÓÁ‚ÓÎfl˛Ú Ì‡„Îfl‰ÌÓ
ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ÂÍÚÓÌÓÂ ÔÓÎÂ M. ÅÓÎÂÂ ÚÓ„Ó, Ò Ëı ÔÓÏÓ˘¸˛ ÏÓÊÌÓ Óı‡‡ÍÚÂ-
ËÁÓ‚‡Ú¸ ÔÓ‚Â‰ÂÌËÂ Â„Ó ÏÓ‰ÛÎfl M. ë ˝ÚÓÈ ˆÂÎ¸˛ ‡ÒÒÏÓÚËÏ ÌÓÏ‡Î¸Ì˚Â
ÔÓ‚ÂıÌÓÒÚË, ÔÓ‚Â‰ÂÌÌ˚Â ˜ÂÂÁ ˝ÎÂÏÂÌÚ dlm. óËÒÎÓ ˝ÚËı ÔÓ‚ÂıÌÓÒÚÂÈ ÔÓ-
ÔÓˆËÓÌ‡Î¸ÌÓ ÔÓÎ˛ M:

dN = β M dlm, (35)

Í‡Í ˝ÚÓ ÔÓÍ‡Á‡ÌÓ Ì‡ ËÒ. 2, å.
á‰ÂÒ¸ ÒÎÂ‰ÛÂÚ Ò‰ÂÎ‡Ú¸ ‰‚‡ Á‡ÏÂ˜‡ÌËfl:
‡) ÔÓ‰Ó·ÌÓ ÚÓÏÛ, Í‡Í ÍÓÌˆÂ‚˚Â ÚÓ˜ÍË ‚ÂÍÚÓÌ˚ı ÎËÌËÈ ÔÓÍ‡Á˚‚‡ÎË ‡Ò-

ÔÂ‰ÂÎÂÌËÂ ËÒÚÓ˜ÌËÍÓ‚, Í‡Â‚˚Â ÎËÌËË Lm ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ ÔÂ‰-
ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ „ÂÓÏÂÚË˜ÂÒÍÛ˛ ÏÓ‰ÂÎ¸ ‚ËıÂÈ;  

·) ÌÂÒÏÓÚfl Ì‡ ÚÓ, ˜ÚÓ ÌÓÏ‡Î¸Ì˚Â ÔÓ‚ÂıÌÓÒÚË Sm ÏÓÊÌÓ ‚‚ÂÒÚË ÚÓÎ¸ÍÓ
‰Îfl ÓÔÂ‰ÂÎÂÌÌÓ„Ó ÍÎ‡ÒÒ‡ ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ, Ëı, ÚÂÏ ÌÂ ÏÂÌÂÂ, Ó˜ÂÌ¸ Û‰Ó·ÌÓ
ËÒÔÓÎ¸ÁÓ‚‡Ú¸.
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10. óàëãé çéêåÄãúçõï èéÇÖêïçéëíÖâ,
èÖêÖëÖäÄûôàï éêàÖçíàêéÇÄççìû äêàÇìû

Ç‚Â‰ÂÏ, Í‡Í Ë ‚ ÒÎÛ˜‡Â ‚ÂÍÚÓÌ˚ı ÎËÌËÈ, Ô‡‚ËÎÓ, ÔÓÁ‚ÓÎfl˛˘ÂÂ ‚˚˜ËÒ-
ÎflÚ¸ ˜ËÒÎÓ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ, ÔÂÂÒÂÍ‡˛˘Ëı ÔÓËÁ‚ÓÎ¸Ì˚È ˝ÎÂÏÂÌÚ
ÍË‚ÓÈ dl. ùÚÓ Ô‡‚ËÎÓ Ó˜ÂÌ¸ ÔÓÒÚÓÂ. ÖÒÎË Û„ÓÎ ÏÂÊ‰Û dl Ë M ÌÂ ÔÂ‚˚-
¯‡ÂÚ π/2, ÚÓ ÔÂÂÒÂ˜ÂÌËÂ Ò˜ËÚ‡ÂÚÒfl ÔÓÎÓÊËÚÂÎ¸Ì˚Ï. Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â,
ÍÓ„‰‡ ˝ÚÓÚ Û„ÓÎ ·ÓÎ¸¯Â, ˜ÂÏ π/2, ÔÂÂÒÂ˜ÂÌËÂ fl‚ÎflÂÚÒfl ÓÚËˆ‡ÚÂÎ¸Ì˚Ï (ËÒ.
3, à). ÖÒÎË ÓËÂÌÚËÓ‚‡ÌÌ‡fl ÍË‚‡fl l ËÏÂÂÚ ÍÓÌÂ˜ÌÛ˛ ‰ÎËÌÛ, ÚÓ ÔÓÎÌÓÂ ˜ËÒ-
ÎÓ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ, ÔÂÂÒÂÍ‡˛˘Ëı ‰‡ÌÌÛ˛ ÍË‚Û˛ (ËÒ. 3, á), ‡‚-
ÌflÂÚÒfl ‡ÁÌÓÒÚË ÔÓÎÓÊËÚÂÎ¸Ì˚ı Ë ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÔÂÂÒÂ˜ÂÌËÈ. ê‡ÒÒÏÓÚËÏ
Ì‡Ë·ÓÎÂÂ ‚‡ÊÌ˚È ÒÎÛ˜‡È, ÍÓ„‰‡ ÍË‚‡fl l Á‡ÏÍÌÛÚ‡. èÂ‰ÔÓÎÓÊËÏ ÒÌ‡˜‡Î‡,
˜ÚÓ Í‡Â‚˚Â ÎËÌËË Lm ÌÂ ÔÂÂÒÂÍ‡˛Ú ÔÓ‚ÂıÌÓÒÚ¸, Ó„‡ÌË˜ÂÌÌÛ˛ ÍË‚ÓÈ l
( ËÒ. 3, â). Ç ˝ÚÓÏ ÒÎÛ˜‡Â ˜ËÒÎÓ ÔÂÂÒÂ˜ÂÌËÈ N ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ
Ú‡ÍÊÂ ‡‚ÌflÂÚÒfl ÌÛÎ˛. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, Í‡Ê‰‡fl ËÁ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ
Sm ËÏÂÂÚ ‰‚‡ ÔÂÂÒÂ˜ÂÌËfl Ò ÍË‚ÓÈ l, Ó‰ÌÓ ËÁ ÍÓÚÓ˚ı fl‚ÎflÂÚÒfl ÔÓÎÓÊËÚÂÎ¸-
Ì˚Ï, ‡ ‰Û„ÓÂ – ÓÚËˆ‡ÚÂÎ¸Ì˚Ï. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÎÌÓÂ ˜ËÒÎÓ ÔÂÂÒÂ˜ÂÌËÈ
N ‡‚ÌflÂÚÒfl ÌÛÎ˛. ÑÛ„ÓÈ ÒÎÛ˜‡È ÔÓÍ‡Á‡Ì Ì‡ ËÒ. 3, ã. Ñ‚Â ÌÓ Ï‡Î¸Ì˚Â ÔÓ-
‚ÂıÌÓÒÚË ÔÂÂÒÂÍ‡˛Ú ÍË‚Û˛ l, Ó‰Ì‡ÍÓ Ëı ÔÂÂÒÂ˜ÂÌËfl ËÏÂ˛Ú ÔÓÚË‚ÓÔÓ-
ÎÓÊÌ˚Â ÁÌ‡ÍË, Ú‡Í ˜ÚÓ ÔÓÎÌÓÂ ˜ËÒÎÓ ÔÂÂÒÂ˜ÂÌËÈ N ÔÓ-ÔÂÊÌÂÏÛ ‡‚ÌÓ
ÌÛÎ˛. àÁ ËÒÛÌÍ‡ Ú‡ÍÊÂ ‚Ë‰ÌÓ, ˜ÚÓ ‰‚Â Í‡Â‚˚Â ÎËÌËË Lm ÔÂÂÒÂÍ‡˛Ú ÔÓ-
‚ÂıÌÓÒÚ¸ S ‚ ÔÓÚË‚ÓÔÓÎÓÊÌ˚ı Ì‡Ô‡‚ÎÂÌËflı. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ˜ËÒÎÓ Ú‡ÍËı
ÎËÌËÈ, ÔÂÂÒÂÍ‡˛˘Ëı ÔÓ‚ÂıÌÓÒÚ¸ S, Ó„‡ÌË˜ÂÌÌÛ˛ ÍË‚ÓÈ l, Ú‡ÍÊÂ ‡‚ÌÓ
ÌÛÎ˛. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â, ÔÓÍ‡Á‡ÌÌÓÏ Ì‡ ËÒ. 3, ä, ÔÓÎÌÓÂ ˜ËÒ-
ÎÓ ÔÂÂÒÂ˜ÂÌËÈ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ Ò Á‡ÏÍÌÛÚÓÈ ÍË‚ÓÈ ‡‚ÌflÂÚÒfl

    N L Lm m= −+ − . (36)

êËÒ. 3.  çÓÏ‡Î¸Ì˚Â ÔÓ‚ÂıÌÓÒÚË Ë Ëı Í‡Â‚˚Â ÎËÌËË
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á‰ÂÒ¸   L
m
+  Ë   L

m
−  – ÔÓÎÌÓÂ ˜ËÒÎÓ ÔÓÎÓÊËÚÂÎ¸Ì˚ı Ë ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÔÂÂÒÂ˜Â-

ÌËÈ Í‡Â‚˚ı ÎËÌËÈ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ Ò ÔÓ‚ÂıÌÓÒÚ¸˛ S.

11. ñàêäìãüñàü ÇÖäíéêçéÉé èéãü

Ç‚Â‰ÂÏ Â˘Â Ó‰ÌÓ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÂ ÔÓÌflÚËÂ ‚ÂÍÚÓÌÓ„Ó ‡Ì‡ÎËÁ‡, ‡ ËÏÂÌ-
ÌÓ ˆËÍÛÎflˆË˛ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl. ê‡ÒÒÏÓÚËÏ ÒÌ‡˜‡Î‡ ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰Â-
ÌËÂ

dV = M ⋅ dl = M dl cos(M, dl). (37)

èÓ ÓÔÂ‰ÂÎÂÌË˛, dV ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÓÊËÚÂÎ¸Ì˚Ï, ÓÚËˆ‡ÚÂÎ¸Ì˚Ï ËÎË ‡‚-
Ì˚Ï ÌÛÎ˛.

èÓÒÍÓÎ¸ÍÛ ÍË‚Û˛ l ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÛÔÂÔÓÁËˆËË ˝ÎÂÏÂÌÚ‡-
Ì˚ı ÔÂÂÏÂ˘ÂÌËÈ, ËÏÂÂÏ

      V = ⋅∫M dl. (38)

Ç ˜‡ÒÚÌÓÒÚË, ‰Îfl Á‡ÏÍÌÛÚÓÈ ÍË‚ÓÈ ˝ÚÓ ‚˚‡ÊÂÌËÂ ‰‡ÂÚ

      V = ⋅∫M dl. (39)

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÔÓÌflÚ¸ ÒÏ˚ÒÎ ÔÓÒÎÂ‰ÌÂ„Ó ËÌÚÂ„‡Î‡, Ï˚ Ò‚flÊÂÏ ÙÛÌÍˆË˛ V
Ò ˜ËÒÎÓÏ ÔÂÂÒÂ˜ÂÌËÈ ÔÛÚË l ÌÓÏ‡Î¸Ì˚ÏË ÔÓ‚ÂıÌÓÒÚflÏË. ë ˝ÚÓÈ ˆÂÎ¸˛
‡ÒÒÏÓÚËÏ ÌÂÒÍÓÎ¸ÍÓ ÒÎÛ˜‡Â‚. èÂÊ‰Â ‚ÒÂ„Ó, ËÁ ÙÓÏÛÎ (35) Ë (37) ‰Îfl
˝ÎÂÏÂÌÚ‡ ‰Û„Ë dlm ÔÓÎÛ˜ËÏ

dN = β dV

ËÎË

    
dV dN=

β
, (40)

„‰Â dN Ë dV – ÔÓÎÓÊËÚÂÎ¸Ì˚Â, ÔÓÒÍÓÎ¸ÍÛ Ì‡Ô‡‚ÎÂÌËfl ‚ÂÍÚÓÓ‚ dl Ë M ÒÓ‚-
Ô‡‰‡˛Ú (ËÒ. 4, à).

èÂ‰ÔÓÎÓÊËÏ ÚÂÔÂ¸, ˜ÚÓ ÓËÂÌÚ‡ˆËfl ˝ÎÂÏÂÌÚ‡ dl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓÎfl M
fl‚ÎflÂÚÒfl ÔÓËÁ‚ÓÎ¸ÌÓÈ. èÓÒÍÓÎ¸ÍÛ Â„Ó ÔÓÂÍˆËfl dlm Ì‡ Ì‡Ô‡‚ÎÂÌËÂ ÔÓÎfl M
ÔÂÂÒÂÍ‡ÂÚ Ó‰ËÌ‡ÍÓ‚ÓÂ ˜ËÒÎÓ dN ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ, Ï˚ ËÏÂÂÏ

dN = β M dlm = β M dl cos(M, dl),

Ú.Â.

dN = β M ⋅ dl = β dV

ËÎË

    
dV dN=

β
. (41)
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Ç ÓÚÎË˜ËÂ ÓÚ ÔÂ‰˚‰Û˘Â„Ó ÒÎÛ˜‡fl (ÒÏ. ËÒ. 4, ‡), Á‰ÂÒ¸ dV ÏÓÊÂÚ ·˚Ú¸
ÔÓÎÓÊËÚÂÎ¸Ì˚Ï, ÓÚËˆ‡ÚÂÎ¸Ì˚Ï ËÎË ‡‚Ì˚Ï ÌÛÎ˛.

èÓÒÍÓÎ¸ÍÛ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÍË‚Û˛ l ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÛÏÏ˚ ˝ÎÂ-
ÏÂÌÚ‡Ì˚ı ÔÂÂÏÂ˘ÂÌËÈ dl, ÔÓÎÌÓÂ ˜ËÒÎÓ ÔÂÂÒÂ˜ÂÌËÈ ‡‚ÌflÂÚÒfl

      
N

p

p

= ⋅∫β M dl
1

2

  ËÎË  
    
V N=

β
. (42)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚Ó ‚ÒÂı ÔÂÂ˜ËÒÎÂÌÌ˚ı ‚˚¯Â ÒÎÛ˜‡flı ÙÛÌÍˆËfl V ‚˚‡Ê‡ÂÚÒfl
˜ÂÂÁ ÔÓÎÓÊËÚÂÎ¸Ì˚Â Ë ÓÚËˆ‡ÚÂÎ¸Ì˚Â ÔÂÂÒÂ˜ÂÌËfl ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒ-
ÚÂÈ Sm. ÖÒÎË ÍË‚‡fl – Á‡ÏÍÌÛÚ‡fl, ˜ÚÓ ‰Îfl Ì‡Ò fl‚ÎflÂÚÒfl Ì‡Ë·ÓÎÂÂ ‚‡ÊÌ˚Ï ÒÎÛ-
˜‡ÂÏ, ÚÓ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÙÓÏÛÎÓÈ (36) Ï˚ ËÏÂÂÏ

      
M dl⋅ = − =∫ + −

1

β β
( ) .L Lm m

mL (43)

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔËıÓ‰ËÏ Í ÓÒÌÓ‚ÓÔÓÎ‡„‡˛˘ÂÏÛ ÂÁÛÎ¸Ú‡ÚÛ, ÒÓÒÚÓfl˘ÂÏÛ
‚ ÚÓÏ, ˜ÚÓ ˆËÍÛÎflˆËfl ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl

êËÒ. 4.  ñËÍÛÎflˆËfl Ë ÓÚÓ
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  M dl⋅∫

ı‡‡ÍÚÂËÁÛÂÚ ˜ËÒÎÓ ÚÂı Í‡Â‚˚ı ÎËÌËÈ ÌÓÏ‡Î¸Ì˚ı ÔÓ‚ÂıÌÓÒÚÂÈ, ÍÓÚÓ˚Â
ÔÂÂÒÂÍ‡˛Ú ÔÓ‚ÂıÌÓÒÚ¸, Ó„‡ÌË˜ÂÌÌÛ˛ ÍÓÌÚÛÓÏ ËÌÚÂ„ËÓ‚‡ÌËfl l. ä‡Í ÛÊÂ
ÓÚÏÂ˜‡ÎÓÒ¸ ‡ÌÂÂ, ÎËÌËË Ó·˚‚‡ Lm fl‚Îfl˛ÚÒfl „ÂÓÏÂÚË˜ÂÒÍÓÈ ÏÓ‰ÂÎ¸˛ ‚Ëı-
ÂÈ, Ë ËÏÂÌÌÓ ÔÓ˝ÚÓÏÛ ÙÓÏÛÎ‡ (43) ËÏÂÂÚ Ú‡ÍÓÂ ‚‡ÊÌÓÂ ÁÌ‡˜ÂÌËÂ. ç‡ÔË-
ÏÂ, ËÁ Á‡ÍÓÌÓ‚ ÙËÁËÍË ËÁ‚ÂÒÚÌÓ, ˜ÚÓ ˆËÍÛÎflˆËfl „‡‚ËÚ‡ˆËÓÌÌÓ„Ó Ë ˝ÎÂÍÚ-
Ë˜ÂÒÍÓ„Ó ÔÓÎÂÈ ‡‚Ì‡ ÌÛÎ˛:

    g dl⋅ =∫ 0  Ë     E dl⋅ =∫ 0 .

í‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ ÎÂ„ÍÓ Ó·˙flÒÌËÏÓ, ÔÓÒÍÓÎ¸ÍÛ Â‰ËÌÒÚ‚ÂÌÌ˚ÏË „ÂÌÂ‡ÚÓ‡ÏË
˝ÚËı ÔÓÎÂÈ fl‚Îfl˛ÚÒfl Ï‡ÒÒ˚ Ë Á‡fl‰˚.

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ‚ ÒÎÛ˜‡Â Ï‡„ÌËÚÌÓ„Ó ÔÓÎfl B , ÔÓÓÊ‰ÂÌÌÓ„Ó ÚÓÍ‡ÏË
ÔÓ‚Ó‰ËÏÓÒÚË, Ï˚ ËÏÂÂÏ

      
B dl⋅ =∫

l

Iµ0 , (44)

„‰Â I – ÚÓÍ ˜ÂÂÁ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÔÓ‚ÂıÌÓÒÚ¸ S, Ó„‡ÌË˜ÂÌÌÛ˛ ÍË‚ÓÈ l (ËÒ.
4, ã).

èÓ ÓÔÂ‰ÂÎÂÌË˛, ÚÓÍ fl‚ÎflÂÚÒfl ÔÓÚÓÍÓÏ ‚ÂÍÚÓ‡ ÔÎÓÚÌÓÒÚË ÚÓÍ‡ j:

    
I

S

= ⋅∫ j dS

Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ,

      
I

l S

= ⋅ = ⋅∫ ∫B dl j dSµ0 . (45)

ëÛ˘ÂÒÚ‚ÂÌÌÓ, ˜ÚÓ ‚ÂÍÚÓÌ˚Â ÎËÌËË ÔÓÎfl j, ‡ Ú‡ÍÊÂ Í‡Â‚˚Â ÎËÌËË Lm fl‚Îfl-
˛ÚÒfl Á‡ÏÍÌÛÚ˚ÏË, Ë ˝ÚÓ ÔÓÎÂ ı‡‡ÍÚÂËÁÛÂÚ ‡ÒÔÂ‰ÂÎÂÌËÂ ‚ËıÂÈ. ÑÛ„ÓÈ
ÔËÏÂ ÌÂÌÛÎÂ‚ÓÈ ˆËÍÛÎflˆËË – ˝ÚÓ ˝ÎÂÍÚÓÏ‡„ÌËÚÌ‡fl ËÌ‰ÛÍˆËfl. àÁ Á‡ÍÓÌ‡
î‡‡‰Âfl ÒÎÂ‰ÛÂÚ, ˜ÚÓ

      
E dl⋅ = −∫

∂

∂

F

t
, (46)

„‰Â

      

∂

∂

∂

∂

F

t tS

= ⋅∫
B dS, (47)

‡ ∂B/∂t – ‚ÂÍÚÓ ÔÎÓÚÌÓÒÚË ‚ËıÂÈ, ÔÓÓÊ‰‡˛˘Ëı ˝ÎÂÍÚË˜ÂÒÍËÈ ÚÓÍ.
í‡ÍËÏ Ó·‡ÁÓÏ, ‚ Ó·ÓËı ÔËÏÂ‡ı ˆËÍÛÎflˆËfl ÓÔÂ‰ÂÎflÂÚÒfl ÔÓÚÓÍÓÏ ‚ÂÍ-

ÚÓ‡ ÔÎÓÚÌÓÒÚË ‚ËıÂÈ. ë‡‚ÌÂÌËÂ ‚˚‡ÊÂÌËfl (43) Ò ÙÓÏÛÎ‡ÏË (45) Ë (47)
ÔÓÁ‚ÓÎflÂÚ ÔÂÂÔËÒ‡Ú¸ ÔÓÒÎÂ‰ÌÂÂ ‡‚ÂÌÒÚ‚Ó ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â :
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M dl W dS⋅ = ⋅∫ ∫k

l S
2 . (48)

á‰ÂÒ¸ k2 – ÔÓÒÚÓflÌÌ‡fl, W – ÔÎÓÚÌÓÒÚ¸ ‚ËıÂÈ ÔÓÎfl M (ËÒ. 4, ä).
ëÓÓÚÌÓ¯ÂÌËÂ (48) Ò‚flÁ˚‚‡ÂÚ ÔÓÎÂ M Ë Â„Ó „ÂÌÂ‡ÚÓ˚ – ‚ËıË. éÌÓ

ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ‚ÚÓÓÂ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÚÂÓËË ÔÓÎfl.

12. êéíéê ÇÖäíéêçéÉé èéãü

ñËÍÛÎflˆËfl ËÏÂÂÚ ÚÂ ÊÂ ÌÂ‰ÓÒÚ‡ÚÍË, ˜ÚÓ Ë ÔÓÚÓÍ ˜ÂÂÁ Á‡ÏÍÌÛÚÛ˛ ÔÓ-
‚ÂıÌÓÒÚ¸, ‡ ËÏÂÌÌÓ, ÓÌ‡ ÌÂ ÓÔËÒ˚‚‡ÂÚ ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ‡ÒÔÂ‰ÂÎÂÌËÂ ‚Ëı-
ÂÈ. óÚÓ·˚ Ì‡ÈÚË ‚ÂÍÚÓ ÔÎÓÚÌÓÒÚË ‚ËıÂÈ W, ‡ÒÒÏÓÚËÏ Ï‡ÎÛ˛ Á‡ÏÍÌÛ-
ÚÛ˛ ÍË‚Û˛ l, ÎÂÊ‡˘Û˛ ‚ ÌÂÍÓÚÓÓÈ ÔÎÓÒÍÓÒÚË, Ë ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ‡Ò-
ÔÂ‰ÂÎÂÌËÂ ˝ÚÓ„Ó ‚ÂÍÚÓ‡ Ì‡ ÔÓ‚ÂıÌÓÒÚË ∆S, Ó„‡ÌË˜ÂÌÌÓÈ ÍÓÌÚÛÓÏ l,
fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌ ̊ Ï. ä‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 4, å, ÔÓÚÓÍ ‚ÂÍÚÓ‡ W Ë, ÒÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, ˆËÍÛÎflˆËfl

  M dl⋅∫

ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡‚ËÒflÚ ÓÚ ÓËÂÌÚ‡ˆËË ÔÓ‚ÂıÌÓÒÚË ∆S. èÛÒÚ¸ ∆S Ì‡ıÓ‰ËÚÒfl ‚
ÔÎÓÒÍÓÒÚË, ÔÂÔÂÌ‰ËÍÛÎflÌÓÈ ‚ÂÍÚÓÛ W (ËÒ. 4, æ). íÓ„‰‡ ËÁ ÙÓ ÏÛÎ˚
(48) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

      
M dl⋅ =∫ k W S

l
2 ∆

ËÎË

      

M dl⋅∫ =
∆S

k W2 . (49)

ÇÂÍÚÓ

      
rot M n

M dl
= ∫ =

⋅

∆S
k W2 (50)

Ì‡Á˚‚‡ÂÚÒfl ÓÚÓÓÏ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl M, Ë

W = W n,

„‰Â n – Â‰ËÌË˜Ì˚È ‚ÂÍÚÓ, ÔÂÔÂÌ‰ËÍÛÎflÌ˚È ÔÓ‚ÂıÌÓÒÚË ∆S.
èÓ ÓÔÂ‰ÂÎÂÌË˛, ÏÓ‰ÛÎ¸ rot M ‡‚ÌflÂÚÒfl, Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÍÓÌÒÚ‡ÌÚ˚,

ÔÎÓÚÌÓÒÚË ‚ËıÂÈ W, ‡ Â„Ó Ì‡Ô‡‚ÎÂÌËÂ ÒÓ‚Ô‡‰‡ÂÚ Ò Ì‡Ô‡‚ÎÂÌËÂÏ ‚Ëıfl.
ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ Ì‡Ô‡‚ÎÂÌËfl ‚ÂÍÚÓÓ‚ dl Ë W ÔÓ‰˜ËÌfl˛ÚÒfl Ô‡‚ËÎÛ
Ô‡‚ÓÈ ÛÍË. Ç ÚÂı ÚÓ˜Í‡ı, „‰Â ‚ËıË ÓÚÒÛÚÒÚ‚Û˛Ú,

rot M = 0. (51)

Ç ˜‡ÒÚÌÓÒÚË, ÔÓÒÎÂ‰ÌÂÂ ‡‚ÂÌÒÚ‚Ó ‚˚ÔÓÎÌflÂÚÒfl ‚ÂÁ‰Â ‚ ÒÎÛ˜‡Â ˝ÎÂÍÚË˜ÂÒÍÓ„Ó
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Ë „‡‚ËÚ‡ˆËÓÌÌÓ„Ó ÔÓÎÂÈ, ‡ Ú‡ÍÊÂ ‚ ÒÎÛ˜‡Â ÔÓÎfl ÒÏÂ˘ÂÌËfl ˜‡ÒÚËˆ, Ò‚flÁ‡ÌÌÓ-
„Ó Ò ‡ÍÛÒÚË˜ÂÒÍËÏË ‚ÓÎÌ‡ÏË ‚ Ó‰ÌÓÓ‰ÌÓÈ ÒÂ‰Â.

13. ÇõêÄÜÖçàÖ êéíéêÄ óÖêÖá èêéàáÇéÑçõÖ

ä‡Í Ë ‚ ÒÎÛ˜‡Â ‰Ë‚Â„ÂÌˆËË, ËÌÚÂ„ËÓ‚‡ÌËÂ ‚ ÙÓÏÛÎÂ (50) Û‰Ó·ÌÓ Á‡-
ÏÂÌËÚ¸ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂÏ. ë ˝ÚÓÈ ˆÂÎ¸˛ ‚‚Â‰ÂÏ ‚ÂÍÚÓ C Ú‡ÍËÏ Ó·‡ÁÓÏ,
˜ÚÓ·˚ Â„Ó ÍÓÏÔÓÌÂÌÚ‡ ‚‰ÓÎ¸ Î˛·Ó„Ó Ì‡Ô‡‚ÎÂÌËfl ρ (ËÒ. 4, ç) ÓÔÂ‰ÂÎflÎ‡Ò¸
Í‡Í

      
ë

M dl

ρ
ρ

ρ=
∫ ⋅
l

S∆
. (52)

àÁ ‡‚ÂÌÒÚ‚‡ (48) ÒÎÂ‰ÛÂÚ, ˜ÚÓ Í‡Ê‰‡fl ËÁ ÍÓÏÔÓÌÂÌÚ ‚ÂÍÚÓ‡ C ÔflÏÓ
ÔÓÔÓˆËÓÌ‡Î¸Ì‡  ÔÓÚÓÍÛ ‚ËıÂÈ ˜ÂÂÁ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Û˛ ˝ÎÂÏÂÌÚ‡ÌÛ˛ ÔÓ-
‚ÂıÌÓÒÚ¸. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ï‡ÍÒËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ÛÍ‡Á‡ÌÌÓÈ ÍÓÏÔÓÌÂÌÚ˚
Ì‡·Î˛‰‡ÂÚÒfl, ÍÓ„‰‡ Ì‡Ô‡‚ÎÂÌËÂ ρ ÒÓ‚Ô‡‰‡ÂÚ Ò Ì‡Ô‡‚ÎÂÌËÂÏ ‚ËıÂÈ, Ú.Â.

      
ë n

M dl
ρ =

∫ ⋅

∆S
. (53)

ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ‚˚‡ÊÂÌËfl (50) Ë (52) ÓÔËÒ˚‚‡˛Ú Ó‰ËÌ Ë ÚÓÚ ÊÂ ‚ÂÍÚÓ, Ë
˝ÚÓ ‰‡ÂÚ Ì‡Ï ‚ÓÁÏÓÊÌÓÒÚ¸ Ì‡ÈÚË ÍÓÏÔÓÌÂÌÚ˚ rot M ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡ÚÌ˚ı
ÎËÌËÈ (ËÒ. 5, a). ê‡ÒÒÏÓÚËÏ ÒÌ‡˜‡Î‡ Í Ë‚Û˛, ÎÂÊ‡˘Û˛ ‚ ÍÓÓ‰ËÌ‡ÚÌÓÈ
ÔÎÓÒÍÓÒÚË S1. Ç˚ÔÓÎÌflfl ËÌÚÂ„ËÓ‚‡ÌËÂ, ÔÓÎÛ˜ËÏ

êËÒ. 5.  ã‡ÔÎ‡ÒË‡Ì Ë ÓÚÓ
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M dl⋅∫

S

 = M( p2) ⋅ dl3( p2) + M( p1) ⋅ dl3( p1) + M( p4) ⋅ dl2( p4) +

+ M( p3) ⋅ dl2( p3) = M3( p2) dl3( p2) – M3( p1) dl3( p1) –M2( p4) dl2( p4) +

+M2( p3) dl2( p3). (54)

èÓÒÍÓÎ¸ÍÛ ‰ÎËÌ˚ dl2 Ë dl3 Ï‡Î˚, ÏÓÊÌÓ ÔÂ‰ÔÓÎÓÊËÚ¸, ˜ÚÓ ÍÓÏÔÓÌÂÌÚ˚
ÔÓÎfl Ë ÔÂÂÏÂ˘ÂÌËfl ÏÂÌfl˛ÚÒfl ÎËÌÂÈÌÓ. íÓ„‰‡ ÒÓÓÚÌÓ¯ÂÌËÂ (54) ÔÂÂÔËÒ˚-
‚‡ÂÚÒfl Í‡Í

      
M dl⋅ = −∫

S

M dl

l

M dl

l
dl dl

∂

∂

∂

∂

( ) ( )3 3

2
2

2 2

3
3

ËÎË

      
rot1M = −











1

2 3

3 3

2
2

2 2

3
3

dl dl

M dl

l

M dl

l
dl dl

∂

∂

∂

∂

( ) ( )
. (55)

ÄÌ‡ÎÓ„Ë˜ÌÓ, ËÌÚÂ„ËÓ‚‡ÌËÂ ‚‰ÓÎ¸ ˝ÎÂÏÂÌÚ‡Ì˚ı Á‡ÏÍÌÛÚ˚ı ÍË‚˚ı, ÎÂÊ‡-
˘Ëı ‚ ÍÓÓ‰ËÌ‡ÚÌ˚ı ÔÎÓÒÍÓÒÚflı S2 Ë S3 ‰‡ÂÚ

      
rot2M = −











1

1 3

1 1

3
3

3 3

1
1

dl dl

M dl

l

M dl

l
dl dl

∂

∂

∂

∂

( ) ( )
(56)

Ë

      
rot3M = −











1

1 2

2 2

1
1

1 1

2
2

dl dl

M dl

l

M dl

l
dl dl

∂

∂

∂

∂

( ) ( )
. (57)

ãÂ„ÍÓ ÔÓ‚ÂËÚ¸, ˜ÚÓ ÔÓÒÎÂ‰ÌËÂ ÚË ‡‚ÂÌÒÚ‚‡ ˝Í‚Ë‚‡ÎÂÌÚÌ˚ ÒÎÂ‰Û˛˘ÂÏÛ
‚˚‡ÊÂÌË˛:

      

rot

         

   

       M

i i i

= 1

1 2 3

1 1 2 2 3 3

1 2 3

1 1 2 2 3 3

h h h x x x

h h h

h M h M h M

∂

∂

∂

∂

∂

∂
, (58)

ÍÓÚÓÓÂ ı‡‡ÍÚÂËÁÛÂÚ ‡ÒÔÂ‰ÂÎÂÌËÂ ‚ËıÂÈ ‚ Â„ÛÎflÌ˚ı ÚÓ˜Í‡ı ‚ÓÎÌÓ‚Ó„Ó
ÔÓÎfl, „‰Â Â„Ó ÍÓÏÔÓÌÂÌÚ˚ fl‚Îfl˛ÚÒfl ÌÂÔÂ˚‚Ì˚ÏË ÙÛÌÍˆËflÏË.

çËÊÂ ÔË‚Ó‰flÚÒfl ‚˚‡ÊÂÌËfl ÍÓÏÔÓÌÂÌÚ rot M ‚ ÔÓÒÚÂÈ¯Ëı ÒËÒÚÂÏ‡ı
ÍÓÓ‰ËÌ‡Ú.

ÑÂÍ‡ÚÓ‚‡ ÔflÏÓÛ„ÓÎ¸Ì‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
rotx

z yM

y

M

z
M = −

∂

∂

∂

∂
,
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roty

x zM

z

M

x
M = −

∂

∂

∂

∂
, (59)

      
rot z

y xM

x

M

y
M = −

∂

∂

∂

∂
.

ñËÎËÌ‰Ë˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
rot r

z

r

M rM

z
M = −











1 ∂

∂ϕ

∂

∂

ϕ( )
,

      
rotϕ

∂

∂

∂

∂
M = −

M

z

M

r
r z , (60)

      
rot z

r

r

rM

r

M
M = −











1 ∂

∂

∂

∂ϕ

ϕ( )
.

ëÙÂË˜ÂÒÍ‡fl ÒËÒÚÂÏ‡ ÍÓÓ‰ËÌ‡Ú

      
rotR

R

R M RM
M = −











1
2 sin

( sin () )
,

θ

∂ θ

∂θ

∂

∂ϕ

ϕ θ

      
rotθ

ϕ

θ

∂

∂ϕ

∂ θ

∂
M = −











1

R

M R M

R
R

sin

( sin )
, (61)

      
rotϕ

θ∂

∂

∂

∂θ
M = −











1

R

rM

R

MR( )
.

êÓÚÓ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl ÓÔËÒ˚‚‡ÂÚ ‡ÒÔÂ‰ÂÎÂÌËÂ ‚ËıÂÈ Ë Ú‡Í ÊÂ, Í‡Í
grad T Ë div M, ËÌ‚‡Ë‡ÌÚÂÌ Í Á‡ÏÂÌÂ ÍÓÓ‰ËÌ‡Ú.

14. èéÇÖêïçéëíçõâ ÄçÄãéÉ rot å

ä‡Í Ï˚ ÁÌ‡ÂÏ, ÒÓÓÚÌÓ¯ÂÌËÂ (58) ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÚÓÎ¸ÍÓ ‚ Â„ÛÎfl-
Ì˚ı ÚÓ˜Í‡ı. ç‡È‰ÂÏ ÚÂÔÂ¸ ÒÓÓÚÌÓ¯ÂÌËÂ ÏÂÊ‰Û ÔÓÎÂÏ M Ë ‚ËıflÏË WS,
‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË Ì‡ ÔÓ‚ÂıÌÓÒÚË S. èËÏÂÌflfl ÙÓÏÛÎÛ (48) Í ÍË‚ÓÈ l,
ÎÂÊ‡˘ÂÈ ‚ ÔÎÓÒÍÓÒÚË, ÔÂÔÂÌ‰ËÍÛÎflÌÓÈ Í ‚ÂÍÚÓÛ WS (ËÒ. 5, á), ÔÓÎÛ˜ËÏ 

M2 ⋅ dl2 + M1 ⋅ dl1 = k2WSdl

ËÎË

M2t – M1t = k2WS, (62)
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ÔÓÒÍÓÎ¸ÍÛ

dl2 = – dl1

Ë ‡ÒÒÚÓflÌËÂ h ÏÂÊ‰Û ‰‚ÛÏfl ÒÚÓÓÌ‡ÏË ÔÓ‚ÂıÌÓÒÚË ÒÚÂÏËÚÒfl Í ÌÛÎ˛.
á‰ÂÒ¸ M1t Ë M2t – Ú‡Ì„ÂÌˆË‡Î¸Ì˚Â ÍÓÏÔÓÌÂÌÚ˚ ÔÓÎfl Ì‡ ‡ÁÌ˚ı ÒÚÓÓÌ‡ı

ÔÓ‚ÂıÌÓÒÚË.
ëÓÓÚÌÓ¯ÂÌËÂ (62) ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

n × (M2 – M1) = k2WS, (63)

ÓÚÍÛ‰‡ ‚Ë‰ÌÓ, ˜ÚÓ ‡ÁÌÓÒÚ¸ Ú‡Ì„ÂÌˆË‡Î¸Ì˚ı ÍÓÏÔÓÌÂÌÚ ÓÔÂ‰ÂÎflÂÚ ÔÎÓÚÌÓÒÚ¸
Ë Ì‡Ô‡‚ÎÂÌËÂ ‚ËıÂÈ Ì‡ ÔÓ‚ÂıÌÓÒÚË. ç‡ÔËÏÂ, ‚ ÒÎÛ˜‡Â ÔÓ‚ÂıÌÓÒÚÌ˚ı
ÚÓÍÓ‚ i

n × (B2 – B1) = µ0i.

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔÓÎÛ˜ËÎË ÚË ‚Ë‰‡ ÒÓÓÚÌÓ¯ÂÌËÈ, Ò‚flÁ˚‚‡˛˘Ëı ÔÓÎÂ M
Ë Â„Ó ËÒÚÓ˜ÌËÍË – ‚ËıË:

      
M dl W dS⋅ = ⋅∫ ∫k

l S
2 , rot M = k2W,

Ë (64)

n × (M2 – M1) = k2WS.

15. îéêåìãÄ ëíéäëÄ

ê‡ÒÒÏÓÚËÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ Á‡ÏÍÌÛÚÛ˛ ÍË‚Û˛ l Ë ÔÓ‚ÂıÌÓÒÚ¸ S, Ó„‡ÌË-
˜ÂÌÌÛ˛ ˝ÚÓÈ ÍË‚ÓÈ (ËÒ. 5, â).

àÁ ÙÓÏÛÎ˚ (50) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ

rot M ⋅ dS

Á‡‰‡ÂÚ ÔÓÚÓÍ ‚ÂÍÚÓ‡ ÔÎÓÚÌÓÒÚË ‚ËıÂÈ W ˜ÂÂÁ ˝ÎÂÏÂÌÚ‡ÌÛ˛ ÔÎÓ˘‡‰ÍÛ  
dS. ë ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÔÓÒÚÓflÌÌÓÈ k2 ÔÓÚÓÍ ˜ÂÂÁ ÔÓ‚ÂıÌÓÒÚ¸ S ÓÔÂ‰ÂÎflÂÚ-     
Òfl Í‡Í

      
rot 

S
∫ ⋅M dS .

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ˝ÚÓÚ ÊÂ ÔÓÚÓÍ ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ˜ÂÂÁ ˆËÍÛÎflˆË˛ (ÒÏ.
ÙÓÏÛÎÛ 48) ÔÓÎfl. éÚÒ˛‰‡ ÔÓÎÛ˜ËÏ

      
M dl M dS⋅ = ⋅∫ ∫

l S

rot . (65)

ùÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ËÁ‚ÂÒÚÌÛ˛ ÙÓÏÛÎÛ ëÚÓÍÒ‡, Ò‚flÁ˚‚‡˛-
˘Û˛ ÁÌ‡˜ÂÌËfl ÔÓÎfl M ‚‰ÓÎ¸ Á‡ÏÍÌÛÚÓÈ ÍË‚ÓÈ l Ò Â„Ó ÁÌ‡˜ÂÌËflÏË Ì‡ ÔÓ-
‚ÂıÌÓÒÚË S. îÓÏÛÎÛ É‡ÛÒÒ‡ – éÒÚÓ„‡‰ÒÍÓ„Ó Ë ÙÓÏÛÎÛ ëÚÓÍÒ‡ ÏÓÊÌÓ
‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ÒÓÓÚÌÓ¯ÂÌËfl, Ò‚flÁ˚‚‡˛˘ËÂ ÔÓÎÂ Ë Â„Ó „ÂÌÂ‡ÚÓ˚: ËÒ-
ÚÓ˜ÌËÍË Ë ‚ËıË.
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Ç Í‡˜ÂÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË ÙÓÏÛÎ˚ ëÚÓÍÒ‡ ‡ÒÒÏÓÚËÏ ÔÓÎÂ M Ì‡ ÔÎÓÒ-
ÍÓÒÚË XOY (ËÒ. 5, ã), „‰Â

dl = dx i + dy j,  dS = dx dy

Ë

M = Mx i + My j.

èÂ‰ÔÓÎ‡„‡fl, ˜ÚÓ

    

∂

∂

∂

∂

M

z

M

z
x y= = 0,

Ï˚ ‚ÏÂÒÚÓ ‡‚ÂÌÒÚ‚‡ (65) ÔÓÎÛ˜ËÏ

    
( ) .M dx M dy dSx y

l

y x

S

M

z

M

z
+ = −









∫ ∫

∂

∂

∂

∂
(66)

Ç ‰‡Î¸ÌÂÈ¯ÂÏ ËÒÔÓÎ¸ÁÛÂÏ ˝ÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ ÔÓ‰ÂÏÓÌÒÚË-
Ó‚‡Ú¸ ÌÂÍÓÚÓ˚Â Á‡ÏÂ˜‡ÚÂÎ¸Ì˚Â Ò‚ÓÈÒÚ‚‡ ÍÓÏÔÎÂÍÒÌÓÈ ÔÂÂÏÂÌÌÓÈ.

16. ëàëíÖåÄ ìêÄÇçÖçàâ ÇÖäíéêçéÉé èéãü

ëÓ„Î‡ÒÌÓ ÙÓÏÛÎ‡Ï (33) Ë (64), ÒÛ˘ÂÒÚ‚ÛÂÚ ‰‚‡ ÓÒÌÓ‚ÓÔÓÎ‡„‡˛˘Ëı ÒÓÓÚ-
ÌÓ¯ÂÌËfl, Ò‚flÁ˚‚‡˛˘Ëı ÔÓÎÂ M Ë Â„Ó „ÂÌÂ‡ÚÓ˚:

      
M dS⋅ =∫ k Q

S
1 ,  div M = k1δ,  M2n – M1n = k1Σ

Ë (67)

      
M dl W dS⋅ = ⋅∫ ∫

l S

k2 ,  rot M = k2 W,  n × (M2 – M1) = k2WS.

ÖÒÎË ÔÓÎÂ ËÁ‚ÂÒÚÌÓ, ÚÓ ‰‡ÌÌ˚Â ÒÓÓÚÌÓ¯ÂÌËfl ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰Îfl Ì‡-
ıÓÊ‰ÂÌËfl „ÂÌÂ‡ÚÓÓ‚ ˝ÚÓ„Ó ÔÓÎfl. à Ì‡Ó·ÓÓÚ, ÂÒÎË ÔÓÎÂ ÌÂËÁ‚ÂÒÚÌÓ, ÚÓ
ÒÓÓÚÌÓ¯ÂÌËfl (67) ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ, ‚ ÂÁÛÎ¸Ú‡ÚÂ Â¯Â-
ÌËfl ÍÓÚÓÓÈ ˝ÚÓ ÔÓÎÂ ÏÓÊÌÓ ·Û‰ÂÚ Ì‡ÈÚË.

ç‡ÔËÏÂ, ‚ Â„ÛÎflÌ˚ı ÚÓ˜Í‡ı

rot M = k2W,  div M = k1δ. (68)

ëÎÂ‰Û˛˘ËÂ ÔËÏÂ˚ ÙËÁË˜ÂÒÍËı ÔÓÎÂÈ fl‚Îfl˛ÚÒfl ÍÓÌÍÂÚÌ˚ÏË ÔËÏÂ-
‡ÏË ‰‡ÌÌÓÈ ÒËÒÚÂÏ˚.

É‡‚ËÚ‡ˆËÓÌÌÓÂ ÔÓÎÂ

rot g = 0,  div g = – 4 πγδ.
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ùÎÂÍÚË˜ÂÒÍÓÂ ÔÓÎÂ

rot E = 0,  div E = 
  

δ

ε0

.

å‡„ÌËÚÌÓÂ ÔÓÎÂ

rot B = µ0 j,  div B = 0.

ùÎÂÍÚÓÏ‡„ÌËÚÌÓÂ ÔÓÎÂ

rot E = 
    
− ∂

∂

B

t
,  div E = 

  

δ

ε0

,

rot B = µ0

      
j E

c
t

+





ε ∂
∂

,  div B = 0.

ùÚË ÔËÏÂ˚ flÒÌÓ ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÒÎÂ‰Û˛˘ËÂ ÚË ÚËÔ‡ ‚ÂÍÚÓ-
Ì˚ı ÔÓÎÂÈ:

‡) ÔÓÎÂ ËÒÚÓ˜ÌËÍÓ‚, ‰Îfl ÍÓÚÓ˚ı

rot M = 0,  div M = k1δ. (69)

ùÚÓ ÔÓÎÂ ÔÓÓÊ‰‡ÂÚÒfl ÚÓÎ¸ÍÓ ËÒÚÓ˜ÌËÍ‡ÏË;
·) ‚ËıÂ‚ÓÂ ÔÓÎÂ:

rot M = k2W,  div M = 0 (70)

èÓ ÓÔÂ‰ÂÎÂÌË˛, ˝ÚÓ ÔÓÎÂ ÌÂ ËÏÂÂÚ ËÒÚÓ˜ÌËÍÓ‚;
‚) ÔÓÎÂ M, ÔÓÓÊ‰ÂÌÌÓÂ „ÂÌÂ‡ÚÓ‡ÏË Ó·ÓËı ÚËÔÓ‚. í‡ÍÓÂ ÔÓÎÂ ÔÓ‰˜ËÌfl-

ÂÚÒfl Û‡‚ÌÂÌËflÏ (68).
èÓÍ‡ÊÂÏ ÚÂÔÂ¸, ˜ÚÓ ÔÓËÁ‚ÓÎ¸ÌÓÂ ÔÓÎÂ M ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â

ÒÛÏÏ˚ ÚÂı ÔÓÎÂÈ. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸

å = å1 + å2 + å3, (71)

„‰Â ÔÓÎfl å1 Ë å2 Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Û‡‚ÌÂÌËflÏ (69) Ë (70), ‡
ÔÓÎÂ å3 ‚ÓÓ·˘Â ÌÂ ËÏÂÂÚ „ÂÌÂ‡ÚÓÓ‚, Ú.Â.

rot M3 = 0,  div M3 = 0.

èÓÒÍÓÎ¸ÍÛ

 div M1 +  div M2  +  div M3 = div (å1 + å2 + å3)

Ë

rot M1 + rot M2 + rot M3 = rot (å1 + å2 + å3),

ÔÓÎÂ M fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Û‡‚ÌÂÌËfl (68). ê‡‚ÂÌÒÚ‚Ó (71) ÒÓÒÚ‡‚ÎflÂÚ ÒÛ˘-
ÌÓÒÚ¸ ÚÂÓÂÏ˚ ÉÂÎ¸Ï„ÓÎ¸ˆ‡, Ë„‡˛˘ÂÈ ‚‡ÊÌÛ˛ ÓÎ¸ ÔË ËÁÛ˜ÂÌËË ‡ÁÎË˜-
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Ì˚ı ‚ÂÍÚÓÌ˚ı ÔÓÎÂÈ. ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ÔÓÎfl M1, M2 Ë
M3 Ò‚flÁ‡Ì˚ ‰Û„ Ò ‰Û„ÓÏ.

17. ëäÄãüêçõâ à ÇÖäíéêçõâ èéíÖçñàÄãõ

ëËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ (68) ÒÓÒÚÓËÚ ËÁ ˜ÂÚ˚Âı Ó·˚ÍÌÓ‚ÂÌÌ˚ı ‰ËÙÙÂÂÌˆË-
‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ Ë, ‚ ÔËÌˆËÔÂ, ÔÓÁ‚ÓÎflÂÚ Ì‡ÈÚË ÚË ÍÓÏ-
ÔÓÌÂÌÚ˚ ‚ÂÍÚÓÌÓ„Ó ÔÓÎfl Ë Â„Ó „ÂÌÂ‡ÚÓ˚. äÓÌÂ˜ÌÓ, Â¯ËÚ¸ Ú‡ÍÛ˛ ÒËÒÚÂÏÛ
Ó˜ÂÌ¸ ÒÎÓÊÌÓ. óÚÓ·˚ ÛÔÓÒÚËÚ¸ ˝ÚÛ Á‡‰‡˜Û, ‚‚Â‰ÂÏ ÔÓÌflÚËÂ ÔÓÚÂÌˆË‡Î‡. ê‡Ò-
ÒÏÓÚËÏ ÒÌ‡˜‡Î‡ ÔÓÎÂ ËÒÚÓ˜ÌËÍÓ‚, ÍÓÚÓÓÂ ÔÓ‰˜ËÌflÂÚÒfl ‡‚ÂÌÒÚ‚‡Ï (69). àÁ
ÔÂ‚Ó„Ó Û‡‚ÌÂÌËfl ˝ÚÓÈ ÒËÒÚÂÏ˚ ÒÎÂ‰ÛÂÚ, ˜ÚÓ

å = grad U

ËÎË (72)

      
M i i i= + +1 1 1

1 1
1

2 2
2

3 3
3

h

U

x h

U

x h

U

x

∂

∂

∂

∂

∂

∂
,

„‰Â U – ÔÓËÁ‚ÓÎ¸Ì‡fl ÙÛÌÍˆËfl, ËÏÂ˛˘‡fl ÔÂ‚Û˛ ÔÓËÁ‚Ó‰ÌÛ˛. àÁ ÓÔÂ‰ÂÎÂ-
ÌËfl (58) ‚Ë‰ÌÓ, ˜ÚÓ ‚ÒÂ„‰‡ ‚˚ÔÓÎÌflÂÚÒfl ÒÎÂ‰Û˛˘ÂÂ ‡‚ÂÌÒÚ‚Ó:

rot grad U = 0

ËÎË

      

1

1 1 1
1 2 3

1 1 2 2 3 3

1 2 3

1 1 2 2 3 3

0
h h h x x x

h

U

x h

U

x h

U

x

h h h              

              

  

i i i
∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

= . (73)

äÓÏÂ ÚÓ„Ó, ‚ÏÂÒÚÓ ÙÓÏÛÎ˚ (72) ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸

M = –grad U. (74)

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔÓÍ‡Á‡ÎË, ˜ÚÓ ÔÓËÁ‚ÓÎ¸ÌÓÂ ÔÓÎÂ ËÒÚÓ˜ÌËÍÓ‚ M ÏÓÊÌÓ
ÔÂ‰ÒÚ‡‚ËÚ¸ ˜ÂÂÁ ÒÍ‡ÎflÌÛ˛ ÙÛÌÍˆË˛ U. ùÚÓÚ ÂÁÛÎ¸Ú‡Ú ËÏÂÂÚ Ó˜ÂÌ¸ ·ÓÎ¸-
¯ÓÂ Ô‡ÍÚË˜ÂÒÍÓÂ ÁÌ‡˜ÂÌËÂ, ÔÓÒÍÓÎ¸ÍÛ ÒÍ‡ÎflÌÓÂ ÔÓÎÂ ‚ÒÂ„‰‡ ÎÂ„˜Â ËÁÛ˜‡Ú¸,
˜ÂÏ ‚ÂÍÚÓÌÓÂ. îÛÌÍˆË˛ U Ó·˚˜ÌÓ Ì‡Á˚‚‡˛Ú ÒÍ‡ÎflÌ˚Ï ÔÓÚÂÌˆË‡ÎÓÏ ‚ÂÍ-
ÚÓÌÓ„Ó ÔÓÎfl M. èÓÒÍÓÎ¸ÍÛ ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ ÙÛÌÍˆËÈ U, ı‡-
‡ÍÚÂËÁÛ˛˘Ëı Ó‰ÌÓ Ë ÚÓ ÊÂ ‚ÂÍÚÓÌÓÂ ÔÓÎÂ M (˝ÚË ÙÛÌÍˆËË ÏÓ„ÛÚ ÓÚÎË-
˜‡Ú¸Òfl ‰Û„ ÓÚ ‰Û„‡, Ì‡ÔËÏÂ, ÌÂÍÓÚÓÓÈ ÔÓÒÚÓflÌÌÓÈ), ÒÍ‡ÎflÌ˚È ÔÓÚÂÌˆË-
‡Î ‚fl‰ ÎË ËÏÂÂÚ Í‡ÍÓÈ-ÚÓ ÙËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ.

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÓÔËÒ‡Ú¸ ÔÓ‚Â‰ÂÌËÂ ÔÓÚÂÌˆË‡Î‡, ÔÓ‰ÒÚ‡‚ËÏ ‡‚ÂÌÒÚ‚Ó (72)
‚Ó ‚ÚÓÓÂ Û‡‚ÌÂÌËÂ (69). ùÚÓ ‰‡ÂÚ ÒÎÂ‰Û˛˘ËÈ ÂÁÛÎ¸Ú‡Ú:

div grad U = k1δ
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ËÎË
∇2U = ∆U = k1δ. (75)

Ç˚‡ÊÂÌËÂ, ÒÚÓfl˘ÂÂ ‚ ÎÂ‚ÓÈ ˜‡ÒÚË ‡‚ÂÌÒÚ‚‡ (75) Ì‡Á˚‚‡ÂÚÒfl Î‡ÔÎ‡ÒË‡ÌÓÏ
ÔÓÚÂÌˆË‡Î‡ U. ë Û˜ÂÚÓÏ ÒÓÓÚÌÓ¯ÂÌËÈ (27) Ë (72) ËÏÂÂÏ

    

1

1 2 3 1

2 3

1 1 2

1 3

2 2 3

1 2

3 3
1

h h h x

h h

h

U

x x

h h

h

U

x x

h h

h

U

x
k∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂
δ







 +







 +

















 = . (76)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ÏÂÒÚÓ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ (69) Ï˚ ÔÓÎÛ˜ËÎË ‰ËÙÙÂÂÌˆË-
‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ ‚ ˜‡ÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓ-
ÚÂÌˆË‡Î‡ U. èÓÒÍÓÎ¸ÍÛ Î‡ÔÎ‡ÒË‡Ì ı‡‡ÍÚÂËÁÛÂÚ ÔÎÓÚÌÓÒÚ¸ ËÒÚÓ˜ÌËÍÓ‚, ÓÌ
ËÌ‚‡Ë‡ÌÚÂÌ ÓÚÌÓÒËÚÂÎ¸ÌÓ Á‡ÏÂÌ˚ ÍÓÓ‰ËÌ‡Ú.

ê‡ÒÒÏÓÚËÏ ‰‡ÎÂÂ ‚ËıÂ‚ÓÂ ÔÓÎÂ, ÓÔËÒ˚‚‡ÂÏÓÂ ÒËÒÚÂÏÓÈ Û‡‚ÌÂÌËÈ (70).
àÁ ‚ÚÓÓ„Ó Û‡‚ÌÂÌËfl ˝ÚÓÈ ÒËÒÚÂÏ˚:

div M = 0

ÒÎÂ‰ÛÂÚ, ˜ÚÓ

M = rot A. (77)

àÒÔÓÎ¸ÁÛfl ÒÓÓÚÌÓ¯ÂÌËfl (27) Ë (58) ÎÂ„ÍÓ Û·Â‰ËÚ¸Òfl ‚ ÒÔ‡‚Â‰ÎË‚ÓÒÚË ÒÎÂ‰Û-
˛˘Â„Ó ÚÓÊ‰ÂÒÚ‚‡:

div rot A ≡ 0. (78)

ä‡Í Ë ‚ ÒÎÛ˜‡Â ÒÍ‡ÎflÌÓ„Ó ÔÓÚÂÌˆË‡Î‡, ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ
‚ÂÍÚÓÌ˚ı ÙÛÌÍˆËÈ A, ÓÔËÒ˚‚‡˛˘Ëı Ó‰ÌÓ Ë ÚÓ ÊÂ ÔÓÎÂ M. ç‡ÔËÏÂ, Ú‡-
ÍËÂ ÙÛÌÍˆËË ÏÓ„ÛÚ ÓÚÎË˜‡Ú¸Òfl ‰Û„ ÓÚ ‰Û„‡ ÚÓÎ¸ÍÓ „‡‰ËÂÌÚÓÏ ÌÂÍÓÚÓÓÈ
ÙÛÌÍˆËË: grad ϕ. óÚÓ·˚ ÔÓÎÛ˜ËÚ¸ Û‡‚ÌÂÌËÂ ‰Îfl ‚ÂÍÚÓÌÓ„Ó ÔÓÚÂÌˆË‡Î‡ A,
ÔÓ‰ÒÚ‡‚ËÏ ‚˚‡ÊÂÌËÂ (77) ‚ ÔÂ‚ÓÂ ËÁ Û‡‚ÌÂÌËÈ (70). ùÚÓ ‰‡ÂÚ

rot rot A = k2W. (79)

ÇÓÒÔÓÎ¸ÁÛÂÏÒfl ÚÂÔÂ¸ ÒÓÓÚÌÓ¯ÂÌËÂÏ

rot rot A = grad div A – ∇2A,

ÍÓÚÓÓÂ ÏÓÊÌÓ ÔÓ‚ÂËÚ¸, ÔÓ‡Ì‡ÎËÁËÓ‚‡‚ Í‡Ê‰Û˛ ËÁ ÍÓÏÔÓÌÂÌÚ ‚ ÎÂ‚ÓÈ Ë
Ô‡‚ÓÈ ˜‡ÒÚË.

íÓ„‰‡ ‚ÏÂÒÚÓ ‡‚ÂÌÒÚ‚‡ (79) Ï˚ ÔËıÓ‰ËÏ Í ‚˚‡ÊÂÌË˛

grad div A – ∇2A = k2W. (80)

èÓÒÍÓÎ¸ÍÛ ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÙÛÌÍˆËÈ A, ÓÔËÒ˚‚‡˛˘Ëı
Ó‰ÌÓ Ë ÚÓ ÊÂ ÔÓÎÂ M, ‚˚·ÂÂÏ ÒÂ‰Ë ÌËı ÚÛ, ÍÓÚÓ‡fl Û‰Ó‚ÎÂÚ‚ÓflÂÚ ‡-  
‚ÂÌÒÚ‚Û

div A = 0. (81)

ì‡‚ÌÂÌËÂ (80) ÚÓ„‰‡ Á‡ÏÂÚÌÓ ÛÔÓ˘‡ÂÚÒfl, Ë Ï˚ ÔÓÎÛ˜‡ÂÏ

∇2A = – k2W. (82)
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í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ‚˚‡ÁËÎË ÔÓÎfl ËÒÚÓ˜ÌËÍÓ‚ Ë ‚ËıÂÈ ˜ÂÂÁ ÒÍ‡ÎflÌ˚È Ë
‚ÂÍÚÓÌ˚È ÔÓÚÂÌˆË‡Î˚:

M1 = grad U  Ë  M2 = rot A.

Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ‚ÂÍÚÓÌÓÂ ÔÓÎÂ (71), ‚˚Á‚‡ÌÌÓÂ ËÒÚÓ˜ÌËÍ‡ÏË Ë ‚ËıflÏË,
ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í

M = grad U + rot A. (83)

ùÚÓ ‡‚ÂÌÒÚ‚Ó ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ‰Û„Û˛ ÙÓÏÛ ÚÂÓÂÏ˚ ÉÂÎ¸Ï„ÓÎ¸ˆ‡. óÚÓ
Í‡Ò‡ÂÚÒfl ÔÓÎfl M3 ËÁ ÙÓÏÛÎ˚ (71), ÚÓ Â„Ó ÏÓÊÌÓ ‚˚‡ÁËÚ¸ Í‡Í ˜ÂÂÁ ÒÍ‡-
ÎflÌ˚È, Ú‡Í Ë ˜ÂÂÁ ‚ÂÍÚÓÌ˚È ÔÓÚÂÌˆË‡Î. í‡ÍËÏ Ó·‡ÁÓÏ, ËÌÙÓÏ‡ˆËfl Ó·
˝ÚÓÏ ÔÓÎÂ ÛÊÂ ÒÓ‰ÂÊËÚÒfl ‚ ‚˚‡ÊÂÌËË (83).

18. ãÄèãÄëàÄç à ÖÉé åÄíÖåÄíàóÖëäàâ ëåõëã

å˚ ‚Ë‰ÂÎË, ˜ÚÓ ÒÍ‡ÎflÌ˚È ÔÓÚÂÌˆË‡Î, ÓÔËÒ˚‚‡˛˘ËÈ ÔÓÎfl ËÒÚÓ˜ÌËÍÓ‚,
Û‰Ó‚ÎÂÚ‚ÓflÂÚ Û‡‚ÌÂÌË˛

∇2U = ∆U = div grad U = k1δ.

ïÓÚfl Ò ÙËÁË˜ÂÒÍÓÈ ÚÓ˜ÍË ÁÂÌËfl Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ Î‡ÔÎ‡ÒË‡Ì ÓÔÂ‰ÂÎflÂÚ ÔÎÓÚ-
ÌÓÒÚ¸ ËÒÚÓ˜ÌËÍÓ‚, ÔÓÎÂÁÌÓ Ú‡ÍÊÂ Ó·ÒÛ‰ËÚ¸ Â„Ó Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÈ ÒÏ˚ÒÎ. ÑÎfl
˝ÚÓ„Ó Ó·‡ÚËÏÒfl Í Û‡‚ÌÂÌË˛ (76) Ë Á‡ÔË¯ÂÏ Â„Ó ‚ ‰ÂÍ‡ÚÓ‚ÓÈ ÒËÒÚÂÏÂ ÍÓÓ-
‰ËÌ‡Ú.

èÓÎ‡„‡fl h1 = h2 = h3, ÔÓÎÛ˜ËÏ

    

∂

∂

∂

∂

∂

∂
δ

2

2

2

2

2

2 1
U

x

U

y

U

z
k+ + = . (84)

ê‡ÒÒÏÓÚËÏ ÒÌ‡˜‡Î‡ ÙÛÌÍˆË˛ y(x) Ë ‚˚‡ÁËÏ ÂÂ ÔÂ‚Û˛ Ë ‚ÚÓÛ˛ ÔÓËÁ‚Ó‰-
Ì ̊ Â ˜ÂÂÁ ÁÌ‡˜ÂÌËfl Ò‡ÏÓÈ ÙÛÌÍˆËË. ä‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 5, ä,  ÔÂ‚Û˛ ÔÓËÁ-
‚Ó‰ÌÛ˛ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

    
′ +




= + −y x y x x y xx

x

∆

∆
∆

2

1 [ ( ) ( )],

Ë

    
′ −




= − −y x y x y x xx

x

∆

∆
∆

2

1 [ ( ) ( )].

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‚ÚÓ‡fl ÔÓËÁ‚Ó‰Ì‡fl ‚ ÚÓ˜ÍÂ x ÓÔÂ‰ÂÎflÂÚÒfl ‚˚‡ÊÂÌËÂÏ

    
′′ = + + − −y x y x x y x x y x

x
( ) [ ( ) ( ) ( )]

( )

1
2

2
∆

∆ ∆

ËÎË
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∂

∂

2

2 2

2y

x x
y x y xa= −

( )
[ ( ) ( )],

∆

v (85)

„‰Â

      
y xa y x x y x xv( )

( ) ( )
=

+ + −∆ ∆

2

fl‚ÎflÂÚÒfl ÒÂ‰ÌËÏ ÁÌ‡˜ÂÌËÂÏ ÙÛÌÍˆËË ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË x.
èÛÒÚ¸

∂2y/∂x 2 = 0.

ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÙÛÌÍˆËfl y(x) ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË x ‚Â‰ÂÚ ÒÂ·fl ÎËÌÂÈ-
Ì˚Ï Ó·‡ÁÓÏ. ãËÌÂÈÌ˚Â ÙÛÌÍˆËË ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ ÔÓÒÚÂÈ¯ËÈ ÍÎ‡ÒÒ
ÙÛÌÍˆËÈ y(x). ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‚ÚÓÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛ ∂2y/∂x 2 ÏÓÊÌÓ Ú‡ÍÚÓ-
‚‡Ú¸ Í‡Í ÏÂÛ ÓÚÍÎÓÌÂÌËfl ÙÛÌÍˆËË ÓÚ ÂÂ ÎËÌÂÈÌÓ„Ó ÔÓ‚Â‰ÂÌËfl ‚ ÓÍÂÒÚÌÓÒÚË
ÌÂÍÓÚÓÓÈ ÚÓ˜ÍË.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÎÂ‚Û˛ ˜‡ÒÚ¸ Û‡‚ÌÂÌËfl (84). àÁ ËÒ. 5, å ÒÎÂ‰ÛÂÚ, ˜ÚÓ
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∂

2

2 2

1 2U

x x
U x x y z U x x y z U p= + + − −

( )
[ ( , , ) ( , , ) ( )],

∆
∆ ∆    

    

∂

∂

2
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1 2U

y y
U x y y z U x y y z U p= + + − −

( )
[ ( , , ) ( , , ) ( )],

∆
∆ ∆    

    

∂

∂

2

2 2

1 2U

z z
U x y z z U x y z z U p= + + − −

( )
[ ( , , ) ( , , ) ( )].

∆
∆ ∆    

èÓÎ‡„‡fl

∆x = ∆y = ∆z = h,

ÔÓÎÛ˜ËÏ

    
∇ = −



=

∑2
2

1

1 6U U U p
h

i
i

( )

ËÎË

      
∇ = −2

2

6U U p U p
h

a[ ( ) ( )].v (86)

á‰ÂÒ¸ ÚÓ˜Í‡ p fl‚ÎflÂÚÒfl ˆÂÌÚÓÏ ÍÛ·‡, Ui – ÁÌ‡˜ÂÌËfl ÔÓÚÂÌˆË‡Î‡ Ì‡ ‡ÁÌ˚ı
ÒÚÓÓÌ‡ı ‰‡ÌÌÓ„Ó Ó·˙ÂÏ‡, ‡ Uav( p) – ÒÂ‰ÌÂÂ ÁÌ‡˜ÂÌËÂ ÔÓÚÂÌˆË‡Î‡.

í‡ÍËÏ Ó·‡ÁÓÏ, ÂÒÎË ÔÓÚÂÌˆË‡Î ‚ ÚÓ˜ÍÂ p Û‰Ó‚ÎÂÚ‚ÓflÂÚ Û‡‚ÌÂÌË˛ ã‡-
ÔÎ‡Ò‡

∇2U = 0,

ÚÓ Â„Ó ÁÌ‡˜ÂÌËÂ ‚ ˝ÚÓÈ ÚÓ˜ÍÂ ÒÓ‚Ô‡‰‡ÂÚ ÒÓ ÒÂ‰ÌËÏ:
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Uav( p) = U( p). (87)

îÛÌÍˆËË, ÔÓ‰˜ËÌfl˛˘ËÂÒfl ˝ÚÓÏÛ ÛÒÎÓ‚Ë˛, Ì‡Á˚‚‡˛ÚÒfl „‡ÏÓÌË˜ÂÒÍËÏË. èÓ
ÒÛ˘ÂÒÚ‚Û ÓÌË ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ Ó·Ó·˘ÂÌËÂ ÎËÌÂÈÌ˚ı ÙÛÌÍˆËÈ Ì‡ ‰‚Ûı- Ë
ÚÂıÏÂÌ˚È ÒÎÛ˜‡È. í‡ÍËÏ Ó·‡ÁÓÏ, ÁÌ‡˜ÂÌËÂ Î‡ÔÎ‡ÒË‡Ì‡ ∇2U ı‡‡ÍÚÂËÁÛÂÚ
ÓÚÍÎÓÌÂÌËÂ ÔÓÚÂÌˆË‡Î‡ ÓÚ „‡ÏÓÌË˜ÂÒÍÓÈ ÙÛÌÍˆËË.

19. ëÓ„Î‡ÒÌÓ ‡‚ÂÌÒÚ‚‡Ï (75) ÓÔÂ‡ˆË˛

div grad U

ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

div grad U = ∇2U.

á‰ÂÒ¸ ∇ – ÓÔÂ‡ÚÓ, ËÏÂ˛˘ËÈ ÒÎÂ‰Û˛˘ËÈ ‚Ë‰:

      
∇ = + +1 1 1

1 1
1

2 2
2

3 3
3

h x h x h x

∂

∂

∂

∂

∂

∂
i i i .

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ,

grad U = ∇U,  div M = ∇ ⋅ M,
(89)

rot M = ∇ × M,  div grad U = ∇⋅(∇U) = ∇2 = ∆.

20. èÓÎÛ˜ËÏ Â˘Â ‰‚‡ ÔÓÎÂÁÌ˚ı ÒÓÓÚÌÓ¯ÂÌËfl, ËÒÔÓÎ¸ÁÛfl ÙÓÏÛÎÛ É‡ÛÒÒ‡ –
éÒÚÓ„‡‰ÒÍÓ„Ó:

    
∇ ⋅ = ⋅∫∫ M M dSdV

SV

. (90)

èÓÎ‡„‡fl

M = ∇U,

ÔÓÎÛ˜ËÏ ÔÂ‚Û˛ ÙÓÏÛÎÛ ÉËÌ‡:

    
∇ = ∫∫ 2U dV dSU

nSV

∂

∂
. (91)

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ

M = ϕ∇U – U ∇ϕ.

èÓ‰ÒÚ‡ÌÓ‚Í‡ ˝ÚÓ„Ó ‚˚‡ÊÂÌËfl ‚ ‡‚ÂÌÒÚ‚Ó (90) ‰‡ÂÚ ‚ÚÓÛ˛ ÙÓÏÛÎÛ ÉËÌ‡

    
( ) ,ϕ ϕ ϕ ∂

∂

∂ϕ

∂
∇ − ∇ = −






∫∫ 2 2U U dV U dSU

n nSV

(92)

Ú‡Í Í‡Í

∇(ϕ∇U – U ∇ϕ) = ϕ∇2U + ∇ϕ ⋅ ∇U – U∇2ϕ – ∇U ⋅ ∇ϕ = ϕ∇2U – U∇2ϕ.
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21. Ç Á‡ÍÎ˛˜ÂÌËÂ ÔË‚Â‰ÂÏ ÌÂÒÍÓÎ¸ÍÓ ÔÓÎÂÁÌ˚ı ÙÓÏÛÎ ‰Îfl ‚˚˜ËÒÎÂÌËfl
ÔÓËÁ‚Ó‰Ì˚ı ÓÚ ‡ÁÎË˜Ì˚ı ÔÓËÁ‚Â‰ÂÌËÈ:

∇(ϕ1ϕ2) = ϕ1∇ϕ2 + ϕ2∇ϕ1,

∇⋅ (ϕ a) = ϕ∇⋅ a + a⋅∇ϕ,

∇× (ϕ a) = ϕ∇ × a + (∇ϕ × a),

∇⋅ (a× b) = b ⋅ ∇× a – a⋅∇× b.
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èêàãéÜÖçàÖ 4

äéåèãÖäëçõÖ óàëãÄ

ÇÇÖÑÖçàÖ

Ç ÚÂ˜ÂÌËÂ ‰ÓÎ„Ó„Ó ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ÚÓÎ¸ÍÓ ÔÓÎÓÊËÚÂÎ¸Ì˚Â Ë ÓÚ-
Ëˆ‡ÚÂÎ¸Ì˚Â ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â ˜ËÒÎ‡, ÍÓÚÓ˚Â ÔÓ‰‡Á‰ÂÎfl˛ÚÒfl Ì‡ ˆÂÎ˚Â Ë
‰Ó·Ì˚Â. èÓÒÎÂ‰ÌËÂ, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, ÏÓ„ÛÚ ·˚Ú¸ ‡ˆËÓÌ‡Î¸Ì˚ÏË Ë Ë‡ˆË-
ÓÌ‡Î¸Ì˚ÏË. ÇÒÂ ˝ÚË ˜ËÒÎ‡ ı‡‡ÍÚÂËÁÛ˛ÚÒfl ‡·ÒÓÎ˛ÚÌÓÈ ‚ÂÎË˜ËÌÓÈ Ë ÁÌ‡-
ÍÓÏ, Ë Ëı ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í ÚÓ˜ÍË Ì‡ ÔflÏÓÈ, Ì‡ÔËÏÂ, Ì‡ ÓÒË x   
(ËÒ. 1). èË ˝ÚÓÏ ‡ÒÒÚÓflÌËÂ ÓÚ ÌÛÎfl ‰Ó ÌÂÍÓÚÓÓÈ ÚÓ˜ÍË ‡‚ÌflÂÚÒfl ‡·ÒÓ-
Î˛ÚÌÓÈ ‚ÂÎË˜ËÌÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ˜ËÒÎ‡.

á‡ÚÂÏ ÔÓfl‚ËÎËÒ¸ Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ Á‡‰‡˜Ë, ‚ ÍÓÚÓ˚ı ÔÓÚÂ·Ó‚‡ÎÓÒ¸ ‚‚ÂÒÚË
‰Û„ËÂ, ÌÂ ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â ˜ËÒÎ‡. èÓ ÓÔÂ‰ÂÎÂÌË˛ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ„Ó ˜ËÒÎ‡ x
Â„Ó Í‚‡‰‡Ú ‚ÒÂ„‰‡ fl‚ÎflÂÚÒfl ˜ËÒÎÓÏ ÔÓÎÓÊËÚÂÎ¸Ì˚Ï: x2 > 0. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
‡Î„Â·‡Ë˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ

x2 + 1 = 0 (1)

ÌÂ ÏÓÊÂÚ ËÏÂÚ¸ ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ı ÍÓÌÂÈ, ÔÓÒÍÓÎ¸ÍÛ

x2 = –1. (2)

óÚÓ·˚ Ì‡ÈÚË Â¯ÂÌËÂ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl, ‚‚ÂÎË ÌÓ‚ÓÂ ˜ËÒÎÓ, ÍÓÚÓÓÂ Ì‡Á˚‚‡-
ÂÚÒfl ÏÌËÏÓÈ Â‰ËÌËˆÂÈ i. ä‡Í ÒÎÂ‰ÛÂÚ ËÁ Û‡‚ÌÂÌËfl (2),

    x i= − =1 . (3)

éÒÌÓ‚ÌÓÂ Ò‚ÓÈÒÚ‚Ó ˝ÚÓ„Ó ˜ËÒÎ‡ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ Â„Ó Í‚‡‰‡Ú ‡‚ÂÌ ÏËÌÛÒ
Â‰ËÌËˆÂ:

êËÒ. 1.  äÓÏÔÎÂÍÒÌ‡fl ÔÎÓÒÍÓÒÚ¸
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i2 = –1. (4)

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ,

i3 = – i,  i4 = 1,  i5 = i,  i6 = –1,  i7 = – i

Ë Ú.‰.
ÖÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·Ó·˘ÂÌËÂÏ ˝ÚÓ„Ó ˜ËÒÎ‡ fl‚ÎflÂÚÒfl ÔÓËÁ‚Â‰ÂÌËÂ ‰ÂÈÒÚ‚Ë-

ÚÂÎ¸ÌÓ„Ó ˜ËÒÎ‡ y Ì‡ ÏÌËÏÛ˛ Â‰ËÌËˆÛ i, ‰‡˛˘ÂÂ ˜ËÒÚÓ ÏÌËÏÓÂ ˜ËÒÎÓ

y i, (5)

ÍÓÚÓÓÂ Û‰Ó·ÌÓ Ì‡ÌÓÒËÚ¸ ‚‰ÓÎ¸ ÓÒË y (ÒÏ. ËÒ. 1).
óÂÚ˚Â ÔÓÒÚÂÈ¯ËÂ ÓÔÂ‡ˆËË Ì‡‰ ÏÌËÏ˚ÏË ˜ËÒÎ‡ÏË, ‡ ËÏÂÌÌÓ ÒÛÏÏËÓ-

‚‡ÌËÂ, ‚˚˜ËÚ‡ÌËÂ, ÛÏÌÓÊÂÌËÂ Ë ‰ÂÎÂÌËÂ ‚˚ÔÓÎÌfl˛ÚÒfl ÚÓ˜ÌÓ Ú‡Í ÊÂ, Í‡Í Ë Ò
‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ÏË ˜ËÒÎ‡ÏË, ÌÓ Ò Û˜ÂÚÓÏ ‡‚ÂÌÒÚ‚‡ (4).

1. äéåèãÖäëçéÖ óàëãé à ÖÉé ÄãÉÖÅêÄàóÖëäÄü îéêåÄ

ëÎÂ‰Û˛˘ËÈ ¯‡„ – ˝ÚÓ ‚‚Â‰ÂÌËÂ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡, ÍÓÚÓÓÂ fl‚ÎflÂÚÒfl
ÒÛÏÏÓÈ ‰‚Ûı ˜ËÒÂÎ, ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ„Ó Ë ÏÌËÏÓ„Ó:

z = x + iy. (6)

á‰ÂÒ¸ x Ë y Ì‡Á˚‚‡˛ÚÒfl ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÈ Ë ÏÌËÏÓÈ ˜‡ÒÚ¸˛ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒ-
Î‡ Ë Á‡ÔËÒ˚‚‡˛ÚÒfl Í‡Í

x = Re z  Ë  y = Im z. (7)

éÌË ËÁÏÂÌfl˛ÚÒfl ‚ ÒÎÂ‰Û˛˘Ëı ÔÂ‰ÂÎ‡ı:

– ∞ < x < ∞   Ë  – ∞ < y < ∞.

ê‡‚ÂÌÒÚ‚Ó (6) Á‡‰‡ÂÚ ÍÓÏÔÎÂÍÒÌÓÂ ˜ËÒÎÓ ‚ ‡Î„Â·‡Ë˜ÂÒÍÓÈ ÙÓÏÂ. óËÒÎÓ z
Û‰Ó·ÌÓ ËÁÓ·‡Ê‡Ú¸ Í‡Í ÚÓ˜ÍÛ Ì‡ ÔÎÓÒÍÓÒÚË, ÔÓÍ‡Á‡ÌÌÓÈ Ì‡ ËÒ. 1. ùÚÛ ÔÎÓÒ-
ÍÓÒÚ¸ Ó·˚˜ÌÓ Ì‡Á˚‚‡˛Ú ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚ¸˛.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÓÒÌÓ‚Ì˚Â ÓÔÂ‡ˆËË Ì‡‰ ÍÓÏÔÎÂÍÒÌ˚ÏË ˜ËÒÎ‡ÏË,
ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ÏË ‚ ‡Î„Â·‡Ë˜ÂÒÍÓÈ ÙÓÏÂ. ëÛÏÏËÓ‚‡ÌËÂ Ë ‚˚˜ËÚ‡ÌËÂ ‰‚Ûı
ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ

z1 = x1 + iy1  Ë  z2 = x2 + iy2

‚˚ÔÓÎÌflÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

z3 = z2 ± z1 = (x2 ± x1) + i(y2 ± y1), (8)

Ú.Â. ÛÍ‡Á‡ÌÌ˚Â ÓÔÂ‡ˆËË ÔÓËÁ‚Ó‰flÚÒfl ÓÚ‰ÂÎ¸ÌÓ ‰Îfl ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ı Ë ÏÌË-
Ï˚ı ˜‡ÒÚÂÈ.

éÔÂ‡ˆËfl ÛÏÌÓÊÂÌËfl Á‡ÔËÒ˚‚‡ÂÚÒfl Í‡Í

z3 = z2z1 = (x2 + iy2) (x1 + iy1) = x2x1 + i2y2y1 + i(x2y1 + y2x1),

ËÎË z3 = x3 + iy3,

„‰Â
x3 = x1x2 – y1y2,  y3 = x2y1 + x1y2. (9)
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èÂÊ‰Â ˜ÂÏ ‡ÒÒÏÓÚÂÚ¸ ˜‡ÒÚÌÓÂ ‰‚Ûı ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ, ÔÓÎÂÁÌÓ ‚‚ÂÒ-
ÚË ˜ËÒÎÓ

z∗ = x – iy, (10)

ÍÓÏÔÎÂÍÒÌÓ ÒÓÔflÊÂÌÌÓÂ ˜ËÒÎÛ

z = x + iy.

í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â ˜‡ÒÚË ˜ËÒÂÎ z Ë z∗ ÒÓ‚Ô‡‰‡˛Ú, ‡ ÏÌËÏ˚Â
˜‡ÒÚË ‡ÁÎË˜‡˛ÚÒfl ÁÌ‡ÍÓÏ. ÇÁ‡ËÏÌÓÂ ‡ÒÔÓÎÓÊÂÌËÂ z Ë z∗ ÔÓÍ‡Á‡ÌÓ Ì‡      
ËÒ. 1. àÁ ‡‚ÂÌÒÚ‚ (9) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔÓËÁ‚Â‰ÂÌËÂ z Ë z∗ fl‚ÎflÂÚÒfl ‰ÂÈÒÚ‚ËÚÂÎ¸-
Ì˚Ï ˜ËÒÎÓÏ. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ,  ÔÂÂÏÌÓÊ‡fl ˝ÚË ˜ËÒÎ‡, ÔÓÎÛ˜ËÏ

zz∗ = x2 + y2. (11)

èÓÒÎÂ‰ÌÂÂ ‡‚ÂÌÒÚ‚Ó ÔÓÁ‚ÓÎflÂÚ Ì‡Ï ÓÔÂ‰ÂÎËÚ¸ ÓÔÂ‡ˆË˛ ‰ÂÎÂÌËfl ‰‚Ûı ÍÓÏ-
ÔÎÂÍÒÌ˚ı ˜ËÒÂÎ:

z3 = z2/z1.

ùÚÓ ÓÚÌÓ¯ÂÌËÂ ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í

    

z z z

z z
3

2 1

1 1

=
∗

∗

ËÎË

    

z x iy x iy

x y
3

2 2 1 1

1
2

1
2

= + −

+

( )( ) .

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

    

x x x y y

x y
3

1 2 1 2

1
2

1
2

= +

+
,  

    

y x y x y

x y
3

1 2 2 1

1
2

1
2

= −

+
. (12)

á‡ÏÂÚËÏ, ˜ÚÓ ‰‚‡ ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÎ‡ ‡‚Ì˚

z1 = z2,

ÂÒÎË ‡‚Ì˚ Ëı ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â Ë ÏÌËÏ˚Â ˜‡ÒÚË:

x1 = x2  Ë  y1 = y2.

é‰Ì‡ÍÓ ‚ ÓÚÎË˜ËÂ ÓÚ ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ı ˜ËÒÂÎ, ÌÂ‡‚ÂÌÒÚ‚‡

z2 > z1  ËÎË  z2 < z1

ÌÂ ËÏÂ˛Ú ÌËÍ‡ÍÓ„Ó ÒÏ˚ÒÎ‡.  

2. íêàÉéçéåÖíêàóÖëäÄü îéêåÄ äéåèãÖäëçéÉé óàëãÄ

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÓÔÂ‰ÂÎËÚ¸ ÒÚÂÔÂÌ¸ Ë ÍÓÂÌ¸ ËÁ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡,
ÔÂ‰ÒÚ‡‚ËÏ Â„Ó ‚ ‰Û„ÓÈ ÙÓÏÂ. àÁ ËÒ. 1 ‚Ë‰ÌÓ, ˜ÚÓ ÔÓÎÓÊÂÌËÂ ˜ËÒÎ‡ Ì‡
ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ÏÓÊÌÓ ÓÔÂ‰ÂÎËÚ¸ Ô‡‡ÏÂÚ‡ÏË r Ë ϕ. á‰ÂÒ¸ r fl‚Îfl-
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ÂÚÒfl ‡ÒÒÚÓflÌËÂÏ ÓÚ Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú ‰Ó ÚÓ˜ÍË Ë Ì‡Á˚‚‡ÂÚÒfl ÏÓ‰ÛÎÂÏ ÍÓÏ-
ÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡. ÇÚÓÓÈ Ô‡‡ÏÂÚ, ϕ, Ì‡Á˚‚‡ÂÚÒfl ‡„ÛÏÂÌÚÓÏ ÍÓÏÔÎÂÍÒÌÓ„Ó
˜ËÒÎ‡, Ë ˝ÚÓ Û„ÓÎ ÏÂÊ‰Û  ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÈ ÓÒ¸˛ x Ë ‡‰ËÛÒÓÏ r. é·‡ Ô‡‡ÏÂÚ‡
ËÁÏÂÌfl˛ÚÒfl ‚ ÒÎÂ‰Û˛˘Ëı ÔÂ‰ÂÎ‡ı:

0 ≤ r < ∞  Ë  0 ≤ ϕ < 2π. (13)

èÂ‰ÔÓÎ‡„‡ÂÚÒfl, ˜ÚÓ ÏÓ‰ÛÎ¸ r – ‚ÒÂ„‰‡ ˜ËÒÎÓ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ. ÖÒÎË ÚÓ˜Í‡,
ÓÔËÒ˚‚‡˛˘‡fl ÍÓÏÔÎÂÍÒÌÓÂ ˜ËÒÎÓ, ‰‚ËÊÂÚÒfl ÔÓÚË‚ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË, ÂÂ ‡-
„ÛÏÂÌÚ Û‚ÂÎË˜Ë‚‡ÂÚÒfl. Ç ˜‡ÒÚÌÓÒÚË, ‡„ÛÏÂÌÚ˚ ‚ÒÂı ÔÓÎÓÊËÚÂÎ¸Ì˚ı ÏÌËÏ˚ı
˜ËÒÂÎ ‡‚Ì˚ π/2, ‡ ‰Îfl ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÏÌËÏ˚ı ˜ËÒÂÎ  ϕ = π.

àÁ ÔË‚Â‰ÂÌÌÓ„Ó Ì‡ ËÒ. 1 ÚÂÛ„ÓÎ¸ÌËÍ‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ

x = r cos ϕ  Ë  y = r sin ϕ. (14)

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÙÓÏÛÎÛ (6) ÏÓÊÌÓ ÔÂÂÔËÒ‡Ú¸ Í‡Í

z = r(cos ϕ + i sin ϕ). (15)

èÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ Á‡‰‡ÂÚ ÚË„ÓÌÓÏÂÚË˜ÂÒÍÛ˛ ÙÓÏÛ ÍÓÏÔÎÂÍÒÌÓ„Ó
˜ËÒÎ‡. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‡‚ÂÌÒÚ‚‡ (14) ÛÒÚ‡Ì‡‚ÎË‚‡˛Ú Ò‚flÁ¸ ÏÂÊ‰Û ‡Î„Â·‡Ë˜ÂÒ-
ÍÓÈ Ë ÚË„ÓÌÓÏÂÚË˜ÂÒÍÓÈ ÙÓÏ‡ÏË. éÔÂ‡ˆËË ÒÛÏÏËÓ‚‡ÌËfl Ë ‚˚˜ËÚ‡ÌËfl
‰Îfl Ó·ÂËı ÙÓÏ ‚˚ÔÓÎÌfl˛ÚÒfl Ó‰ËÌ‡ÍÓ‚˚Ï Ó·‡ÁÓÏ.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ Í‡Í Á‡ÔËÒ˚‚‡ÂÚÒfl ÔÓËÁ‚Â‰ÂÌËÂ ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ,
ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ı ‚ ÚË„ÓÌÓÏÂÚË˜ÂÒÍÓÈ ÙÓÏÂ:

z1 = r1(cos ϕ1 + i sin ϕ1),  z2 = r2(cos ϕ2 + i sin ϕ2).

Ç ˝ÚÓÏ ÒÎÛ˜‡Â ËÏÂÂÏ

z3 = z1z2 = r1r2[(cos ϕ2 cos ϕ1 – sin ϕ2 sin ϕ1) +

+ i(sin ϕ2 cos ϕ1 + sin ϕ1 cos ϕ2)]

ËÎË

z3 = r1r2[cos(ϕ2 + ϕ1) + i sin(ϕ2 + ϕ1)], (16)

Ú‡Í Í‡Í

sin(ϕ2 ± ϕ1) = sin ϕ2 cos ϕ1 ± sin ϕ1 cos ϕ2

Ë

cos(ϕ2 ± ϕ1) = cos ϕ2 cos ϕ1 7 sin ϕ2 sin ϕ1.

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò  (16)

r3 = r1r2  Ë  ϕ3 = ϕ1 + ϕ2. (17)

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÚË„ÓÌÓÏÂÚË˜ÂÒÍ‡fl ÙÓÏ‡ Ó˜ÂÌ¸ Û‰Ó·Ì‡ ‰Îfl ‚˚ÔÓÎÌÂÌËfl
ÓÔÂ‡ˆËË ÛÏÌÓÊÂÌËfl. ÄÌ‡ÎÓ„Ë˜ÌÓ, ÔÓËÁ‚Â‰ÂÌËÂ ÌÂÒÍÓÎ¸ÍËı ÍÓÏÔÎÂÍÒÌ˚ı
˜ËÒÂÎ Á‡ÔË¯ÂÚÒfl Í‡Í
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z = z1 ⋅ z2 ⋅ z3 ⋅ ... ⋅ zn = r(cos ϕ + i sin ϕ),

„‰Â

r = r1 ⋅ r2 ⋅ r3 ⋅ ...⋅ rn  Ë  ϕ = ϕ1 + ϕ2 + ϕ3 + ... + ϕn. (18)

ÑÂÎÂÌËÂ ‰‚Ûı ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ ÔË‚Ó‰ËÚ Í ÒÎÂ‰Û˛˘ÂÏÛ ‚˚‡ÊÂÌË˛:

    
z z

z

r

r

i

i
3

2

1

2

1

2 2

1 1
= = +

+

cos sin

cos sin

ϕ ϕ

ϕ ϕ

ËÎË

    
z r

r
3

2

1
= (cos ϕ2 + i sin ϕ2) (cos ϕ1 – i sin ϕ1),

Ú‡Í Í‡Í

(cos ϕ1 + i sin ϕ1) (cos ϕ1 – i sin ϕ1) = 1.

èÓ˝ÚÓÏÛ Ï˚ ÔÓÎÛ˜‡ÂÏ

    
z r

r
3

2

1
= [cos(ϕ2 – ϕ1) + i sin(ϕ2 – ϕ1)]

ËÎË

    
z r

r
3

2

1
=   Ë  ϕ3 = ϕ2 – ϕ1, (19)

ÓÚÍÛ‰‡ ‚Ë‰Ì˚ ÔÂËÏÛ˘ÂÒÚ‚‡ ‰‡ÌÌÓÈ ÙÓÏ˚ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡.
ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÒÚÂÔÂÌ¸ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡

W = zn. (20)

á‰ÂÒ¸

z = r(cos ϕ + i sin ϕ)

Ë

W = R(cos θ + i sin θ).

àÁ ‚˚‡ÊÂÌËÈ (18) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

R = rn  Ë  θ = n ϕ. (21)

í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ ‚˚˜ËÒÎËÚ¸ ÒÚÂÔÂÌ¸ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡,
ÌÛÊÌÓ Ì‡ÈÚË ÒÚÂÔÂÌ¸ Â„Ó ÏÓ‰ÛÎfl rn, ‡ ‡„ÛÏÂÌÚ ϕ ÛÏÌÓÊËÚ¸ Ì‡ n.

Ç ˜‡ÒÚÌÓÒÚË, ÂÒÎË r = 1, ‡‚ÂÌÒÚ‚Ó (20) Á‡ÔËÒ˚‚‡ÂÚÒfl Í‡Í

(cos ϕ + i sin ϕ)n = cos n ϕ + i sin n ϕ. (22)

èÓÒÎÂ‰ÌÂÂ ÒÓÓÚÌÓ¯ÂÌËÂ – ˝ÚÓ ıÓÓ¯Ó ËÁ‚ÂÒÚÌ‡fl ÙÓÏÛÎ‡ åÛ‡‚‡, ÍÓÚÓ‡fl
ÔÓÁ‚ÓÎflÂÚ Á‡ÏÂÚÌÓ ÛÔÓÒÚËÚ¸ ‚˚˜ËÒÎÂÌËÂ ÔÓËÁ‚Â‰ÂÌËfl ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ,
‡ Ú‡ÍÊÂ ÔËÏÂÌflÂÚÒfl ‰Îfl ÏÌÓ„Ëı ‰Û„Ëı ˆÂÎÂÈ. èÓÎ‡„‡fl, Ì‡ÔËÏÂ, n = 2,
ÔÓÎÛ˜ËÏ
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cos 2ϕ = cos2 ϕ – sin2 ϕ,

sin 2ϕ = 2 sin ϕ cos ϕ.

éÔÂ‰ÂÎËÏ ÚÂÔÂ¸ ÓÔÂ‡ˆË˛ ‚ÁflÚËfl ÍÓÌfl ËÁ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡:

    W z n=
1

. (23)
á‰ÂÒ¸ n – ˆÂÎÓÂ ˜ËÒÎÓ, Ë

W = R(cos θ + i sin θ), z = r(cos ϕ + i sin ϕ).

èÓ ÓÔÂ‰ÂÎÂÌË˛, ‚ÏÂÒÚÓ ‚˚‡ÊÂÌËfl (23) ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸

Wn = z,

Rn(cos θ + i sin θ)n = r(cos ϕ + i sin ϕ).

àÒÔÓÎ¸ÁÛfl ÙÓÏÛÎÛ åÛ‡‚‡, ÔÓÎÛ˜ËÏ

Rn(cos n θ + i sin n θ) = r[(cos(ϕ + 2 π k) + i sin(ϕ + 2 π k)]. (24)

Ä„ÛÏÂÌÚ ϕ ‚ Ô‡‚ÓÈ ˜‡ÒÚË ˝ÚÓ„Ó ‚˚‡ÊÂÌËfl Á‡ÏÂÌÂÌ Ì‡ ϕ + 2πk. ùÚÓ ÏÓÊ-
ÌÓ Ò‰ÂÎ‡Ú¸, ÔÓÒÍÓÎ¸ÍÛ k fl‚ÎflÂÚÒfl ˆÂÎ˚Ï ˜ËÒÎÓÏ.

àÁ ‡‚ÂÌÒÚ‚‡ ‰‚Ûı ÍÓÏÔÎÂÍÒÌ˚ı ‚ÂÎË˜ËÌ ÒÎÂ‰ÛÂÚ, ˜ÚÓ

Rn = r  ËÎË      R r n=
1

Ë (25)

    
θ ϕ π

n
k

n
= + 2 ,

„‰Â

k = 0, 1, 2,..., (n – 1).

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‡‚ÂÌÒÚ‚‡ (25) ÔÓÁ‚ÓÎfl˛Ú ‚˚˜ËÒÎËÚ¸ n ÍÓÌÂÈ ÍÓÏÔÎÂÍÒÌÓ„Ó
˜ËÒÎ‡. ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ, ÔÓÎ‡„‡fl k = n, Ï˚ ÒÌÓ‚‡ ÔÓÎÛ˜‡ÂÏ ÍÓÂÌ¸,
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ k = 0.

3. ùäëèéçÖçñàÄãúçÄü îéêåÄ äéåèãÖäëçéÉé óàëãÄ

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ ÚÂÚ¸˛ ÙÓÏÛ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡, ‚ÓÒÔÓÎ¸ÁÛ-
ÂÏÒfl ‡ÁÎÓÊÂÌËÂÏ ‚ fl‰ íÂÈÎÓ‡ ÙÛÌÍˆËÈ

sin x,  cos x,  ez,

„‰Â x – ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÂ, ‡ z – ÍÓÏÔÎÂÍÒÌÓÂ ˜ËÒÎÓ.
ä‡Í ËÁ‚ÂÒÚÌÓ, ÛÍ‡Á‡ÌÌ˚Â ‡ÁÎÓÊÂÌËfl  ËÏÂ˛Ú ÒÎÂ‰Û˛˘ËÈ ‚Ë‰:

    
sin ...,

! ! !
x x x x x= − + + +

3 5 7

3 5 7
(26)

    
cos ...

! ! !
x x x x= − + + +1

2 4 6

2 4 6
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Ë

    
ez z z z z= + + + + +1

1 2 3 4

2 3 4

! ! ! !
...

èÓÎ‡„‡fl z = ix, ÔÓÒÎÂ‰ÌÂÂ ‡ÁÎÓÊÂÌËÂ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í

    
e ix ix i ix z z z= + − − + + +1

2 3 4 5

2 3 4 5! ! ! !
...

ËÎË

    
e ix x x x x x xi x= − + − + + − + − +



















1

2 4 6 3 5 7

2 4 6 3 5 7! ! ! ! ! !
... ... . (27)

ë‡‚ÌÂÌËÂ ÙÓÏÛÎ (26) Ë (27) ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ

eix = cos x + i sin x. (28)

ùÚÓ Á‡ÏÂ˜‡ÚÂÎ¸ÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ, ÔÓÎÛ˜ÂÌÌÓÂ ùÈÎÂÓÏ, ËÏÂÂÚ ÏÌÓ„Ó˜ËÒÎÂÌ-
Ì˚Â ÔËÎÓÊÂÌËfl. àÁ ÌÂ„Ó ÒÎÂ‰ÛÂÚ, Ì‡ÔËÏÂ, ˜ÚÓ

ei0 = 1,      e
i

i
π
2 = ,  eiπ = –1, (29)

    e
i

i
3
2
π

= − ,  ei2π = 1 ËÎË ei2πn = 1, (30)

„‰Â n – ˆÂÎÓÂ ˜ËÒÎÓ.
àÁ ‚˚‡ÊÂÌËÈ (15) Ë (28) Ï˚ ÔËıÓ‰ËÏ Í ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÈ ÙÓÏÂ ÍÓÏ-

ÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡

z = r eiϕ. (31)

ùÚ‡ ÙÓÏ‡ ÔÂ‰ÒÚ‡‚ÎÂÌËfl Û‰Ó·Ì‡ ‰Îfl ‚˚ÔÓÎÌÂÌËfl ÓÔÂ‡ˆËÈ ÛÏÌÓÊÂÌËfl Ë
‰ÂÎÂÌËfl, ‡ Ú‡ÍÊÂ ‰Îfl ‚ÓÁ‚Â‰ÂÌËfl ÍÓÏÔÎÂÍÒÌ˚ı ˜ËÒÂÎ ‚ ÒÚÂÔÂÌ¸ Ë ‰Îfl Ì‡ıÓÊ-
‰ÂÌËfl Ëı ÍÓÌÂÈ. äÓÏÂ ÚÓ„Ó, ËÁ ‚˚‡ÊÂÌËfl (31) Ï˚ ËÏÂÂÏ

ln z = ln r + iϕ. (32)

í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÂÈÒÚ‚ËÚÂÎ¸Ì‡fl ˜‡ÒÚ¸ ln z ‡‚ÌflÂÚÒfl ÎÓ„‡ËÙÏÛ ÏÓ‰ÛÎfl z, ‡
ÏÌËÏ‡fl ˜‡ÒÚ¸ ÒÓ‚Ô‡‰‡ÂÚ Ò ‡„ÛÏÂÌÚÓÏ (Ù‡ÁÓÈ) ϕ ˝ÚÓ„Ó ˜ËÒÎ‡.

ÑÛ„ÓÂ ‚‡ÊÌÓÂ ÔËÏÂÌÂÌËÂ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÈ ÙÓÏ˚ ÍÓÏÔÎÂÍÒÌ˚ı ˜Ë-
ÒÂÎ Ò‚flÁ‡ÌÓ Ò ÔÂ‰ÒÚ‡‚ÎÂÌËÂÏ ÒËÌÛÒÓË‰‡Î¸Ì˚ı ÙÛÌÍˆËÈ. ê‡ÒÒÏÓÚËÏ ‚ Í‡˜Â-
ÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË ÙÛÌÍˆË˛ ‚ÂÏÂÌË

s(t) = A cos(ωt + ϕ), (33)

„‰Â A – ‡ÏÔÎËÚÛ‰‡, ϕ – Ì‡˜‡Î¸Ì‡fl Ù‡Á‡. é·‡ ˝ÚËı Ô‡‡ÏÂÚ‡ ÌÂ Á‡‚ËÒflÚ ÓÚ
‚ÂÏÂÌË, ÌÓ ÏÓ„ÛÚ ·˚Ú¸ ÙÛÌÍˆËflÏË ÓÚ ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl.

ëÓ„Î‡ÒÌÓ ÓÔÂ‰ÂÎÂÌË˛ (28),

cos x = Re e±ix.

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
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s(t) = A Re e–i(ωt + ϕ)

ËÎË

s(t) = A Re e–iϕ e–iωt, (34)

Ú‡Í Í‡Í A – ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÂ ˜ËÒÎÓ.
îÓÏÛÎÛ (34) ÏÓÊÌÓ Ú‡ÍÊÂ Á‡ÔËÒ‡Ú¸ Í‡Í

s(t) = A Re eiϕ eiωt. (35)

Ç‚Ó‰fl Ó·ÓÁÌ‡˜ÂÌËÂ

Ä = A e–iϕ, (36)

Ï˚ ‚ÏÂÒÚÓ (34) ÔÓÎÛ˜ËÏ ÒÎÂ‰Û˛˘ÂÂ ‚˚‡ÊÂÌËÂ:

s(t) = Re A e–iωt, (37)

„‰Â ÙÛÌÍˆËfl A Ì‡Á˚‚‡ÂÚÒfl ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰ÓÈ. éÌ‡ ÒÓ‰ÂÊËÚ ËÌÙÓ-
Ï‡ˆË˛ Ó· ‡ÏÔÎËÚÛ‰Â Ë Ì‡˜‡Î¸ÌÓÈ Ù‡ÁÂ ÒËÌÛÒÓË‰‡Î¸ÌÓÈ ÙÛÌÍˆËË. èÂ‰ÒÚ‡‚-
ÎÂÌËÂ (37) ·˚‚‡ÂÚ Ó˜ÂÌ¸ ÔÓÎÂÁÌ˚Ï ÔË Â¯ÂÌËË ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂ-
ÌËÈ.
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èêàãéÜÖçàÖ 5

éÅõäçéÇÖççõÖ ãàçÖâçõÖ ÑàîîÖêÖçñàÄãúçõÖ
ìêÄÇçÖçàü ë èéëíéüççõåà äéùîîàñàÖçíÄåà

1. ê‡ÒÒÏÓÚËÏ Û‡‚ÌÂÌËfl, ÍÓÚÓ˚Â ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â:

    
a a a a x t f tn

n

n n

n

n

d x t

dt

d x t

dt

dx t

dt

( ) ( ) ( )... ( ) ( ).+ + + + =−

−

−1

1

1 1 0 1 (1)

á‰ÂÒ¸ an – ÌÂÍÓÚÓ˚Â ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â ÔÓÒÚÓflÌÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚, t – ‡„Û-
ÏÂÌÚ, Ì‡ÔËÏÂ ‚ÂÏfl Ì‡·Î˛‰ÂÌËfl.

ì‡‚ÌÂÌËÂ (1) Ó·˚˜ÌÓ ÓÔËÒ˚‚‡ÂÚ ÔÓ‚Â‰ÂÌËÂ ÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚, ÒıÂÏ‡ÚË-
˜ÂÒÍË ÔÓÍ‡Á‡ÌÌÓÈ Ì‡ ËÒ. 1 ‚ ‚Ë‰Â ÔflÏÓÛ„ÓÎ¸ÌËÍ‡. ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÙÛÌÍ-
ˆË˛ f (t) ÏÓÊÌÓ ËÌÚÂÔÂÚËÓ‚‡Ú¸ Í‡Í ‚ıÓ‰ÌÓÂ ‚ÓÁ‰ÂÈÒÚ‚ËÂ Ì‡ ÒËÒÚÂÏÛ, ‡
ÙÛÌÍˆË˛ x(t) – Í‡Í Â‡ÍˆË˛ ÒËÒÚÂÏ˚ Ì‡ ˝ÚÓ ‚ÓÁ‰ÂÈÒÚ‚ËÂ, Ú.Â. ‚˚ıÓ‰. ëÎÂ‰ÛÂÚ
Á‡ÏÂÚËÚ¸, ˜ÚÓ Â‡Î¸Ì˚Â ÒËÒÚÂÏ˚, Ú‡ÍËÂ Í‡Í ÛÔÛ„‡fl ËÎË ‡ÍÛÒÚË˜ÂÒÍ‡fl ÒÂ‰‡, ‡
Ú‡ÍÊÂ ÏÂı‡ÌË˜ÂÒÍËÂ Ë ˝ÎÂÍÚË˜ÂÒÍËÂ ÛÒÚÓÈÒÚ‚‡ ‰Ó‚ÓÎ¸ÌÓ ˜‡ÒÚÓ ‚Â‰ÛÚ ÒÂ·fl
Í‡Í ÎËÌÂÈÌ˚Â ÒËÒÚÂÏ˚.

àÁ Û‡‚ÌÂÌËfl (1) ÒÎÂ‰Û˛Ú ‰‚‡ ‚‡ÊÌ˚ı Ò‚ÓÈÒÚ‚‡ ÎËÌÂÈÌ˚ı ÒËÒÚÂÏ. èÓ ÓÔ-
Â‰ÂÎÂÌË˛, ÙÛÌÍˆËfl x(t) fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl. Ñ‡ÎÂÂ, Ó˜Â‚Ë‰-
ÌÓ, ˜ÚÓ ÂÒÎË ‚ Û‡‚ÌÂÌËË (1) ÙÛÌÍˆË˛ f (t) Á‡ÏÂÌËÚ¸ Ì‡ mf (t), „‰Â m ÂÒÚ¸ ÌÂ-
ÍÓÚÓ˚È ÔÓÒÚÓflÌÌ˚È ÍÓ˝ÙÙËˆËÂÌÚ, ÚÓ Â¯ÂÌËÂÏ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl ·Û‰ÂÚ
mx(t). ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ÂÒÎË ‚ıÓ‰ ‚ ÒËÒÚÂÏÛ Û‚ÂÎË˜ËÚ¸ ‚ m ‡Á, ÚÓ ‚Ó ÒÚÓÎ¸-
ÍÓ ÊÂ ‡Á Û‚ÂÎË˜ËÚÒfl Ë ‚˚ıÓ‰. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚Û˛Ú ÙÛÌÍˆËË x1(t)
Ë x2(t), Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ Û‡‚ÌÂÌËflÏ

    
a a x t f tn

n

n

d x t

dt

1
0 1 1

( )
... ( ) ( )+ + =

Ë

    
a a x t f tn

n

n

d x t

dt

2
0 2 2

( )
... ( ) ( ).+ + =

ëÛÏÏËÛfl ˝ÚË Û‡‚ÌÂÌËfl Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ

    

d x t

dt

d x t

dt

d

dt

n

n

n

n

n

n
x x1 2
1 2

( ) ( )
( ),+ = +

ÔÓÎÛ˜ËÏ

êËÒ. 1.  åÓ‰ÂÎ¸ ÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚
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a a a x t f t f tn

n

n n

n

n

d x t

dt

d x t

dt

( ) ( ) ... ( ) ( ) ( ),+ + + = +−

−

−1

1

1 0 1 2 (2)

„‰Â

x(t) = x1(t) + x2(t). (3)

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ˝ÚÓÚ ÂÁÛÎ¸Ú‡Ú ÏÓÊÌÓ Ó·Ó·˘ËÚ¸ Ì‡ ÔÓËÁ‚ÓÎ¸ÌÓÂ ˜ËÒÎÓ
ÙÛÌÍˆËÈ fi(t). ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ‚˚ıÓ‰ ÒËÒÚÂÏ˚, ‚˚Á‚‡ÌÌ˚È ÒÛÏÏÓÈ ‚ıÓ‰Ó‚
fi(t), fl‚ÎflÂÚÒfl ÒÛÏÏÓÈ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‚˚ıÓ‰Ó‚, Ú.Â. ÂÒÎË

f (t) = f1(t) + f2(t) + ... + fn(t),
ÚÓ

x(t) = x1(t) + x2(t) + ... + xn(t). (4)

ä‡Í ÓÚÏÂ˜‡ÎÓÒ¸ ‡ÌÂÂ, ˝ÚÓÚ ÂÁÛÎ¸Ú‡Ú fl‚ÎflÂÚÒfl Ó˜ÂÌ¸ ‚‡ÊÌ˚Ï Ò‚ÓÈÒÚ‚ÓÏ ÎË-
ÌÂÈÌ˚ı ÒËÒÚÂÏ. èÂÊ‰Â ˜ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‚˚‡ÊÂÌËÂ (4), ‡ÒÒÏÓÚËÏ Ó‰ÌÓ-
Ó‰ÌÓÂ Û‡‚ÌÂÌËÂ.

2. èÓÎ‡„‡fl ‚ (1) f (t) = 0, ÔÓÎÛ˜ËÏ

    
a a a x tn

n

n n

n

n

d x t

dt

d x t

dt

( ) ( ) ... ( ) .+ + + =−

−

−1

1

1 0 0 (5)

ê‡‚ÂÌÒÚ‚Ó (5) Ó·˚˜ÌÓ ÓÔËÒ˚‚‡ÂÚ Â‡ÍˆË˛ ÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚ (Ì‡ÔËÏÂ,
ÒÏÂ˘ÂÌËÂ Ï‡ÒÒ ËÎË ÚÓÍ ‚ ˝ÎÂÍÚË˜ÂÒÍÓÈ ˆÂÔË) ÔÓÒÎÂ ÓÍÓÌ˜‡ÌËfl ‰ÂÈÒÚ‚Ëfl
ÙÛÌÍˆËË f (t).

êÂ¯ÂÌËÂ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl ÏÓÊÌÓ Ì‡ÈÚË ÏÂÚÓ‰ÓÏ ÔÓ· Ë Ó¯Ë·ÓÍ. èÂ‰ÔÓ-
ÎÓÊËÏ ÒÌ‡˜‡Î‡, ˜ÚÓ ÙÛÌÍˆËfl x(t) ËÏÂÂÚ ‚Ë‰

x(t) = A ert, (6)

„‰Â A Ë r ÌÂ Á‡‚ËÒflÚ ÓÚ ‡„ÛÏÂÌÚ‡ t.
èÓ‰ÒÚ‡‚Îflfl ÙÓÏÛÎÛ (6) ‚ (5), ÔÓÎÛ˜ËÏ

anr
n + an–1r

n–1 + ... + a1r + a0 = 0. (7)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ÏÂÒÚÓ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl Ï˚ ÔÓÎÛ˜ËÎË ‡Î-
„Â·‡Ë˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ ÚÓ„Ó ÊÂ ÔÓfl‰Í‡ n. äÓÌÂ˜ÌÓ, Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (5)
ÏÓÊÌÓ ËÒÍ‡Ú¸ Ë ‚ ÌÂÒÍÓÎ¸ÍÓ ‰Û„ÓÈ ÙÓÏÂ:

x(t) = B e–rt,

Ó‰Ì‡ÍÓ ÍÓÌÂ˜Ì˚È ÂÁÛÎ¸Ú‡Ú ÓÚ ˝ÚÓ„Ó ÌÂ ËÁÏÂÌËÚÒfl.
ì‡‚ÌÂÌËÂ (7) Ì‡Á˚‚‡ÂÚÒfl ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÏ Ë ËÏÂÂÚ n ÍÓÌÂÈ:

r1, r2, r3,..., rn,

Í‡Ê‰˚È ËÁ ÍÓÚÓ˚ı ÏÓÊÂÚ ·˚Ú¸ ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Ï, ÏÌËÏ˚Ï ËÎË ÍÓÏÔÎÂÍÒ-
Ì˚Ï.

ÑÎfl Í‡Ê‰Ó„Ó ÍÓÌfl ri ÙÛÌÍˆËfl

    Ai
r tie
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Û‰Ó‚ÎÂÚ‚ÓflÂÚ Û‡‚ÌÂÌË˛ (5). ëÌÓ‚‡ ÔËÏÂÌflfl ÔËÌˆËÔ ÒÛÔÂÔÓÁËˆËË (4),
ÔÓÎÛ˜ËÏ ÔÓÎÌÓÂ Â¯ÂÌËÂ Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ‚Ë‰Â

    x t A A Ar t r t
n

r tn( ) ... .= + + +1 2
1 2e e e (8)

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÙÛÌÍˆËfl x(t) Û‰Ó‚ÎÂÚ‚ÓflÂÚ Û‡‚ÌÂÌË˛ (5), ÌÂÁ‡‚ËÒËÏÓ ÓÚ
ÚÓ„Ó, Í‡ÍËÂ ÁÌ‡˜ÂÌËfl ÔËÌËÏ‡˛Ú ÍÓ˝ÙÙËˆËÂÌÚ˚ Ai, Ú.Â. ‰‡ÌÌÓÂ Û‡‚ÌÂÌËÂ
‰Îfl Í‡Ê‰Ó„Ó Ì‡·Ó‡ ÍÓÌÂÈ ri ËÏÂÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ Â¯ÂÌËÈ. àÌ˚ÏË
ÒÎÓ‚‡ÏË, ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ Ai ÌÂ‚ÓÁÏÓÊÌÓ ÓÔÂ‰ÂÎËÚ¸, ËÏÂfl ÚÓÎ¸-
ÍÓ Ó‰ÌÓÓ‰ÌÓÂ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ. ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Ëı ‚˚˜ËÒÎËÚ¸,
ÌÂÓ·ıÓ‰ËÏÓ Á‡‰‡Ú¸ Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl, Ú.Â. ÛÍ‡Á‡Ú¸ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË x(t) Ë
ÂÂ ÔÓËÁ‚Ó‰Ì˚ı ‚ ÌÂÍÓÚÓ˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË t:

x(t) = ϕ0,  x′(t) = ϕ1,  x″(t) = ϕ2,...,   x
(n–1) (t) = ϕn–1. (9)

èËÏÂ˚ Â¯ÂÌËfl Û‡‚ÌÂÌËfl (5) ÔË‚Ó‰flÚÒfl ‚ „Î‡‚Â 2.
3. é·ÒÛ‰ËÏ ‰‡ÎÂÂ Â¯ÂÌËÂ ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl Ë ‡ÒÒÏÓÚËÏ ÚË

‚ÓÁÏÓÊÌ˚ı ÒÎÛ˜‡fl, ‡ ËÏÂÌÌÓ, ÍÓ„‰‡ f (t) fl‚ÎflÂÚÒfl ÒËÌÛÒÓË‰‡Î¸ÌÓÈ, ÔÂËÓ‰Ë˜Â-
ÒÍÓÈ ËÎË ÔÓ˜ÚË ÔÓËÁ‚ÓÎ¸ÌÓÈ ÙÛÌÍˆËÂÈ.

èÓÍ‡ÊÂÏ, ÔÂÊ‰Â ‚ÒÂ„Ó, ˜ÚÓ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (1) ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚
‚Ë‰Â ÒÎÂ‰Û˛˘ÂÈ ÒÛÏÏ˚:

x(t) = x0(t) + x1(t). (10)

á‰ÂÒ¸ x0(t) – ÔÓËÁ‚ÓÎ¸ÌÓÂ Â¯ÂÌËÂ Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl (5), x1(t) – ÌÂÍÓ-
ÚÓÓÂ ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (1).

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÓ‰ÒÚ‡ÌÓ‚Í‡ ‡‚ÂÌÒÚ‚‡ (10) ‚ Û‡‚ÌÂÌËÂ (1) ‰‡ÂÚ

    
a a a x tn

n

n n

n

n

d x t

dt

d x t

dt

0
1

1
0
1 0 0

( ) ( )
... ( )+ + +









+−

−

−

    
+ + + +








 =−

−

−
a a a x t f tn

n

n n

n

n

d x t

dt

d x t

dt

1
1

1
1
1 0 1

( ) ( )
... ( ) ( ). (11)

èÓ ÓÔÂ‰ÂÎÂÌË˛, ‚˚‡ÊÂÌËÂ ‚ ÔÂ‚˚ı ÒÍÓ·Í‡ı ‡‚ÌflÂÚÒfl ÌÛÎ˛, ‡ ‚˚‡ÊÂÌËÂ
‚Ó ‚ÚÓ˚ı ÒÍÓ·Í‡ı – ÙÛÌÍˆËË f (t). í‡ÍËÏ Ó·‡ÁÓÏ, ÙÛÌÍˆËfl x(t), Á‡‰‡‚‡ÂÏ‡fl
‡‚ÂÌÒÚ‚ÓÏ (10), fl‚ÎflÂÚÒfl Ú‡ÍÊÂ Â¯ÂÌËÂÏ ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl (1).      
êÂ¯ÂÌËÂ x0(t) Û‡‚ÌÂÌËfl (5) ·˚ÎÓ ÔË‚Â‰ÂÌÓ ‡ÌÂÂ. éÔÂ‰ÂÎËÏ ÚÂÔÂ¸ ‚ÚÓ-
ÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ Ô‡‚ÓÈ ˜‡ÒÚË ‚˚‡ÊÂÌËfl (10) – ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ x1(t). èÓ-  
Î‡„‡fl

f (t) = C cos(ωt + ϕ), (12)

ÔÂÂÔË¯ÂÏ (1) ‚ ‚Ë‰Â

    
a a a x t C tn

n

n n

n

n

d x t

dt

d x t

dt

1
1

1
1
1 0 1

( ) ( )
... ( ) cos( ).+ + + = +−

−

−
ω ϕ (13)

èÓÏËÏÓ ˝ÚÓ„Ó, ‡ÒÒÏÓÚËÏ Ú‡ÍÊÂ ÔÓıÓÊÂÂ Û‡‚ÌÂÌËÂ
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a a a y t C tn

n

n n

n

n

d y t

dt

d y t

dt

1
1

1
1
1 0 1

( ) ( )
... ( ) sin( ).+ + + = +−

−

−
ω ϕ (14)

ìÏÌÓÊ‡fl Â„Ó Ì‡ i, ‡ Á‡ÚÂÏ ÒÍÎ‡‰˚‚‡fl Ó·‡ Û‡‚ÌÂÌËfl, ÔÓÎÛ˜ËÏ

    
a a a z tn

n

n n

n

n

d z t

dt

d z t

dt

1
1

1
1
1 0 1

( ) ( )
... ( )+ + +−

−

−
 = C e–i(ωt + ϕ) = C e–iωt. (15)

á‰ÂÒ¸

C =  C e–iϕ

fl‚ÎflÂÚÒfl ÍÓÏÔÎÂÍÒÌÓÈ ‚ÂÎË˜ËÌÓÈ, Ë

z1(t) = x1(t) – iy1(t). (16)

ëÛ˘ÂÒÚ‚ÂÌÌÓ, ˜ÚÓ

x1(t) = Re z1(t). (17)

èÓÒÍÓÎ¸ÍÛ ‚ Ô‡‚ÓÈ ˜‡ÒÚË Û‡‚ÌÂÌËfl (15) ‚ÏÂÒÚÓ ÒËÌÛÒÓË‰‡Î¸ÌÓÈ ÙÛÌÍˆËË
ÒÚÓËÚ

C e–iωt,

Â„Ó Â¯ÂÌËÂ Á‡ÏÂÚÌÓ ÛÔÓ˘‡ÂÚÒfl.
ùÚÓ Ò‚flÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ

    
d

dt

i t i tie e− −= −ω ωω , 
    

d

dt

i t i ti
2

2
2e e− −= −ω ωω( )

Ë ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â

    

d

dt

n

n
i t n n i tie e− −= −ω ωω( ) .

ÅÎ‡„Ó‰‡fl ˝ÚÓÏÛ ÔÓËÒÍ ÙÛÌÍˆËË zi ÒÚ‡ÌÓ‚ËÚÒfl ˜ÂÁ‚˚˜‡ÈÌÓ ÔÓÒÚÓÈ Á‡‰‡-
˜ÂÈ.

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ

z1(t) = B e–iωt. (18)

èÓ‰ÒÚ‡ÌÓ‚Í‡ ˝ÚÓ„Ó ‚˚‡ÊÂÌËfl ‚ ÙÓÏÛÎÛ (15) ‰‡ÂÚ

B[(–iω)nan + (–iω)n–1an–1 + ... + a0] = C

Ë

      
B C=

− + − + +−
−( ) ( ) ...

.
i a i a an

n
n

nω ω 1
1 0

(19)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÂÂıÓ‰ ÓÚ ‡‚ÂÌÒÚ‚‡ (13) Í ÒÓÓÚÌÓ¯ÂÌË˛ (15) ÔË‚Ó‰ËÚ Í
ÁÌ‡˜ËÚÂÎ¸ÌÓÏÛ ÛÔÓ˘ÂÌË˛. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ‚ÏÂÒÚÓ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó
Û‡‚ÌÂÌËfl Ï˚ ÔÓÎÛ˜ËÎË ÔÓÒÚÂÈ¯ÂÂ ‡Î„Â·‡Ë˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ ÓÚÌÓÒËÚÂÎ¸ÌÓ
ÌÂËÁ‚ÂÒÚÌÓ„Ó B.
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îÓÏÛÎÛ (19) ÏÓÊÌÓ ÔÂÂÔËÒ‡Ú¸ ‚ ‚Ë‰Â

B = B e–iβ, (20)

„‰Â B Ë β – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‡ÏÔÎËÚÛ‰‡ Ë ‡„ÛÏÂÌÚ ÍÓÏÔÎÂÍÒÌÓ„Ó ˜ËÒÎ‡ B.
ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ‚˚‡ÊÂÌËfl (18), ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (15) ‰‡ÂÚÒfl

ÙÓÏÛÎÓÈ

z1(t) = B e–iβ e–iωt

ËÎË

z1(t) = B e–i(ωt + β). (21)

ç‡ÍÓÌÂˆ, ‚ÓÒÔÓÎ¸ÁÓ‚‡‚¯ËÒ¸ ‡‚ÂÌÒÚ‚ÓÏ (17), ÔÓÎÛ˜ËÏ ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ ËÒ-
ıÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl (13) ‚ ‚Ë‰Â

x1(t) = B cos(ω t + β). (22)

ÇÂÎË˜ËÌ˚ B Ë β, ÓÔÂ‰ÂÎflÂÏ˚Â ÙÓÏÛÎÓÈ (19), fl‚Îfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ
‡ÏÔÎËÚÛ‰ÓÈ Ë Ù‡ÁÓÈ ˜‡ÒÚÌÓ„Ó Â¯ÂÌËfl. ë‡‚ÌË‚‡fl ‡‚ÂÌÒÚ‚‡ (12) Ë (22), ÔË-
ıÓ‰ËÏ Í ‚˚‚Ó‰Û Ó ÚÓÏ, ˜ÚÓ ÂÒÎË ‚ıÓ‰ÓÏ ‚ ÒËÒÚÂÏÛ fl‚ÎflÂÚÒfl ÒËÌÛÒÓË‰‡Î¸Ì‡fl
ÙÛÌÍˆËfl, ÚÓ ˜‡ÒÚÌ˚Ï Â¯ÂÌËÂÏ ·Û‰ÂÚ Ú‡ÍÊÂ ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl, ËÏÂ-
˛˘‡fl ÚÛ ÊÂ ˜‡ÒÚÓÚÛ, ÌÓ ‰Û„ËÂ ‡ÏÔÎËÚÛ‰Û Ë Ù‡ÁÛ. í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔÓÍ‡-
Á‡ÎË, ˜ÚÓ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÙÓÏÛÎ˚ ùÈÎÂ‡ Á‡ÏÂÚÌÓ ÛÔÓ˘‡ÂÚ Â¯ÂÌËÂ Û‡‚-
ÌÂÌËfl (13). í‡ÍÓÈ ÔÓ‰ıÓ‰ Ó·˚˜ÌÓ Ì‡Á˚‚‡ÂÚÒfl ÓÔÂ‡ˆËÓÌÌ˚Ï ÏÂÚÓ‰ÓÏ.

4. ëÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ (10) ÔÓÎÌÓÂ Â¯ÂÌËÂ (‚˚ıÓ‰ ÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚) fl‚-
ÎflÂÚÒfl ÒÛÏÏÓÈ ‰‚Ûı ÒÎ‡„‡ÂÏ˚ı: Ó‰ÌÓ ËÁ ÌËı ÏÓÊÌÓ Ì‡Á‚‡Ú¸ Ò‚Ó·Ó‰Ì˚ÏË ÍÓ-
ÎÂ·‡ÌËflÏË, Ë ÓÌÓ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ Â¯ÂÌËÂ x0(t) Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl;
‰Û„ÓÂ fl‚ÎflÂÚÒfl ˜‡ÒÚÌ˚Ï Â¯ÂÌËÂÏ x1(t), ı‡‡ÍÚÂËÁÛ˛˘ËÏ ‚˚ÌÛÊ‰ÂÌÌ˚Â
ÍÓÎÂ·‡ÌËfl ÒËÒÚÂÏ˚.

í‡ÍËÏ Ó·‡ÁÓÏ, ËÏÂÂÏ

    x t A A A B tr t r t
n

r tn( ) ... cos( ).= + + + + +1 2
1 2e e e ω β (23)

á‰ÂÒ¸ ‚ÂÎË˜ËÌ˚ rn fl‚Îfl˛ÚÒfl ÍÓÌflÏË ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl.
óÚÓ·˚ ÓÔÂ‰ÂÎËÚ¸ ÌÂËÁ‚ÂÒÚÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ Ai, ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸
(Ú‡Í ÊÂ, Í‡Í Ë ‚ ÒÎÛ˜‡Â Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl) Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl, ÒÙÓÏÛ-
ÎËÓ‚‡ÌÌ˚Â ‰Îfl ÔÓÎÌÓ„Ó Â¯ÂÌËfl x(t). àÁ ‚˚‡ÊÂÌËfl (23) ‚Ë‰ÌÓ, ˜ÚÓ ‚ıÓ‰
ÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚ ‚ÒÂ„‰‡ ÔË‚Ó‰ËÚ Í  ‚ÓÁÌËÍÌÓ‚ÂÌË˛ Ò‚Ó·Ó‰Ì˚ı Ë ‚˚ÌÛÊ-
‰ÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ. èÓÒÍÓÎ¸ÍÛ Â‡Î¸Ì˚Â ÒËÒÚÂÏ˚ ‚ÒÂ„‰‡ fl‚Îfl˛ÚÒfl ‰ËÒÒËÔ‡-
ÚË‚Ì˚ÏË, Ò‚Ó·Ó‰Ì˚Â ÍÓÎÂ·‡ÌËfl x0(t) ÒÓ ‚ÂÏÂÌÂÏ Á‡ÚÛı‡˛Ú, Ë ‚ ÍÓÌˆÂ ÍÓÌˆÓ‚
ÓÒÚ‡˛ÚÒfl ÚÓÎ¸ÍÓ ‚˚ÌÛÊ‰ÂÌÌ˚Â ÍÓÎÂ·‡ÌËfl. Ç ˝ÚÓÏ ÒÏ˚ÒÎÂ ÏÓÊÌÓ ÒÍ‡Á‡Ú¸,
˜ÚÓ ÂÒÎË ‚ıÓ‰ÓÏ ‚ ÒËÒÚÂÏÛ ·˚Î‡ ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl, ÚÓ ‚˚ıÓ‰ÓÏ ·Û‰ÂÚ
Ú‡ÍÊÂ ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl ÚÓÈ ÊÂ ˜‡ÒÚÓÚ˚, ÔË ÛÒÎÓ‚ËË, ˜ÚÓ Ò‚Ó·Ó‰Ì˚Â
ÍÓÎÂ·‡ÌËfl Í ˝ÚÓÏÛ ÏÓÏÂÌÚÛ ‚ÂÏÂÌË ÔÓÎÌÓÒÚ¸˛ ËÒ˜ÂÁÎË. ùÚÓ – Ó‰ÌÓ ËÁ Ì‡Ë-
·ÓÎÂÂ ‚‡ÊÌ˚ı Ò‚ÓÈÒÚ‚ ÎËÌÂÈÌ˚ı ÒËÒÚÂÏ. é‰Ì‡ÍÓ ÌÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ  
‚ Ì‡˜‡Î¸Ì˚È ÔÂËÓ‰ ‚ÂÏÂÌË, ÍÓ„‰‡ Â˘Â ÔËÒÛÚÒÚ‚Û˛Ú Ò‚Ó·Ó‰Ì˚Â ÍÓÎÂ·‡-
ÌËfl, ÔÓÎÌ˚È ‚˚ıÓ‰ x(t) ÏÓÊÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÚÎË˜‡Ú¸Òfl ÓÚ ÒËÌÛÒÓË‰‡Î¸ÌÓÈ
ÙÛÌÍˆËË.
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5. å˚ ÓÔËÒ‡ÎË ÓÔÂ‡ˆËÓÌÌ˚È ÏÂÚÓ‰, ÔÓÁ‚ÓÎfl˛˘ËÈ Ì‡ÈÚË Â¯ÂÌËÂ
Ó·˚ÍÌÓ‚ÂÌÌÓ„Ó ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‚ıÓ‰ÓÏ fl‚Îfl-
ÂÚÒfl ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl. éÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ ‡Ì‡ÎÓ„Ë˜Ì˚È ÔÓ‰ıÓ‰ ÏÓÊÌÓ
ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÔË Â¯ÂÌËË ÎËÌÂÈÌÓ„Ó ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl Ò ˜‡ÒÚ-
Ì˚ÏË ÔÓËÁ‚Ó‰Ì˚ÏË ÔË ÛÒÎÓ‚ËË, ˜ÚÓ Â„Ó Â¯ÂÌËÂ ÓÔËÒ˚‚‡ÂÚÒfl ÒËÌÛÒÓË-
‰‡Î¸ÌÓÈ ÙÛÌÍˆËÂÈ.

óÚÓ·˚ ÔÓËÎÎ˛ÒÚËÓ‚‡Ú¸ ÒÍ‡Á‡ÌÌÓÂ, ‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘ÂÂ ‰ËÙÙÂÂÌ-
ˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ:

    
∇ = + + =2

2

2

2

2

2

2
U U

x

U

y

U

z

U
t

∂

∂

∂

∂

∂

∂

∂
∂

α , (24)

„‰Â α – ÔÓÒÚÓflÌÌ˚È ÍÓ˝ÙÙËˆËÂÌÚ, U – ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl ‚ÂÏÂÌË:

U = A cos(ω t + ϕ). (25)

Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ‡ÏÔÎËÚÛ‰‡ A Ë Ù‡Á‡ ϕ Á‡‚ËÒflÚ Ú‡ÍÊÂ ÓÚ ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË
Ì‡·Î˛‰ÂÌËfl x, y Ë z. èÓÒÍÓÎ¸ÍÛ ÙÛÌÍˆËfl U fl‚ÎflÂÚÒfl ÔÓËÁ‚Â‰ÂÌËÂÏ ‰‚Ûı ÒÓ-
ÏÌÓÊËÚÂÎÂÈ

A(x, y, z, t)  Ë  cos[ω t + ϕ(x, y, z)]

Ë Í‡Ê‰˚È ËÁ ÌËı Á‡‚ËÒËÚ ÓÚ ÍÓÓ‰ËÌ‡Ú, ÔÓ‰ÒÚ‡ÌÓ‚Í‡ ˝ÚËı ÒÓÏÌÓÊËÚÂÎÂÈ ‚
ÙÓÏÛÎÛ (24) ÌÂ ÔË‚Ó‰ËÚ ÌË Í Í‡ÍÓÏÛ ÛÔÓ˘ÂÌË˛. Ç ÚÓ ÊÂ ‚ÂÏfl ËÒÔÓÎ¸ÁÓ-
‚‡ÌËÂ ÍÓÏÔÎÂÍÒÌ˚ı ÔÂÂÏÂÌÌ˚ı, ‚ ˜‡ÒÚÌÓÒÚË ÙÓÏÛÎ˚ ùÈÎÂ‡, ÒÚ‡ÌÓ‚ËÚÒfl
Ó˜ÂÌ¸ ˝ÙÙÂÍÚË‚Ì˚Ï. óÚÓ·˚ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ˝ÚËÏ, ÔÂÂÔË¯ÂÏ Â˘Â ‡Á Û‡‚-
ÌÂÌËÂ (24) ‚ ‚Ë‰Â

    
∇ = + + =2

2

2

2

2

2

2
V V

x

V

y

V

z

V
t

∂

∂

∂

∂

∂

∂

∂
∂

α . (26)

á‰ÂÒ¸

V = A sin(ω t + ϕ). (27)

Ñ‡ÎÂÂ, ÛÏÌÓÊ‡fl ‚˚‡ÊÂÌËÂ (26) Ì‡ – i Ë ÒÍÎ‡‰˚‚‡fl ÔÓÎÛ˜Ë‚¯ÂÂÒfl ‡‚ÂÌÒÚ‚Ó Ò
Û‡‚ÌÂÌËÂÏ (24), Ì‡ıÓ‰ËÏ

    
∇ = + + =2

2

2

2

2

2

2
Z Z

x

Z

y

Z

z

Z
t

∂

∂

∂

∂

∂

∂

∂
∂

α , (28)

„‰Â

Z(x, y, z, t) = U(x, y, z, t) + iV(x, y, z, t) (29)

ËÎË

Z(x, y, z, t) = Z(x, y, z) e–iωt (30)

Ë
Z(x, y, z) = A e–iϕ. (31)
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ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ Â¯ÂÌËÂ Û‡‚ÌÂÌËÂ (15) Ú‡ÍÊÂ ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ ‚Ë-
‰Â ÔÓËÁ‚Â‰ÂÌËfl ‰‚Ûı ÙÛÌÍˆËÈ, Ó‰Ì‡ ËÁ ÍÓÚÓ˚ı, B, fl‚ÎflÂÚÒfl ÙÛÌÍˆËÂÈ ÚÓÎ¸-
ÍÓ ÍÓÓ‰ËÌ‡Ú, ‡ ‰Û„‡fl, e–iωt, Á‡‚ËÒËÚ ÚÓÎ¸ÍÓ ÓÚ ‚ÂÏÂÌË.

èÓ‰ÒÚ‡ÌÓ‚Í‡ ‚˚‡ÊÂÌËfl (30) ‚ Û‡‚ÌÂÌËÂ (28) ‰‡ÂÚ

∇2Z + k2Z = 0. (32)

á‰ÂÒ¸

k2 = i α ω.

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ÏÂÒÚÓ Û‡‚ÌÂÌËfl ‰ËÙÙÛÁËË (28) Ï˚ ÔË¯ÎË Í Û‡‚ÌÂÌË˛
ÉÂÎ¸Ï„ÓÎ¸ˆ‡ (32) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚ Z. èÓÒÍÓÎ¸ÍÛ Û‡‚-
ÌÂÌËÂ (32) ÌÂ ÒÓ‰ÂÊËÚ ‚ÂÏÂÌË, Ì‡ÈÚË Â„Ó Â¯ÂÌËÂ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓÒÚÓ.
ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ÙÓÏÛÎ˚ (31), ÁÌ‡fl Z, Á‡ÚÂÏ ÏÓÊÌÓ Ì‡ÈÚË ‡ÏÔÎËÚÛ‰Û Ë Ù‡ÁÛ
ÙÛÌÍˆËË U, Á‡‰‡‚‡ÂÏÓÈ ‚˚‡ÊÂÌËÂÏ (25). ÄÌ‡ÎÓ„Ë˜Ì˚È ÔÓ‰ıÓ‰ ÏÓÊÌÓ ËÒ-
ÔÓÎ¸ÁÓ‚‡Ú¸ Ë ÔË Â¯ÂÌËË ‚ÓÎÌÓ‚Ó„Ó Û‡‚ÌÂÌËfl:

    
∇ =2

2

2

2

1U
c

U

t

∂

∂
.
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èêàãéÜÖçàÖ 6

êüÑõ îìêúÖ

1. ëËÌÛÒÓË‰‡Î¸Ì˚Â ÙÛÌÍˆËË

A sin x  Ë  B cos x (1)

fl‚Îfl˛ÚÒfl ÔÓÒÚÂÈ¯ËÏË ÔËÏÂ‡ÏË ÔÂËÓ‰Ë˜ÂÒÍËı ÙÛÌÍˆËÈ, ÔË˜ÂÏ Ëı ÔÓ-
ËÁ‚Ó‰Ì˚Â Ë ÔÂ‚ÓÓ·‡ÁÌ˚Â – Ú‡ÍÊÂ ÔÂËÓ‰Ë˜ÂÒÍËÂ ÙÛÌÍˆËË. äÓÌÂ˜ÌÓ, ÒÛ˘Â-
ÒÚ‚ÛÂÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ‰Û„Ëı ÔÂËÓ‰Ë˜ÂÒÍËı ÙÛÌÍˆËÈ, Û‰Ó‚ÎÂÚ‚Ófl-
˛˘Ëı ÒÓÓÚÌÓ¯ÂÌË˛

f (x + l) = f (x), (2)

„‰Â l Ó·ÓÁÌ‡˜‡ÂÚ ÔÂËÓ‰.
èËÏÂ˚ Ú‡ÍËı ÙÛÌÍˆËÈ ÔË‚Â‰ÂÌ˚ Ì‡ ËÒ. 1.
2. Ç Ì‡˜‡ÎÂ 19-„Ó ‚ÂÍ‡ îÛ¸Â ÔÓÍ‡Á‡Î, ˜ÚÓ ÔÓ˜ÚË Î˛·Û˛ ÔÂËÓ‰Ë˜ÂÒÍÛ˛

ÙÛÌÍˆË˛ ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÎÂ‰Û˛˘ÂÈ ÒÛÏÏ˚:

    
f x b a n x b n xn n

nn
( ) sin cos= + +

=

∞

=

∞

∑∑0 1 1
11

ω ω , (3)

ÍÓÚÓ‡fl Ì‡Á˚‚‡ÂÚÒfl fl‰ÓÏ îÛ¸Â.
á‰ÂÒ¸ n – ˆÂÎÓÂ ˜ËÒÎÓ, an Ë bn – ÔÓÒÚÓflÌÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚, ÌÂ Á‡‚ËÒfl-

˘ËÂ ÓÚ ‡„ÛÏÂÌÚ‡ x, Ë

    
ω π
1

2=
l

. (4)

èÂÂÔË¯ÂÏ ‚˚‡ÊÂÌËÂ (3) ‚ ‚Ë‰Â

    
f x b a x b xn n n n

nn
( ) sin cos ,= + +

=

∞

=

∞

∑∑0
11

ω ω (5)

„‰Â

ωn = n ω1  ËÎË  
    
ω π

n
nl

= 2 ,  
    
ln

l

n
= . (6)

èÓ ÓÔÂ‰ÂÎÂÌË˛, ω n Ë ln – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ˜‡ÒÚÓÚ‡ Ë ÔÂËÓ‰ ˜ÎÂÌ‡ fl‰‡ Ò
ÌÓÏÂÓÏ n.

Ç ˜‡ÒÚÌÓÒÚË, ‚ÂÎË˜ËÌ˚ l1 = l Ë ω1 = ω ÔÂ‚˚ı ˜ÎÂÌÓ‚

a1 sin ω1x  Ë  b1 sin ω1x  

ı‡‡ÍÚÂËÁÛ˛Ú ÔÂËÓ‰ Ë ˜‡ÒÚÓÚÛ Ò‡ÏÓÈ ÙÛÌÍˆËË f (x).
ëÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ (3), ÙÛÌÍˆËfl f (x) ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ ‚Ë‰Â ÒÛÏÏ˚ ÚÂı
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˜ÎÂÌÓ‚. èÂ‚˚È ˜ÎÂÌ b0 fl‚ÎflÂÚÒfl ÔÓÒÚÓflÌÌÓÈ. ÇÚÓÓÈ ˜ÎÂÌ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ-
·ÓÈ ·ÂÒÍÓÌÂ˜ÌÛ˛ ÒÛÏÏÛ ÒËÌÛÒÓË‰‡Î¸Ì˚ı ÙÛÌÍˆËÈ, ËÏÂ˛˘Ëı ‡ÁÎË˜Ì˚Â
‡ÏÔÎËÚÛ‰˚ Ë ˜‡ÒÚÓÚ˚:

a1 sin ω1x + a2 sin 2ω1x + a3 sin 3ω1x + ...

ëÛ˘ÂÒÚ‚ÂÌÌÓ, ˜ÚÓ ÔÂ‚ÓÂ ÒÎ‡„‡ÂÏÓÂ ˝ÚÓÈ ÒÛÏÏ˚ Ë ÙÛÌÍˆËfl f (x) ËÏÂ˛Ú Ó‰Ë-
Ì‡ÍÓ‚˚Â ˜‡ÒÚÓÚ˚. é‰Ì‡ÍÓ Ò ÓÒÚÓÏ n Û‚ÂÎË˜Ë‚‡ÂÚÒfl Ë ˜‡ÒÚÓÚ‡ ω n, Á‡‰‡‚‡ÂÏ‡fl
ÙÓÏÛÎÓÈ (6).

ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ ‡ÁÌÓÒÚ¸ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı ˜‡ÒÚÓÚ ‡‚ÌflÂÚÒfl ω1:
ωn – ωn–1 = n ω1 – (n – 1)ω1 = ω1  ËÎË

    
∆ω ω π= =1

2

l
. (7)

íÂÚËÈ ˜ÎÂÌ ‚ ‚˚‡ÊÂÌËË (5) Ú‡ÍÊÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ·ÂÒÍÓÌÂ˜ÌÛ˛
ÒÛÏÏÛ:

a1 cos ω1x + a2 cos 2ω1x + a3 cos 3ω1x + ...

î‡ÁÓ‚˚È Ò‰‚Ë„ ÏÂÊ‰Û ˜ÎÂÌ‡ÏË Ò ÌÓÏÂÓÏ n ‚ ÔÂ‚ÓÈ Ë ‚ÚÓÓÈ ÒÛÏÏÂ ‡‚-
ÌflÂÚÒfl π/2. óÎÂÌ˚ ˝ÚËı ÒÛÏÏ Ì‡Á˚‚‡˛ÚÒfl „‡ÏÓÌËÍ‡ÏË n-„Ó ÔÓfl‰Í‡; ‚ ˜‡ÒÚ-
ÌÓÒÚË b0 fl‚ÎflÂÚÒfl „‡ÏÓÌËÍÓÈ ÌÛÎÂ‚Ó„Ó ÔÓfl‰Í‡.

êËÒ. 1.  èÂËÓ‰Ë˜ÂÒÍËÂ ÙÛÌÍˆËË
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èÓ‚Â‰ÂÌËÂ ÔÂ‚˚ı ˜ÎÂÌÓ‚ fl‰‡, ËÏÂ˛˘Ëı ÌÛÎÂ‚˚Â ‡ÏÔÎËÚÛ‰˚, ÔÓÍ‡Á‡ÌÓ
Ì‡ ËÒ. 2.

3. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‡‚ÂÌÒÚ‚Ó (5) ‚˚ÔÓÎÌflÂÚÒfl ÚÓÎ¸ÍÓ ÔË ÓÔÂ‰ÂÎÂÌÌ˚ı
ÁÌ‡˜ÂÌËflı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ an Ë bn, Ë Ì‡¯‡ Á‡‰‡˜‡ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ·˚ Ëı
Ì‡ÈÚË. èÓˆÂ‰Û‡ ÔÓËÒÍ‡ ˝ÚËı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÒÓÒÚÓËÚ ËÁ ÚÂı ¯‡„Ó‚. ç‡˜-
ÌÂÏ Ò ÚÓ„Ó, ˜ÚÓ ÓÔÂ‰ÂÎËÏ b0. ìÏÌÓÊ‡fl ÎÂ‚Û˛ Ë Ô‡‚Û˛ ˜‡ÒÚË ÙÓÏÛÎ˚ (5)
Ì‡ dx Ë ËÌÚÂ„ËÛfl ‚ ÔÂ‰ÂÎ‡ı ÓÚ – l/2 ‰Ó l/2, ÔÓÎÛ˜ËÏ

    

f x dx b dx a n x dx b n x dxn n
nn

( ) sin cos .
− − − −

=

∞

=

∞

∫ ∫ ∫ ∫∑∑= + +
1
2

1
2

0
1
2

1
2

1
2

1
2

1
1
2

1
2

1
11

ω ω (8)

èÓÒÍÓÎ¸ÍÛ

    

sin( ) cos cos
cos( )

− −
∫ = − = − 




− −










=

1
2

1
2

1
1

1 1
2

1
2

1

1 2

2

2

2
0n x dx n n

n x

n n l

l

l

lω
ω

ω ω

π π

Ë

    

sin( ) sin sin ,
sin( )

− −
∫ = − = 




− −










=

1
2

1
2

1
1

1 1
2

1
2

1

1 2

2

2

2
0n x dx n n

n x

n n l

l

l

lω
ω

ω ω

π π

ÙÓÏÛÎ‡ (8) ÔËÌËÏ‡ÂÚ ‚Ë‰

    

f x dx lb( )
−

∫ =
1
2

1
2

0 (9)

êËÒ. 2.  îÛÌÍˆËË sin nx Ë cos nx ‰Îfl
n = 1, 2, 3
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ËÎË

    

b f x dx
l

0
1
2

1
21=
−

∫ ( ) . (10)

í‡ÍËÏ Ó·‡ÁÓÏ, ÍÓÌÒÚ‡ÌÚ‡ b0 ÓÔÂ‰ÂÎflÂÚÒfl ÔÎÓ˘‡‰¸˛ ÔÓ‰ ÍË‚ÓÈ f (x) Ì‡ ËÌ-
ÚÂ‚‡ÎÂ, ‡‚ÌÓÏ ÔÂËÓ‰Û l.

óÚÓ·˚ Ì‡ÈÚË ÍÓ˝ÙÙËˆËÂÌÚ˚ an, ÛÏÌÓÊËÏ Ó·Â ˜‡ÒÚË ÙÓÏÛÎ˚ (5) Ì‡
sin(mω1x) Ë ÒÌÓ‚‡ ÔÓËÌÚÂ„ËÛÂÏ ‚ ÔÂ‰ÂÎ‡ı ËÌÚÂ‚‡Î‡ l. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓ-
ÎÛ˜ËÏ

    

f x m x dx b m x dx a M b Nn n
n

n n
n

( )sin( ) sin( )
− −

=

∞

=

∞

∫ ∫ ∑ ∑= + +
1
2

1
2

1 0
1
2

1
2

1
1 1

ω ω , (11)

„‰Â

    

M n x m x dxn =
−

∫ sin( )sin( )
1
2

1
2

1 1ω ω

Ë

    

N n x m x dxn =
−

∫ cos( )sin( ) .
1
2

1
2

1 1ω ω

á‰ÂÒ¸ m ≥ 1 – Î˛·ÓÂ ˆÂÎÓÂ ˜ËÒÎÓ.
àÒÔÓÎ¸ÁÛÂÏ ‰‡ÎÂÂ ‡‚ÂÌÒÚ‚‡

sin(u + v) = sin u  cos v + sin v cos u

Ë (12)

sin(u – v) = sin u  cos v – sin v cos u ,

‡ Ú‡ÍÊÂ

cos(u + v) = cos u  cos v – sin u sin v

Ë (13)

cos(u – v) = cos u cos v – sin u sin v.

àÁ ÌËı ÒÎÂ‰ÛÂÚ, ˜ÚÓ
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sin u sin v = 
  
1

2
[cos(u – v) – cos(u + v)],

cos u cos v = 
  
1

2
[cos(u – v) + cos(u + v)], (14)

sin u cos v = 
  
1

2
[sin(u + v) + sin(u – v)].

èÓÎ‡„‡fl

u = n ω1x  Ë  v = m ω1x,

ÔÓÎÛ˜ËÏ

    

M n m x dx n m x dxn = − − +














− −

∫ ∫
1

2 1
2

1
2

1
1
2

1
2

1cos[( ) ] cos[( ) ] .ω ω (15)

èÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ‡‚ÌflÂÚÒfl ÌÛÎ˛ ÔË n ≠ m, ÔÓÒÍÓÎ¸ÍÛ ‡ÁÌÓÒÚ¸     
n – m Ë ÒÛÏÏ‡ n + m fl‚Îfl˛ÚÒfl ˆÂÎ˚ÏË ˜ËÒÎ‡ÏË.

èË n = m ËÏÂÂÏ

    

M dx m x dxn = −














− −

∫ ∫
1

2 1
2

1
2

1
2

1
2

12cos( )ω

ËÎË Mn = 1/2.

í‡ÍËÏ Ó·‡ÁÓÏ,

    

M
n m

n mn l=
≠

=







0

2

   

  

,

.
(16)

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔÂ‚‡fl ÒÛÏÏ‡ ‚ Ô‡‚ÓÈ ˜‡ÒÚË ‚˚‡ÊÂÌËfl (15) ÔÂÓ·‡ÁÛÂÚÒfl
Í ‚Ë‰Û

    
a M an n

n
m

l=
=

∞

∑
1 2

. (17)

àÁ ÔÓÒÎÂ‰ÌÂ„Ó ‡‚ÂÌÒÚ‚‡ (14) ‚Ë‰ÌÓ, ˜ÚÓ ‚ÒÂ ËÌÚÂ„‡Î˚ Nn ËÒ˜ÂÁ‡˛Ú:

    
b Nn n

n
=

=

∞

∑
1

0. (18)

ì˜ËÚ˚‚‡fl, ˜ÚÓ ÔÂ‚˚È ˜ÎÂÌ

    

b m x dx0
1
2

1
2

1sin( )
−

∫ ω



497

Ú‡ÍÊÂ ‡‚ÌflÂÚÒfl ÌÛÎ˛, ÓÍÓÌ˜‡ÚÂÎ¸ÌÓ ÔÓÎÛ˜ËÏ

    

f x m x dx am
l( )sin( )

−

∫ =
1
2

1
2

1
2

ω

ËÎË, Á‡ÏÂÌflfl m Ì‡ n,

    

a f x n x dxn
l

=
−

∫
2

1
2

1
2

1( )sin( ) .ω (19)

íÂÔÂ¸, ÛÏÌÓÊ‡fl Ó·Â ˜‡ÒÚË ÙÓÏÛÎ˚ (5) Ì‡ cos(nω1x) Ë ‚˚ÔÓÎÌflfl ÓÔÂ‡-
ˆËË, ‡Ì‡ÎÓ„Ë˜Ì˚Â ÔÂ‰˚‰Û˘ËÏ, ÔÓÎÛ˜ËÏ

    

b f x n x dxn
l

=
−

∫
2

1
2

1
2

1( ) cos( ) .ω (20)

í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ ÔÓÍ‡Á‡ÎË, ˜ÚÓ fl‰, ÒÚÓfl˘ËÈ ‚ Ô‡‚ÓÈ ˜‡ÒÚË ‚˚‡ÊÂÌËfl
(5), ÒÓ‚Ô‡‰‡ÂÚ Ò ÔÂËÓ‰Ë˜ÂÒÍÓÈ ÙÛÌÍˆËÂÈ f (x), ÂÒÎË Â„Ó ÍÓ˝ÙÙËˆËÂÌÚ˚ b0, an

Ë bn Ò‚flÁ‡Ì˚ Ò ÙÛÌÍˆËÂÈ f (x) ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

    

b f x dx
l

0
1
2

1
21=
−

∫ ( ) ,

    

a f x n x dxn
l

=
−

∫
2

1
2

1
2

1( )sin( ) ,ω (21)

    

b f x n x dxn
l

=
−

∫
2

1
2

1
2

1( ) cos( ) .ω

ä‡Í ÓÚÏÂ˜‡ÎÓÒ¸ ‡ÌÂÂ, l fl‚ÎflÂÚÒfl ÔÂËÓ‰ÓÏ ÙÛÌÍˆËË f (x), ‡ ω 1 = 2π/l – ÂÂ
˜‡ÒÚÓÚÓÈ.

èÂÊ‰Â ˜ÂÏ Ó·ÒÛÊ‰‡Ú¸ Ò‚ÓÈÒÚ‚‡ fl‰Ó‚ îÛ¸Â, Á‡ÏÂÚËÏ ÒÎÂ‰Û˛˘ÂÂ:
‡) fl‰˚ îÛ¸Â ÔÂ‰ÒÚ‡‚Îfl˛Ú ÙÛÌÍˆË˛ Ì‡ ËÌÚÂ‚‡ÎÂ, ‡‚ÌÓÏ ÂÂ ÔÂËÓ‰Û l;
·) ‚˚‡ÊÂÌËfl (21) ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ·˚ÎË ÔÓÎÛ˜ÂÌ˚ ‚ ÔÂ‰ÔÓÎÓÊÂÌËË,

˜ÚÓ Ì‡˜‡ÎÓ ÍÓÓ‰ËÌ‡Ú x = 0 ÒÓ‚Ô‡‰‡ÂÚ Ò ÒÂÂ‰ËÌÓÈ ˝ÚÓ„Ó ËÌÚÂ‚‡Î‡. ç‡ÔË-
ÏÂ, ÂÒÎË ÔÓÏÂÒÚËÚ¸ ÚÓ˜ÍÛ x = 0 ‚ Ì‡˜‡ÎÓ ˝ÚÓ„Ó ËÌÚÂ‚‡Î‡, ÚÓ Á‡ÏÂÌ‡ ÔÂÂ-
ÏÂÌÌÓÈ
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y x l= +

2

‰‡ÒÚ

    
b f x dx

l

l

0
0

1= ∫ ( ) ,

    
a f x n x dxn

l

l
= ∫

2

0
1( )sin( ) ,ω (22)

    
b f x n x dxn

l

l
= ∫

2

0
1( ) cos( ) .ω

4. àÏÂÂÚÒfl ‰‚‡ ÒÎÛ˜‡fl, ÔË ÍÓÚÓ˚ı fl‰˚ îÛ¸Â ËÏÂ˛Ú ÁÌ‡˜ËÚÂÎ¸ÌÓ ·Ó-
ÎÂÂ ÔÓÒÚÓÈ ‚Ë‰. ê‡ÒÒÏÓÚËÏ ÒÌ‡˜‡Î‡ ÒÎÛ˜‡È, ÍÓ„‰‡ f (x) fl‚ÎflÂÚÒfl ˜ÂÚÌÓÈ
ÙÛÌÍˆËÂÈ:

f (x) = f (–x), (23)

èÓÒÍÓÎ¸ÍÛ ÔÓËÁ‚Â‰ÂÌËfl

f (x) sin(nω1x)   Ë  f (x) cos(nω1x)

fl‚Îfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÌÂ˜ÂÚÌÓÈ Ë ˜ÂÚÌÓÈ ÙÛÌÍˆËflÏË ÔÓ ÓÚÌÓ¯ÂÌË˛ Í
ÒÂÂ‰ËÌÂ ËÌÚÂ‚‡Î‡ x = 0, ÍÓ˝ÙÙËˆËÂÌÚ˚ an ‰ÓÎÊÌ˚ ‡‚ÌflÚ¸Òfl ÌÛÎ˛:

an = 0

Ë fl‰ îÛ¸Â ÔËÌËÏ‡ÂÚ ‚Ë‰

    
f x b b n xn

n
( ) cos( ),= +

=

∞

∑0 1
1

ω (24)

„‰Â

    
b f x dx

l
0

0

1
22= ∫ ( ) (25)

Ë

    
b f x n x dxn

l
= ∫

4
1

0

1
2

( ) cos( ) .ω (26)

à Ì‡Ó·ÓÓÚ, ÂÒÎË ÙÛÌÍˆËfl f (x) ÌÂ˜ÂÚÌ‡fl:

f (x) = – f (–x),

ÚÓ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ
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f (x) cos(nω1x)

Ú‡ÍÊÂ fl‚ÎflÂÚÒfl ÌÂ˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

bn = 0,

‚ÍÎ˛˜‡fl ˜ÎÂÌ b0.
ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‚ÏÂÒÚÓ ÙÓÏÛÎ˚ (5) ËÏÂÂÏ

    
f x a n xn

n
( ) sin( )=

=

∞

∑ ω1
1

(27)

Ë

    
a f x n x dxn

l
= ∫

4
1

0

1
2

( )sin( ) ,ω (28)

ÔÓÒÍÓÎ¸ÍÛ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ fl‚ÎflÂÚÒfl ˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ.
êfl‰˚ îÛ¸Â ‰Îfl ÙÛÌÍˆËÈ, ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ı Ì‡ ËÒ. 1, ËÏÂ˛Ú ÒÎÂ‰Û˛˘ËÈ

‚Ë‰:

    
y x

x x x= − + + + +







π

π2

4 3

3

5

5

7

72 2 2
cos ... ,

cos cos cos

    
y x x x
= + + −






2

1

2

2

3

3

sin sin sin
...

Ë

    
y xa x x
= + + +








4 3

3

5

5π
sin ... .

sin sin

5. èÓÎÂÁÌÓ Ú‡ÍÊÂ ÔÂ‰ÒÚ‡‚ËÚ¸ fl‰˚ îÛ¸Â ‚ ÌÂÒÍÓÎ¸ÍÓ ‰Û„ÓÈ ÙÓÏÂ.
ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ‚˚‡ÊÂÌËfl (5),

    
f x b a n x b n xn

n
n( ) [ sin( ) cos( )].= + +

=

∞

∑0 1
1

1ω ω (29)

èÓÎ‡„‡fl ‚ ˝ÚÓÏ ‚˚‡ÊÂÌËË

an = An sin ϕn  Ë  bn = An cos ϕn, (30)

ÔÓÎÛ˜ËÏ

    
f x b A n xn

n
n( ) cos( ).= + −

=

∞

∑0
1

1ω ϕ (31)

àÁ ÔÓÒÎÂ‰ÌÂÈ ÙÓÏÛÎ˚ ‚Ë‰ÌÓ, ˜ÚÓ ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÙÛÌÍˆËfl ÓÔËÒ˚‚‡ÂÚÒfl ‚
Ó·˘ÂÏ ÒÎÛ˜‡Â ÔÓÒÚÓflÌÌ˚Ï ÒÎ‡„‡ÂÏ˚Ï b0 Ë ·ÂÒÍÓÌÂ˜ÌÓÈ ÒÛÏÏÓÈ ÒËÌÛÒÓË-
‰‡Î¸Ì˚ı ÙÛÌÍˆËÈ, ËÏÂ˛˘Ëı ‡ÁÎË˜Ì˚Â ‡ÏÔÎËÚÛ‰˚ Ë Ì‡˜‡Î¸Ì˚Â Ù‡Á˚. Ç ÚÓ
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ÊÂ ‚ÂÏfl, ˜‡ÒÚÓÚ˚ ω n ˝ÚËı ÙÛÌÍˆËÈ Á‡‰‡˛ÚÒfl ‚˚‡ÊÂÌËflÏË (6). ç‡·Ó˚
˜ËÒÂÎ A(ωn) Ë ϕ(ωn) Ó·˚˜ÌÓ Ì‡Á˚‚‡˛ÚÒfl ‡ÏÔÎËÚÛ‰Ì˚Ï Ë Ù‡ÁÓ‚˚Ï ÒÔÂÍÚÓÏ
ÔÂËÓ‰Ë˜ÂÒÍÓÈ ÙÛÌÍˆËË f (x) (ËÒ. 3, ‡, ·). èÓÒÍÓÎ¸ÍÛ ‡ÁÌÓÒÚ¸ ÔÓÒÎÂ‰Ó‚‡-
ÚÂÎ¸Ì˚ı ˜‡ÒÚÓÚ ‡‚ÌflÂÚÒfl ÍÓÌÂ˜ÌÓÏÛ ÌÂÌÛÎÂ‚ÓÏÛ ÁÌ‡˜ÂÌË˛ ω 1, Ú‡ÍËÂ ÒÔÂÍÚ-
˚ Ì‡Á˚‚‡˛ÚÒfl ‰ËÒÍÂÚÌ˚ÏË. é˜Â‚Ë‰ÌÓ, ˜ÚÓ Ò Û‚ÂÎË˜ÂÌËÂ ÔÂËÓ‰‡ l, ‡ÁÌËˆ‡
ÏÂÊ‰Û ˜‡ÒÚÓÚ‡ÏË ωn Ë ωn–1  ÒÚÂÏËÚÒfl Í ÌÛÎ˛. åÓÊÌÓ ÓÊË‰‡Ú¸, ˜ÚÓ ‚ ÔÂ‰Â-
ÎÂ l → ∞ ÒÔÂÍÚ ÒÚ‡ÌÓ‚ËÚÒfl ÌÂÔÂ˚‚Ì˚Ï.

6. èÛÒÚ¸ ÙÛÌÍˆËfl f (x) Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ì‡ ËÌÚÂ‚‡ÎÂ

– l/2 < x < l/2

ÒÎÂ‰Û˛˘ËÏ ÛÒÎÓ‚ËflÏ ÑËËıÎÂ:
‡) f (x) fl‚ÎflÂÚÒfl Ó‰ÌÓÁÌ‡˜ÌÓÈ, ÍÓÌÂ˜ÌÓÈ ÙÛÌÍˆËÂÈ, ËÏÂ˛˘ÂÈ ÍÓÌÂ˜ÌÓÂ

˜ËÒÎÓ ‡Á˚‚Ó‚;
·) f (x)  ËÏÂÂÚ ÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ Ï‡ÍÒËÏÛÏÓ‚ Ë ÏËÌËÏÛÏÓ‚.
íÓ„‰‡ ËÁ ÚÂÓËË fl‰Ó‚ îÛ¸Â ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚Ó ‚ÒÂı ÚÓ˜Í‡ı ÌÂÔÂ˚‚ÌÓÒÚË

fl‰ îÛ¸Â ÒıÓ‰ËÚÒfl Í ÙÛÌÍˆËË f (x), ‡ ‚ ÚÓ˜ÍÂ ‡Á˚‚‡ x0 – Í ÁÌ‡˜ÂÌË˛

    

f x f x( ) ( )0 0

2

− + +ε ε . (32)

á‰ÂÒ¸ ε – ·ÂÒÍÓÌÂ˜ÌÓ Ï‡Î‡fl ‚ÂÎË˜ËÌ‡. Ñ‡ÌÌÓÂ ÒÂ‰ÌÂÂ ÁÌ‡˜ÂÌËÂ ‰‚Ûı ÔÂ‰ÂÎ¸-
Ì˚ı Ó‰ËÌ‡Ú ÂÒÚÂÒÚ‚ÂÌÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ ‚ Í‡˜ÂÒÚ‚Â ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË f (x) ‚
ÚÓ˜ÍÂ x = x0. çÂÍÓÚÓ˚Â ËÁ ÔË‚Â‰ÂÌÌ˚ı ‚˚¯Â ÔËÏÂÓ‚ ËÎÎ˛ÒÚËÛ˛Ú ˝ÚÓ
ËÌÚÂÂÒÌÓÂ ÔÓ‚Â‰ÂÌËÂ fl‰Ó‚ îÛ¸Â.

á‡ÏÂÚËÏ, ˜ÚÓ ÙÛÌÍˆËË x–1 Ë sin x–1 ÌÂ Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚ËflÏ ÑËËıÎÂ
Ì‡ ËÌÚÂ‚‡ÎÂ, ÒÓ‰ÂÊ‡˘ÂÏ ÚÓ˜ÍÛ x = 0.

7. óÚÓ·˚ ÔÓ‰ÂÏÓÌÒÚËÓ‚‡Ú¸ ÒıÓ‰ËÏÓÒÚ¸ fl‰Ó‚ îÛ¸Â, ‡ÒÒÏÓÚËÏ
ÙÛÌÍˆË˛

    
f x x

x
( ) ,

.
= − − < <

+ < <




1 0
1 0
  
   

π
π

ÖÂ fl‰ îÛ¸Â ËÏÂÂÚ ‚Ë‰

    

4

1

3

3

5

5

2 1

2 1π

sin sin sin sin( )... ... .x x x n x

n
+ + + + +





−

−
(33)

éÚÒ˛‰‡ ‚Ë‰ÌÓ, ˜ÚÓ, ÌÂÒÏÓÚfl Ì‡ ÚÓ, ˜ÚÓ ÙÛÌÍˆËfl f (x) ÔËÌËÏ‡ÂÚ ÔÓÒÚÓflÌ-
Ì˚Â ÁÌ‡˜ÂÌËfl ‚ ÔÂ‰ÂÎ‡ı Í‡Ê‰Ó„Ó ÔÓÎÛÔÂËÓ‰‡, Ì‡ ÍÓÚÓÓÏ Í‡Ê‰˚È ËÁ ˜ÎÂ-
ÌÓ‚ fl‰‡ (33) fl‚ÎflÂÚÒfl ÒËÌÛÒÓË‰‡Î¸ÌÓÈ ÙÛÌÍˆËÂÈ, ÒÛÏÏ‡ sn ‰ÓÒÚ‡ÚÓ˜ÌÓ ·˚ÒÚ-
Ó ÒıÓ‰ËÚÒfl Í f (x) Ì‡ ËÌÚÂ‚‡ÎÂ 0 < x < π (ËÒ. 3). íÂÏ ÌÂ ÏÂÌÂÂ, ÒıÓ‰ËÏÓÒÚ¸
ÒÚ‡ÌÓ‚ËÚÒfl ·ÓÎÂÂ ÏÂ‰ÎÂÌÌÓÈ ÔÓ ÏÂÂ ÔË·ÎËÊÂÌËfl Í ÚÓ˜ÍÂ ‡Á˚‚‡, Ì‡ÔË-
ÏÂ x = 0, ˜ÚÓ ÔË‚Ó‰ËÚ Í ÌÂÓ·ıÓ‰ËÏÓÒÚË Û˜ËÚ˚‚‡Ú¸ ‚ÒÂ ·ÓÎ¸¯Â ˜ÎÂÌÓ‚ fl‰‡.
ä‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 3, ‚, Ò Û‚ÂÎË˜ÂÌËÂÏ ˜ËÒÎ‡ n ‡ÒÚÂÚ Ú‡ÍÊÂ ÍÓÎË˜ÂÒÚ‚Ó Ï‡Í-
ÒËÏÛÏÓ‚ ÒÛÏÏ˚ sn, Ë ÔÂ‚˚È Ï‡ÍÒËÏÛÏ ÔË·ÎËÊ‡ÂÚÒfl Í ÚÓ˜ÍÂ x = 0. éÚÒ˛‰‡
ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚ ÔÂ‰ÂÎÂ n → ∞ ÁÌ‡˜ÂÌËÂ ˝ÚÓ„Ó Ï‡ÍÒËÏÛÏ‡ ÒÚÂÏËÚÒfl Í (1.18),
‡ ÔÂ‰ÂÎ¸Ì‡fl Ó‰ËÌ‡Ú‡ ÙÛÌÍˆËË f (x) ‡‚Ì‡ Â‰ËÌËˆÂ. ùÚÓ fl‚ÎÂÌËÂ ·˚ÎÓ ÓÚ-
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Í˚ÚÓ ÉË··ÒÓÏ. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÂ‰ÒÚ‡‚ÎflÚ¸ ÙÛÌÍˆËË Ëı fl‰‡ÏË îÛ¸Â
‚·ÎËÁË ÚÓ˜ÂÍ ‡Á˚‚‡ ÌÂ Û‰Ó·ÌÓ.

8. ê‡ÌÂÂ Ï˚ Ì‡¯ÎË ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ s1(x) ÎËÌÂÈÌÓ„Ó ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó
Û‡‚ÌÂÌËfl ‰Îfl ÒÎÛ˜‡fl, ÍÓ„‰‡ ‚ıÓ‰ÓÏ fl‚ÎflÂÚÒfl ÒËÌÛÒÓË‰‡Î¸Ì‡fl ÙÛÌÍˆËfl

f (x) = A cos(ω t + ϕ). (34)

Ç ˝ÚÓÏ ÒÎÛ˜‡Â

s1(x)  = C cos(ω t + τ). (35)

èÂ‰ÔÓÎÓÊËÏ ÚÂÔÂ¸, ˜ÚÓ ‚ıÓ‰ÓÏ fl‚ÎflÂÚÒfl ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÙÛÌÍˆËfl f (x) Ò
ÔÂËÓ‰ÓÏ l Ë ˜‡ÒÚÓÚÓÈ ω1 = 2π/l.

íÓ„‰‡ ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ s1(x) ‰ÓÎÊÌÓ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÒÎÂ‰Û˛˘ÂÏÛ Û‡‚ÌÂ-
ÌË˛:

êËÒ. 3.  ëÔÂÍÚ ÔÂËÓ‰Ë˜ÂÒÍÓÈ
ÙÛÌÍˆËË. ùÙÙÂÍÚ ÉË··Ò‡
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a a a s x f xn

n

n n

n

n

d s x

dx

d s x

dx

1
1

1
1
1 0 1

( ) ( )
... ( ) ( ).+ + + =−

−

−
(36)

àÒÔÓÎ¸ÁÛfl ‡ÁÎÓÊÂÌËÂ ‚ fl‰ îÛ¸Â, ÔÓÎÛ˜ËÏ

    
f x b A n xn

n
n( ) cos( ).= + −

=

∞

∑0
1

1ω ϕ (37)

èËÏÂÌflfl ÔËÌˆËÔ ÒÛÔÂÔÓÁËˆËË, ÔÓÎÛ˜ËÏ, ˜ÚÓ ˜‡ÒÚÌÓÂ Â¯ÂÌËÂ ÏÓÊÌÓ
Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â fl‰‡ îÛ¸Â

    
s x s C n xn

n
n1 0

1
1( ) cos( )= + −

=

∞

∑ ω τ , (38)

˜ÎÂÌ˚ ÍÓÚÓÓ„Ó ÏÓÊÌÓ ÎÂ„ÍÓ Ì‡ÈÚË.
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èêàãéÜÖçàÖ 7

àçíÖÉêÄã îìêúÖ

ä‡Í ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ ‡ÌÂÂ, ÔÂËÓ‰Ë˜ÂÒÍÛ˛ ÙÛÌÍˆË˛

f(x) = f (x + l),

Û‰Ó‚ÎÂÚ‚Ófl˛˘Û˛ ÛÒÎÓ‚ËflÏ ÑËËıÎÂ, ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â fl‰‡ îÛ¸Â

    
f x b a n x b n xn

n
n

n
( ) sin cos ,= + +

=

∞

=

∞

∑ ∑0
1

1
1

1ω ω (1)

„‰Â

ωn = nω1 = n
    
2π

l
, (2)

    

b f x dx
l

0
1
2

1
21=
−

∫ ( ) , (3)

    

a f x n x dxn
l

=
−

∫
2

1
1
2

1
2

( )sin ω

Ë (4)

    

b f x n x dxn
l

=
−

∫
2

1
1
2

1
2

( ) cos .ω

ë Û‚ÂÎË˜ÂÌËÂÏ ÔÂËÓ‰‡ ‡ÁÌÓÒÚ¸ ˜‡ÒÚÓÚ

∆ω  = ωn – ωn–1 = ω1 = 
    
2π

l
(5)

ÒÚÂÏËÚÒfl Í ÌÛÎ˛, Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‚ ÔÂ‰ÂÎÂ l → ∞ ÒÔÂÍÚ ÙÛÌÍˆËË f (x)
ÒÚ‡ÌÓ‚ËÚÒfl ÌÂÔÂ˚‚Ì˚Ï. Ç ÚÓ ÊÂ ‚ÂÏfl ÙÛÌÍˆËfl f (x) ÔÂÂÒÚ‡ÂÚ ·˚Ú¸ ÔÂËÓ-
‰Ë˜ÂÒÍÓÈ. óÚÓ·˚ ÓÒÛ˘ÂÒÚ‚ËÚ¸ ÔÂÂıÓ‰ Í ÔÂ‰ÂÎ¸ÌÓÏÛ ÒÎÛ˜‡˛, fl‰˚ îÛ¸Â
ÌÂÓ·ıÓ‰ËÏÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ Ó·‡ÁÓÏ ÏÓ‰ËÙËˆËÓ‚‡Ú¸.

2. ì˜ËÚ˚‚‡fl ÙÓÏÛÎÛ ùÈÎÂ‡

e±iϕ = cos ϕ ± i sin ϕ,

‚ÏÂÒÚÓ ‚˚‡ÊÂÌËfl (1) Á‡ÔË¯ÂÏ
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f x b a bn

n

in x in x

n
n

in x in x

i
( ) = + + =

=

∞ −

=

∞ −

∑ ∑− +
0

1 1

1 1 1 1

2 2

e e e e
ω ω ω ω

    
= + +

− +

=

∞

=

∞
−∑ ∑b

b ia b ian n

n

in x n n

n

in x
0

1 12 2
1 1e eω ω (6)

ËÎË

    
f x b c cn

n

in x
n

n

in x( ) = + +∗

=

∞

=

∞
−∑ ∑0

1 1

1 1e eω ω . (7)

á‰ÂÒ¸

    
cn

n nb ia
=

+

2
  Ë  

    
cn

n nb ia∗ =
−

2
. (8)

ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ‚˚‡ÊÂÌËÈ (4),

    

c f x dxn
in x

l
=

−

∫
1

1
2

1
2

1( )e ω

Ë (9)

    

c f x dxn
in x

l

∗

−

−= ∫
1

1
2

1
2

1( ) .e ω

á‰ÂÒ¸ n – ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ˆÂÎÓÂ ˜ËÒÎÓ, n = 1, 2, 3,...
ë‡‚ÌÂÌËÂ ‡‚ÂÌÒÚ‚ (9) ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ

  cn
∗  = c–n. (10)

êfl‰ (7) ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‰‚Ûı ‡ÁÎË˜Ì˚ı ÙÓÏ‡ı, ‡ ËÏÂÌÌÓ:

    
f x b cn

n

in x( ) = +
=−∞

∞
−∑0

1e ω

ËÎË (11)

    
f x b cn

n

in x( ) = + ∗

=−∞

∞
−∑0

1e ω

ÔË ÛÒÎÓ‚ËË, ˜ÚÓ ‚ Ó·ÂËı ÒÛÏÏ‡ı ÓÚ·Ó¯ÂÌ ˜ÎÂÌ Ò n = 0.
àÁ ‚˚‡ÊÂÌËÈ (3) Ë (9) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

b0 = c0 =     c0
∗ , (12)
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Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‡‚ÂÌÒÚ‚‡ (11) ÏÓÊÌÓ ÔÂÂÔËÒ‡Ú¸ Í‡Í

    
f x cn

n

in x( ) =
=−∞

∞
−∑ e ω1 (13)

ËÎË

    
f x cn

n

in x( ) = ∗

=−∞

∞

∑ e ω1 , (14)

Ë ˝ÚË ÒÛÏÏ˚ ÛÊÂ ÒÓ‰ÂÊ‡Ú ˜ÎÂÌ Ò n = 0. ëÎÂ‰ÛÂÚ Á‡ÏÂÚËÚ¸, ˜ÚÓ Í‡Ê‰‡fl ËÁ
ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ı ‚˚¯Â ÒÛÏÏ ÒÓ‚Ô‡‰‡ÂÚ Ò fl‰ÓÏ îÛ¸Â (1), ÔÓÒÍÓÎ¸ÍÛ ÏÌËÏ˚Â
˜‡ÒÚË ÒÛÏÏ ‡‚Ì˚ ÌÛÎ˛.

èÓÍ‡ÊÂÏ ÚÂÔÂ¸, Í‡Í ˝ÚË ‰ÓÒÚ‡ÚÓ˜ÌÓ ÒÎÓÊÌ˚Â ‚˚‡ÊÂÌËfl ÏÓÊÌÓ ˝ÙÙÂÍ-
ÚË‚ÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰Îfl ÔÓÎÛ˜ÂÌËfl fl‰Ó‚ îÛ¸Â ‚ ÔÂ‰ÂÎ¸ÌÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡
ÔÂËÓ‰ l ÒÚÂÏËÚÒfl Í ·ÂÒÍÓÌÂ˜ÌÓÒÚË.

ê‡ÒÒÏÓÚËÏ ÔÂÊ‰Â ‚ÒÂ„Ó ‚˚‡ÊÂÌËfl (9) Ë (13):

    
f x cn

n

i n x( ) =
=−∞

∞
−∑ e ω1

Ë

    

c f x dxn
in x

l
=

−

−
∫

1

1
2

1
2

1( )e ω .

àÁ ÌËı ÒÎÂ‰ÛÂÚ, ˜ÚÓ

    

f x f x dx
l n

in x in x( ) ( )=
















=−∞

∞

−

−∑ ∫
1

1
2

1
2

1 1e eω ω

ËÎË

    

f x f x dx
n

i x i xn n( ) ( ) ,=
















=−∞

∞

−

−∑ ∫
1

2 1
2

1
2

π

ω ω ωe e ∆ (15)

Ú‡Í Í‡Í

    
l = 2

1

π

ω
  Ë  ω 1 = ∆ω .

Ç ÔÂ‰ÂÎÂ, ÔË l → ∞ ÔÓ‚Â‰ÂÌËÂ ÙÛÌÍˆËË f (x) ÔÂÂÒÚ‡ÂÚ ·˚Ú¸ ÔÂËÓ‰Ë˜ÂÒÍËÏ
Ë ÒÚ‡ÌÓ‚ËÚÒfl ÔÓËÁ‚ÓÎ¸Ì˚Ï. èÓÒÍÓÎ¸ÍÛ ‡ÁÌÓÒÚ¸ ÒÓÒÂ‰ÌËı ˜‡ÒÚÓÚ ÒÚÂÏËÚÒfl
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Í ÌÛÎ˛, ∆ω → 0, ÒÛÏÏÛ ‚ Ô‡‚ÓÈ ˜‡ÒÚË ‡‚ÂÌÒÚ‚‡ (15) ÏÓÊÌÓ Á‡ÏÂÌËÚ¸ ËÌ-
ÚÂ„‡ÎÓÏ ÔÓ ‚ÒÂÏ ˜‡ÒÚÓÚ‡Ï:

    
f x F di x( ) ( ) ,=

−∞

∞
−∫

1

2π
ω ωωe (16)

„‰Â

    
F f x di x( ) ( ) .ω ωω=

−∞

∞

∫ e (17)

èÓÒÎÂ‰ÌËÂ ‰‚‡ ‚˚‡ÊÂÌËfl ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ ÔÂÓ·‡ÁÓ‚‡ÌËÂ îÛ¸Â
ÙÛÌÍˆËË f (x), ‡ ÙÛÌÍˆËfl F(ω) Ì‡Á˚‚‡ÂÚÒfl ÒÔÂÍÚÓÏ ÙÛÌÍˆËË f (x) ËÎË ÂÂ
ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰ÓÈ. í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÓÚÎË˜ËÂ ÓÚ ÔÂËÓ‰Ë˜ÂÒÍËı
ÙÛÌÍˆËÈ, ÔÓËÁ‚ÓÎ¸Ì‡fl ÙÛÌÍˆËfl f (x) ÓÔËÒ˚‚‡ÂÚÒfl ÒËÌÛÒÓË‰‡Î¸Ì˚ÏË „‡ÏÓ-
ÌËÍ‡ÏË ‚ÒÂı ‚ÓÁÏÓÊÌ˚ı ˜‡ÒÚÓÚ. àÌ˚ÏË ÒÎÓ‚‡ÏË, Ú‡ÍËÂ ÙÛÌÍˆËË ı‡‡ÍÚÂË-
ÁÛ˛ÚÒfl ÌÂÔÂ˚‚Ì˚Ï ÒÔÂÍÚÓÏ. îÛÌÍˆË˛ f (x) ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ÌÂÒÍÓÎ¸-
ÍÓ ‰Û„ÓÏ ‚Ë‰Â.

àÒÔÓÎ¸ÁÛfl ‚˚‡ÊÂÌËfl (9) Ë (14), ÔÓÎÛ˜ËÏ

    

f x f x dx
l n

in x in x( ) ( )=
















=−∞

∞

−

−∑ ∫
1

1
2

1
2

1 1e eω ω

ËÎË

    

f x f x dx
n

i x i xn n( ) ( ) .=
















=−∞

∞

−

−∑ ∫
1

2 1
2

1
2

π

ω ω ωe e ∆

ê‡ÒÒÏ‡ÚË‚‡fl ÔÂ‰ÂÎ¸Ì˚È ÒÎÛ˜‡È, ÔËıÓ‰ËÏ Í ‰Û„ÓÈ Ô‡Â ÔÂÓ·‡ÁÓ‚‡ÌËÈ
îÛ¸Â:

    
f x F di x( ) ( )=

−∞

∞

∫
1

2π
ω ωωe

Ë (18)

    
F f x dxi x( ) ( ) .ω ω=

−∞

∞
−∫ e

ÅÂÁÛÒÎÓ‚ÌÓ, Ó·Â ÙÓÏ˚ ÔÂÓ·‡ÁÓ‚‡ÌËfl îÛ¸Â fl‚Îfl˛ÚÒfl ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË, Ë
‚ ‰‡Î¸ÌÂÈ¯ÂÏ Ï˚ ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÔÂ‚Û˛ ËÁ ÌËı, Á‡‰‡‚‡ÂÏÛ˛ ‚˚‡ÊÂÌË-
flÏË (16) Ë (17).

3. èÓ ÓÔÂ‰ÂÎÂÌË˛, ÒÔÂÍÚ F(ω) fl‚ÎflÂÚÒfl ÍÓÏÔÎÂÍÒÌÓÈ ÙÛÌÍˆËÂÈ, ÍÓÚÓ-
Û˛ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Í‡Í
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F(ω) = Re F(ω) + i Im F(ω) (19)

ËÎË

F(ω) = |F(ω)|eiϕ(ω). (20)

èÓ‰ÒÚ‡‚Îflfl ÔÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ‚ ÔÂÓ·‡ÁÓ‚‡ÌËÂ îÛ¸Â (16), ÔÓÎÛ˜ËÏ

    
f x F di x( ) ( ) .( )=

−∞

∞
− −

∫
1

2π
ω ωω ϕe (21)

ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÙÛÌÍˆË˛ ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ·ÂÒ-
ÍÓÌÂ˜ÌÓÈ ÒÛÏÏ˚ ÒËÌÛÒÓË‰‡Î¸Ì˚ı ÍÓÎÂ·‡ÌËÈ

    
∆ω

π
ω

2
F( )     e

− −i x( ) ,ω ϕ (22)

ËÏÂ˛˘Ëı ·ÂÒÍÓÌÂ˜ÌÓ Ï‡Î˚Â ‡ÏÔÎËÚÛ‰˚ Ë ‡ÁÌ˚Â ˜‡ÒÚÓÚ˚ Ë Ù‡Á˚.
ê‡ÒÒÏÓÚËÏ ÌÂÍÓÚÓ˚Â ‚‡ÊÌ˚Â Ò‚ÓÈÒÚ‚‡ ˝ÚÓ„Ó ÒÔÂÍÚ‡. èÂÊ‰Â ‚ÒÂ„Ó, ËÁ

‡‚ÂÌÒÚ‚ (17) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÒÔÂÍÚ˚ F1(ω) Ë F2(ω) ‡‚Ì˚ ‰Û„ ‰Û„Û:

F1(ω) = F2(ω), (23)

ÂÒÎË ‡‚Ì˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÙÛÌÍˆËË

f1(x) = f2(x).

àÁ ‚˚‡ÊÂÌËÈ (17) Ë (19) ËÏÂÂÏ

Re F(ω) + i Im F(ω) =
    

f x dxi x( )e ω

−∞

∞

∫

ËÎË

Re F(ω) =
    

f x x dx( ) cos( )ω
−∞

∞

∫ (24)

Ë

Im F(ω) =
    

f x x dx( )sin( ) .ω
−∞

∞

∫ (25)

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‰ÂÈÒÚ‚ËÚÂÎ¸Ì‡fl Ë ÏÌËÏ‡fl ˜‡ÒÚË ÒÔÂÍÚ‡ fl‚Îfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ-
‚ÂÌÌÓ ˜ÂÚÌÓÈ Ë ÌÂ˜ÂÚÌÓÈ ÙÛÌÍˆËflÏË ˜‡ÒÚÓÚ˚:

Re F(ω) = Re F(–ω)

Ë

Im F(ω) = – Im F(–ω). (26)

4. èÂÂÔË¯ÂÏ ‚˚‡ÊÂÌËÂ (16) ‚ ‰Û„ÓÈ ÙÓÏÂ. àÒÔÓÎ¸ÁÛfl ÙÓÏÛÎÛ      
ùÈÎÂ‡, ÔÓÎÛ˜ËÏ
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f x F i F x i x d( ) (Re Im )(cos sin )= + − =

−∞

∞

∫
1

2π
ω ω ω

    
= + +

−∞

∞

∫
1

2π
ω ω ω ω ω[Re ( )cos Im ( )sin ]F x F x d

    
+ −

−∞

∞

∫
i F x F x d

2π
ω ω ω ω ω[Im ( )cos Re ( )sin ] . (27)

ì˜ËÚ˚‚‡fl, ˜ÚÓ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ ‚Ó ‚ÚÓÓÏ ÒÎ‡„‡ÂÏÓÏ fl‚ÎflÂÚ-
Òfl ÌÂ˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ, ÙÓÏÛÎÛ (27) ÏÓÊÌÓ ÛÔÓÒÚËÚ¸ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

    
f x F x F x d( ) [Re ( )cos Im ( )sin ] .= +

−∞

∞

∫
1

2π
ω ω ω ω ω (28)

èÓÒÍÓÎ¸ÍÛ f (x) – ‰ÂÈÒÚ‚ËÚÂÎ¸Ì‡fl ÙÛÌÍˆËfl, ÂÒÚÂÒÚ‚ÂÌÌÓ, ˜ÚÓ ÏÌËÏ‡fl ˜‡ÒÚ¸
‚˚‡ÊÂÌËfl (27) Ó·‡˘‡ÂÚÒfl ‚ ÌÓÎ¸.

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÙÛÌÍˆËfl f (x) ‚Â‰ÂÚ ÒÂ·fl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

    
f x x

f x x
( ) ,

( ) .
= <

≥




0 0
0

       
 

(29)

Ñ‡ÎÂÂ, ÔÓÎ‡„‡fl, ˜ÚÓ x ‚ ‚˚‡ÊÂÌËË (28) fl‚ÎflÂÚÒfl ÓÚËˆ‡ÚÂÎ¸Ì˚Ï, ÔÓÎÛ˜ËÏ

    
0 1

2
= − + −

−∞

∞

∫
π

ω ω ω ω ω[Re ( )cos( ) Im ( )sin( )]F x F x d

ËÎË

    
0 1

2
= −

−∞

∞

∫
π

ω ω ω ω ω[Re ( )cos Im ( )sin ] .F x F x d (30)

á‰ÂÒ¸ x ÔÓÎÓÊËÚÂÎ¸ÌÓ.
ëÛÏÏËÓ‚‡ÌËÂ ‚˚‡ÊÂÌËÈ (28) Ë (29) ‰‡ÂÚ

    
f x F x d( ) Re ( )cos=

−∞

∞

∫
1

π
ω ω ω

ËÎË

    
f x F x d( ) Re ( )cos ,=

∞

∫
2

0π
ω ω ω

ÔÓÒÍÓÎ¸ÍÛ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ fl‚ÎflÂÚÒfl ˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ ˜‡ÒÚÓ-     
Ú˚ ω.
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í‡ÍËÏ ÊÂ Ó·‡ÁÓÏ ËÁ ‚˚‡ÊÂÌËÈ (28) Ë (30) ÔÓÎÛ˜ËÏ

    
f x F x d( ) Im ( )sin .=

∞

∫
2

0π
ω ω ω (32)

èÓÒÎÂ‰ÌËÂ ‰‚‡ ‡‚ÂÌÒÚ‚‡ Ì‡Á˚‚‡˛Ú ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÍÓÒËÌÛÒ- Ë ÒËÌÛÒ-
ÔÂÓ·‡ÁÓ‚‡ÌËflÏË îÛ¸Â.

éÌË ÔÓÁ‚ÓÎfl˛Ú ‚˚˜ËÒÎËÚ¸ ÁÌ‡˜ÂÌËfl ÔÓËÁ‚ÓÎ¸ÌÓÈ ÙÛÌÍˆËË f (x), Á‡‰‡‚‡Â-
ÏÓÈ ‚˚‡ÊÂÌËÂÏ (29), ÔÓ Ó‰ÌÓÈ ÚÓÎ¸ÍÓ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÈ, ÎË·Ó ÏÌËÏÓÈ ˜‡ÒÚË
ÒÔÂÍÚ‡. àÌÚÂ„ËÓ‚‡ÌËÂ ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÚÓÎ¸ÍÓ ÔÓ ÔÓÎÓÊËÚÂÎ¸Ì˚Ï ˜‡ÒÚÓ-
Ú‡Ï. á‡ÏÂÚËÏ, ˜ÚÓ ËÁ ÙÓÏÛÎ (31) Ë (32) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

    
Re ( )cos Im ( )sin .F x d F x dω ω ω ω ω ω

0 0

∞ ∞

∫ ∫= (33)

èÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ÏÌËÏ‡fl Ë ‰ÂÈÒÚ‚ËÚÂÎ¸Ì‡fl ˜‡ÒÚË ÒÔÂÍÚ-
‡ Ò‚flÁ‡Ì˚ ‰Û„ Ò ‰Û„ÓÏ. àÌ˚ÏË ÒÎÓ‚‡ÏË, ÙÛÌÍˆËË

Re F(ω)  Ë  Im F(ω)  

ÌÂ fl‚Îfl˛ÚÒfl ÌÂÁ‡‚ËÒËÏ˚ÏË.
5. ê‡ÒÒÏÓÚËÏ ÌÂÒÍÓÎ¸ÍÓ ÔËÏÂÓ‚, ËÎÎ˛ÒÚËÛ˛˘Ëı ÔÓ‚Â‰ÂÌËÂ ÒÔÂÍÚ‡

F(ω).

èËÏÂ 1

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘Û˛ ÙÛÌÍˆË˛ f (x):

    
f x f x

xx
( ) ,

e .
= <

≥


 −0

0 0
0

       
  α

(34)

ÖÂ ÔÓ‚Â‰ÂÌËÂ ÔÓÍ‡Á‡ÌÓ Ì‡ ËÒ. 1, ‡. ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ÙÓÏÛÎ˚ (18),

    
F f dxx i x f

i
( )ω α ω

α ω
= =−

∞

∫
−

0
0

0e e

ËÎË

    
F f if( ) .ω α

α ω

ω

α ω
= +

+ +
0 2 2 0 2 2

(35)

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‰ÂÈÒÚ‚ËÚÂÎ¸Ì‡fl Ë ÏÌËÏ‡fl ˜‡ÒÚË ÒÔÂÍÚ‡ fl‚Îfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ-
‚ÂÌÌÓ ˜ÂÚÌÓÈ Ë ÌÂ˜ÂÚÌÓÈ ÙÛÌÍˆËflÏË. í‡ÍËÏ Ó·‡ÁÓÏ, ‡ÏÔÎËÚÛ‰Ì˚È Ë Ù‡ÁÓ-
‚˚È ÒÔÂÍÚ˚ ÂÒÚ¸

    
F

f
( ) ,ω

α ω
=

+

0

2 2
 
  
ϕ ω

α
= −tg 1 . (36)
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àı ÔÓ‚Â‰ÂÌËÂ ÒÛ˘ÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ Á‡‚ËÒËÚ ÓÚ Ô‡‡ÏÂÚ‡ α (ËÒ. 1 ·, ‚). Ç
ÔÂ‰ÂÎ¸ÌÓÏ ÒÎÛ˜‡Â ÒÚÛÔÂÌ˜‡ÚÓÈ ÙÛÌÍˆËË, α = 0, ËÏÂÂÏ

    
F

f
( )ω

ω
= 0   Ë  

  
ϕ π=

2
. (37)

Ç ˜‡ÒÚÌÓÒÚË, ÓÚÒ˛‰‡ ‚Ë‰ÌÓ, ˜ÚÓ ‚ ÒÔÂÍÚÂ ‰ÓÏËÌËÛ˛Ú ÌËÁÍËÂ ˜‡ÒÚÓÚ˚.

èËÏÂ 2

Ç ˝ÚÓÏ ÔËÏÂÂ ‡ÒÒÏÓÚËÏ ÙÛÌÍˆË˛, ÓÔËÒ˚‚‡˛˘Û˛Òfl ÔflÏÓÛ„ÓÎ¸Ì˚Ï
ËÏÔÛÎ¸ÒÓÏ (ËÒ. 1, „):

    

f t

t

f t t

t

( )

,

,

.

=

<

− ≤ ≤

>














0

0

2

2 2

2

0

       

  

      

τ

τ τ

τ

(38)

ëÔÂÍÚ ˝ÚÓÈ ÙÛÌÍˆËË ‰‡ÂÚÒfl ‚˚‡ÊÂÌËÂÏ

    

F f dti t i tf

i
( )ω ω

τ

τ

ω
τ

τ

ω
= =

−
−

∫0

2

2
0

2

2e e

êËÒ. 1.  îÛÌÍˆËË Ë ÒÔÂÍÚ˚
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ËÎË

    
F f( ) ,

sin /

/
ω τ

ωτ

ωτ
= 0

2

2
(39)

„‰Â f0τ – ÔÎÓ˘‡‰¸ ËÏÔÛÎ¸Ò‡.
Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÒÔÂÍÚ ÙÛÌÍˆËË fl‚ÎflÂÚÒfl ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Ï, Ú.Â. ‚ÒÂ ÒËÌÛÒÓË-

‰‡Î¸Ì˚Â „‡ÏÓÌËÍË ËÏÂ˛Ú ÌÛÎÂ‚Û˛ Ù‡ÁÛ. èÓ‚Â‰ÂÌËÂ ‡ÏÔÎËÚÛ‰˚ ÓÔÂ‰ÂÎflÂÚÒfl
ÓÚÌÓ¯ÂÌËÂÏ

  

sin /

/
.

ωτ

ωτ

2

2

6. ê‡ÌÂÂ Ï˚ ÓÔËÒ‡ÎË Â¯ÂÌËÂ ÎËÌÂÈÌÓ„Ó ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl
‰Îfl ÒÎÛ˜‡Â‚, ÍÓ„‰‡ Ô‡‚‡fl ˜‡ÒÚ¸ f (x) fl‚ÎflÎ‡Ò¸ ÎË·Ó ÒËÌÛÒÓË‰‡Î¸ÌÓÈ, ÎË·Ó ÔÂ-
ËÓ‰Ë˜ÂÒÍÓÈ ÙÛÌÍˆËÂÈ.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÒÎÛ˜‡È ÙÛÌÍˆËË f (x) Ò Ô‡ÍÚË˜ÂÒÍË ÔÓËÁ‚ÓÎ¸ÌÓÈ Á‡-
‚ËÒËÏÓÒÚ¸˛ ÓÚ x. ëÔÂÍÚ ˝ÚÓÈ ÙÛÌÍˆËË ËÁ‚ÂÒÚÂÌ Ë Á‡‰‡ÂÚÒfl ÙÓÏÛÎÓÈ (17).

ó‡ÒÚÌÓÂ Â¯ÂÌËÂ s1(x) Û‡‚ÌÂÌËfl

    
a a a s x f xn

n

n n

n

n

d s x

dx

d s x

dx

1
1

1
1
1 0 1

( ) ( )
... ( ) ( )+ + + =−

−

−
(41)

ÏÓÊÌÓ Ú‡ÍÊÂ ÔÂ‰ÒÚ‡‚ËÚ¸ Í‡Í

    
s x S di x
1 1

1

2
( ) ( ) .=

−∞

∞
−∫

π
ω ωωe (42)

Ç ˝ÚÓÏ ‚˚‡ÊÂÌËË ÙÛÌÍˆËfl s1(x) Ë ÂÂ ÒÔÂÍÚ S1(ω) ÌÂËÁ‚ÂÒÚÌ˚.
èÓ‰ÒÚ‡ÌÓ‚Í‡ ÒÓÓÚÌÓ¯ÂÌËÈ (16) Ë (42) ‚ ‡‚ÂÌÒÚ‚Ó (41) ‰‡ÂÚ

    
[ ( ) ( ) ... .a i a i a S d F dn

n
n

n i x i x− + − + + =−
−∞

∞
− − −

−∞

∞

∫ ∫ω ω ω ω ω ωω ω
1

1
0 1] ( )e ( )e (43)

èÓÒÍÓÎ¸ÍÛ ‡‚ÂÌÒÚ‚Ó ÙÛÌÍˆËÈ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ‡‚Ì˚ Ú‡ÍÊÂ Ë Ëı ÒÔÂÍÚ˚,
ÔÓÎÛ˜‡ÂÏ

    

S F

a i a i an
n

n
n1

1
1

0

( )ω ω

ω ω
=

− + − + +−
−

( )

( ) ( ) ...
. (44)

áÌ‡fl ÒÔÂÍÚ S1(ω) ˜‡ÒÚÌÓ„Ó Â¯ÂÌËfl Ë ÔËÏÂÌflfl ÔÂ‚ÓÂ ËÁ ÔÂÓ·‡ÁÓ‚‡ÌËÈ
îÛ¸Â (16), Ï˚ ÏÓÊÂÏ ÓÔÂ‰ÂÎËÚ¸ ÙÛÌÍˆË˛ s1(x).

7. ëÎÂ‰Û˛˘ÂÂ ÔËÏÂÌÂÌËÂ ÔÂÓ·‡ÁÓ‚‡ÌËfl îÛ¸Â Ò‚flÁ‡ÌÓ Ò Â¯ÂÌËÂÏ
‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ˜‡ÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı ÒÎÂ‰Û˛˘Â„Ó ‚Ë‰‡:

    
∇ − − =2

2

2
0U U

t

U

t
α β∂

∂

∂

∂
. (45)

á‰ÂÒ¸ U – ÙÛÌÍˆËfl ‚ÂÏÂÌË Ë ÍÓÓ‰ËÌ‡Ú ÚÓ˜ÍË Ì‡·Î˛‰ÂÌËfl, α  Ë β – ÌÂ-
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ÍÓÚÓ˚Â ÔÓÒÚÓflÌÌ˚Â. ç‡ÔËÏÂ, ÔÓÎ‡„‡fl ÎË·Ó α = 0, ÎË·Ó β = 0, Ï˚ ÔË-
ıÓ‰ËÏ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Í ‚ÓÎÌÓ‚ÓÏÛ Û‡‚ÌÂÌË˛ ËÎË Í Û‡‚ÌÂÌË˛ ‰ËÙÙÛÁËË.

óÚÓ·˚ ÛÔÓÒÚËÚ¸ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (45), ËÒÔÓÎ¸ÁÛÂÏ ËÌÚÂ„‡Î îÛ¸Â

      
U x y z t x y z di t( , , , ) ( , , , ) .      e= −

−∞

∞

∫
1

2π
ω ωωU (46)

èÓ‰ÒÚ‡ÌÓ‚Í‡ ˝ÚÓ„Ó ‚˚‡ÊÂÌËfl ‚ Û‡‚ÌÂÌËÂ (45) ‰‡ÂÚ

      

1

2

2 2 0
π

ωα βω ωω[ ]∇ + + =−

−∞

∞

∫ U U Ui di te

ËÎË

∇2U + k2U = 0, (47)

„‰Â

k2 = i ω α + β ω2. (48)

ì‡‚ÌÂÌËÂ (47) fl‚ÎflÂÚÒfl Û‡‚ÌÂÌËÂÏ ÉÂÎ¸Ï„ÓÎ¸ˆ‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÏ-
ÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚ U(x, y, z, ω), Ë ÓÌÓ, ÍÓÌÂ˜ÌÓ, ÔÓ˘Â Û‡‚ÌÂÌËfl (45),
ÔÓÒÍÓÎ¸ÍÛ ÙÛÌÍˆËfl U ÌÂ Á‡‚ËÒËÚ ÓÚ ‚ÂÏÂÌË. ç‡È‰fl ÙÛÌÍˆË˛ U Ë ËÒÔÓÎ¸-
ÁÛfl ‰‡ÎÂÂ ËÌÚÂ„‡Î îÛ¸Â, Ï˚ ÏÓÊÂÏ ÔÓÎÛ˜ËÚ¸ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (45). 
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èêàãéÜÖçàÖ  8

àçíÖÉêÄã ÑûÄåÖãü

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÒÍ‡ÎflÌ˚È ÔÓÚÂÌˆË‡Î Ô‡‰‡˛˘ÂÈ ‚ÓÎÌ˚ ÏÂÌflÂÚÒfl ‚Ó
‚ÂÏÂÌË Í‡Í ÙÛÌÍˆËfl, ÔÓÍ‡Á‡ÌÌ‡fl Ì‡ ËÒ. 1. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ˝ÚÛ ÙÛÌÍˆË˛
ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â ÒÛÏÏ˚ ÒÚÛÔÂÌ˜‡Ú˚ı ÙÛÌÍˆËÈ Ò ‡ÏÔÎËÚÛ‰ÓÈ ∆ϕ(τ),
„‰Â τ – ÏÓÏÂÌÚ ‚ÂÏÂÌË, ‚ ÍÓÚÓ˚È ÔÓËÒıÓ‰ËÚ ‚ÓÁ·ÛÊ‰ÂÌËÂ ‚ÓÎÌ˚. èÂ‰ÔÓ-
ÎÓÊËÏ Ú‡ÍÊÂ, ˜ÚÓ ÔÓÚÂÌˆË‡Î ‚ÚÓË˜ÌÓÈ ‚ÓÎÌ˚, ‚˚Á‚‡ÌÌÓÈ Â‰ËÌË˜ÌÓÈ ÒÚÛ-
ÔÂÌ˜‡ÚÓÈ ÙÛÌÍˆËÂÈ, ËÁ‚ÂÒÚÂÌ Ë ÓÔËÒ˚‚‡ÂÚÒfl ÙÛÌÍˆËÂÈ A(t – τ). é˜Â‚Ë‰ÌÓ,
˜ÚÓ ËÒÚÓ˜ÌËÍ  ‚ ‚Ë‰Â ÒÚÛÔÂÌ˜‡ÚÓÈ ÙÛÌÍˆËË Ò ‡ÏÔÎËÚÛ‰ÓÈ ∆ϕ(τ) ‚ÓÁ·ÛÊ‰‡ÂÚ
‚ÓÎÌÛ, ÔÓÚÂÌˆË‡Î ÍÓÚÓÓÈ ‡‚ÂÌ

∆ϕ(τ) A(t – τ).

ëÛÏÏËÛfl ‰ÂÈÒÚ‚ËÂ ‚ÒÂı ÒÚÛÔÂÌ˜‡Ú˚ı ÙÛÌÍˆËÈ ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚Â-
ÏÂÌË, Ì‡ıÓ‰ËÏ, ˜ÚÓ ‚ÚÓË˜Ì˚È ÔÓÚÂÌˆË‡Î ‡‚ÌflÂÚÒfl

    
ϕ ϕ ϕ τ τ ϕ τ τ

τ

τ

τ

τ ∂ϕ τ

∂τ
S

t t

t A t A t A t A t( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .( )= + − = + −
=

=

=

=

∑ ∑0 0
0 0
∆ ∆

ä‡Í ‚Ë‰ÌÓ ËÁ ËÒ. 1, ÔË·ÎËÊÂÌÌÓÂ ‚˚‡ÊÂÌËÂ

  
∆ ∆ϕ τ τ∂ϕ τ

∂τ
( ) ( )=

ÒÚ‡ÌÓ‚ËÚÒfl ‚ÒÂ ·ÓÎÂÂ ÚÓ˜Ì˚Ï ÔÓ ÏÂÂ ÛÏÂÌ¸¯ÂÌËfl ËÌÚÂ‚‡Î‡ ∆τ.
Ç ÔÂ‰ÂÎ¸ÌÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ∆τ ÒÚÂÏËÚÒfl Í ÌÛÎ˛, Ï˚ ÔÓÎÛ˜‡ÂÏ ËÌÚÂ„‡Î

Ò‚ÂÚÍË

    
ϕ ϕ τ τ∂ϕ τ

∂τ
S

t

t A t A t d( ) ( ) ( ) ( ) ,( )= + −∫0
0

(1)

êËÒ. 1.  èÂ‰ÒÚ‡‚ÎÂÌËÂ ÙÛÌÍˆËË
˜ÂÂÁ ËÌÚÂ„‡Î Ñ˛‡ÏÂÎfl
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ÍÓÚÓ˚È Ì‡Á˚‚‡ÂÚÒfl ËÌÚÂ„‡ÎÓÏ Ñ˛‡ÏÂÎfl. éÌ ÔÓÁ‚ÓÎflÂÚ ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ
Ô‡‰‡˛˘ÂÈ ‚ÓÎÌ˚ Ì‡ÈÚË ‚ÚÓË˜ÌÛ˛ ‚ÓÎÌÛ, ÔË ÛÒÎÓ‚ËË, ˜ÚÓ ÙÛÌÍˆËfl A(t – τ)
ËÁ‚ÂÒÚÌ‡. àÌÚÂ„ËÛfl ÔÓ ˜‡ÒÚflÏ Ô‡‚Û˛ ˜‡ÒÚ¸ ÙÓÏÛÎ˚ (1), ÔÓÎÛ˜ËÏ

    
ϕ ϕ ϕ τ τ∂ τ

∂τ
S

t

t t A A t( ) ( ) ( ) ( ) .( )= + −
∫0
0

∆ (2)

ùÚÓÚ ËÌÚÂ„‡Î Ì‡Á˚‚‡˛Ú ‚ÚÓÓÈ ÙÓÏÓÈ ËÌÚÂ„‡Î‡ Ñ˛‡ÏÂÎfl. íÓ˜ÌÓ Ú‡-
ÍÓÂ ÊÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‚ ÚÂı ÎËÌÂÈÌ˚ı ÒËÒÚÂÏ‡ı, ‰Îfl ÍÓ-
ÚÓ˚ı ËÁ‚ÂÒÚÂÌ ÓÚÍÎËÍ ÒÚÛÔÂÌ˜‡ÚÓÈ ÙÛÌÍˆËË.


