T1ABA 8. TIPUHLIUITBI TEOMETPUYECKON YCTAHOBKH

ITpucrymim Tenepp K M3YYCHHIO CHHYCOMJATBHBIX BOJH, YacTOTa KOTOPBIX
CTpeMUTCS K OECKOHEYHOCTH. Mbl YBU[IUM, YTO TaKUE BONHBI PacCIpOCTPaHSIOTCS
Yyepe3 OffHOPOHbIE YIACTKU CPEfbl BAOIb MPAMBIX Jy4el, He3aBUCUMO OT Halu-
Ynsl HEOTHOPOJJHOCTH B KakoM-nubo ApyroM Mecte. Kpome Toro, OymeT mpope-
MOHCTPHPOBAHO, YTO JIY4H ONpPEACIIAI0T HanpaBlneHus BeKTopos [loiHTHHra.

Kax 6p110 1MOKa3aHO paHee, B 00LIEM cly4yae, KOTJia UIMHA BOJHBI SBISETCS
MPOM3BOJIBHON, CKaNSpHBIA ToTeHIman U ynoBIeTBOpSAET ypaBHEHNIO ['ebMrons-
114, COAEPXKaIEMy YacCTHbIE IIPOU3BOAHBIE BTOPOTO NOpsAKa. B orTnmume oT KoM-
IJIEKCHOI ammuTyApl U, pemienne L ypaBHEHus 9¥iKOHaja, KOTOpOE SIBISETCH
0OBIKHOBEHHBIM AN epeHINaTIbHbIM YPaBHEHHEM BTOPOTO MOPsiAKa, — 3TO fick-
CTBHUTENbHAS (DYHKIMS ACACTBUTENBHOTO Xe aprymMenTa. [1o3ToMy pemmTs ypaBHe-
HHE 3JKOHana OOBIYHO Tpolle, YeM ypaBHEeHHe enbpmrosbna. [IeicTBHTENBHO,
JUIT MHOTHX MOJIEJIEH Cpefibl, BKIFOYAsi TOPH30HTANBHO-CIOUCTBIE MOJENN U MO-
fienu co chepruyecKol 1 MUINHAPUIECKON CAMMETPHEH, TyYl OUYeHb YacTO MOX-
HO 33/1aTh aHATIMTUYECKH.

XO0T4 B paccMaTpUBAEMOM 37IeCh CIy4ae JIMHBI BOJH CTPEMSITCS K HYJNIO, MO-
TYT HATHCh TaKUe 00JIacTH, I/Ie Bee Xe OyaeT HabmonaThesd Tudpakuus u, crefo-
BaTENIbHO, BMECTO YPABHEHNUS 3MKOHANA MPUJETCS PEMIaTh YpaBHEHUE | embMromns-
na. B aToMm ciydae 0ObIYHO HEOOXOAMMO HCIOJB30BAaTh YKMCIEHHbIE METOMbI pe-
1meHus AU epeHInanbibIX YpaBHEHUH ¢ YaCTHBIMU IPOM3BOJHBIMH.

8.1. JIYYA U X OCHOBHBIE CBOMICTBA

Kak Ob1710 MoKa3aHo B IJ1aBe 6, KOMIIIEKCHBIN moTeHnuan U 3amaeTcst B BbI-
COKOYaCTOTHOM 00J1aCTH BbIPaKEHUEM

U(r) = A(r) e'o-®, 8.1

3pech r — pagnyc-BeKTOP TOYKU HAOMIOEHNS P B CICTEME KOOPAMHAT C HAYaIOM B
Touke O, a

ko, = w/c,

0003HaYaeT BOITHOBOE YKCIIO B HEKOTOPOU 3aJaHHON TOUKE.

ITozxe Mbl 0oOcymuM, KaK HaiTH HEW3BECTHBIA dfiKoHan L(r) u ammmmrygy
A(r). B dpopmyne (8.1) npefmonaraeTcs, 9YTO BOJIHA B OKPECTHOCTH KaXk[ION TOY-
KU T SBISIETCS TWIOCKOH. ITO OOBACHIET OTHOCUTENBHYIO MPOCTOTY FeOMeTpHYec-
KOH aKyCTHKH.

JitkoHan L(r) 3aBUCHT OT KOOPAMHAT TOYKHU, a TaKXKe OT OTHOIIEHHUs BOJHO-
BBIX 4KCEI
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no ko _ G
Ko c(r)

¥ YIIOBJIETBOPSIET YPABHEHHIO 3HKOHAIA
grad’L = n* = (VL) (8.2)

CornacHo (8.1), sitkoHan L ormyaercs oT HauainbHON (asbl KL morennmana U
TONBKO MHOXHTETEM K,. TakuM 06pa3zoM, ero MOXKHO HCIONB30BATh HAPABHE C
(ha3oii 11s onucaHus reoMeTprr (Pa3oBbIX MOBEPXHOCTEH.

ITo onpepenennto, MOBEPXHOCTh MOCTOSIHHOM (Da3bl AaeTcsl BbIpaXkeHUEM

L(r) = const.

ITockoneky cynkuus L(r) 3agaeT cKaaspHOe NOJle, Mbl MOXKEM IPEACTaBUTb cele
9TO TONE B BUjie OECKOHEYHOTO MHOXKECTBA NMOBEPXHOCTEN IIOCTOSHHOTO 3MKOHa-
7a, Kaxpas U3 KOTOPBIX COBNAJIAET C COOTBETCTBYIOLIEH MOBEPXHOCTbIO NOCTOSH-
HO# (ha3bl. B nr000il TOUKE TaKo# MOBEPXHOCTH BBINIOJHAETCS YCIOBHE

aL
L _o, (8.4)
aq
rfe dq — aneMeHTapHOe CMEIIeHNe B KacaTeIbHOM ITOCKOCTH (pHC. 8.1, ).
C npyroii cTopoHbI, mpou3BofHas dL/dl Mo HampaBIeHUIO MPOU3BOJIBHOIO
eAMHUYHOTO BEKTOpa ij CBsI3aHa ¢ IpaueHTOM Nous L crepyromum o6pa3om:

% =1i,-gradlL. (8.5)
a 7]
grad L s
Py Z dr
r
r+ dr
0]
2
O
n(r)
O

Puc. 8.1. TloBepxHOCTb MOCTOSIHHOTO 3iiKOHAsNa B Hampasiennmn grad L (@); wumocTpanus
dopmyisl (8.8) (A); mmmrocTparms dhopmyis (8.20) (8); Iyd B OXHOPOIHOM cpefe (4)
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3pecs i, — eIUHIYHBLA BEKTOP BONb KPUBOI |.
Kax cnenyer u3 Bblpaxkenus (8.3), KacaTelbHasi IIOCKOCTb B JI000H TOUKE
MIOBEPXHOCTH MOCTOSIHHON (ha3bl (IIOCTOSHHOTO 31KOHANA) 3aaeTcs Kak

ig-grad L =0, (8.6)
TJie BEKTOp
N=grad L 8.7)

SBJISIETC HOPMANbIO K 3TOi MOBEepXHOCTU. PaBeHCTBO (8.7) EMOHCTpPUPYET OIHO
13 Hanbounee BaskKHbIX CBOWCTB TPAJIMEHTA CKAIISIPHOTO OIS,

NEPBOE YPABHEHUE JIYYA

PaccMOTpUM Temeph Jyud U ONpEfieuM UX KaK JIMHAHM, TEePIeHIUKYIPHbIC
TIOBEPXHOCTSM MOCTOSHHOH (pa3bl. DTH JHMHUM ONNCHIBAIOT TAKXKE CKASIPHOE
noste L. JIjis Toro 94ToObI BBIBECTH YpaBHEHWE IS Jydeil, BbIpasuMm BeKTOp N
Yyepe3 JIBE M3BECTHbIE BETMUMHBI: PATUYC-BEKTOD I' U 3JIEMEHTAPHOE MePEMEIeHIE
ds Bponb nyva (puc. 8.1, &). Kak BUHO M3 9TOro pHUCYHKA, AJIMHA BeKTopa dr
CTPEMUTCsI K S P YMEHBIIEHIH PACCTOSHUSI MEXK]TY IByMS TOUKAMHU Ha JIyde:

|dr| = ds, ecim dr — 0,

H, CICJOBATC/IbHO,

ar
— =35, 8.8
=S (8.8)

TTIE S, — KacaTeNbHbIA K J1y4y eJUHIYHBIA BEKTOP.
ITockonbky BekTOpbI N U S KONNMHEAPHBI, CIPABEIUBO BbIPAXEHHE
ar gradL
=5 .
as |gradL|

[TpuHumast Bo BHUMaHKe ypaBHeHUe (8.2), OKOHYATEIbHO MONYYuM

ns, = grad L uim n?= gradlL
S

Hucddepentmansroe ypaBaenne (8.9) MO3BONSET ONMPEAETUTH KOOPAUHATHI 00T
TOYKH JIy4a 10 3ajjlaHHoi (yHKImY L.

ITpennonoxum, HapUMeEp, YTO B OJHOPOJHOI Cpefie PaclpOCTPaHsETCs BOJI-
Ha, BbI3BAHHAS 3JIEMEHTAPHBIM TOYEUHbIM UCTOUYHMKOM, PACMONOXKEHHbIM B Ha-
yase koopauHat O. B atom cimy4ae

n=1ulL-=r,
MIOCKOJIBKY
ikr
U=AS,
r

¥ IOBEPXHOCTHU NOCTOSHHOI (pa3bl ABIAIOTCS chepaMi.
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HpI/IHI/IMaﬂ BO BHUMAHHE, YTO

gradr = f =r,,

ypaBHeHye (8.9) nepenuchIBacTcs B BUE

So =Ty
Takum o0pa3oM, HampaBleHHs Jydyell COBHANAIOT C HAIpPaBICHUSAMU pajuyc-
BEKTOPOB.

Paccmotpum Teneps Oonee oOmmil cyyail, Korja mapameTp N 3aBUCUT OT pac-

CTOSIHUS I' OT UCTOYHMKA, HAaXOfsIerocst B Hauajie koopauHat (r = 0). B cuny
cthepryeckoil CUMMETPUH,

grad L=nr, win Z—L =n(r),
r

TaK KaK

gradlL = Z—I; =T,.

I/IHTGFpI/IpOBaHI/IC QTOro BLIpa)KCHI/Iﬂ nacT
r
L(r) =fn(r)dr +L(r,), (8.10)

1, KaK U B IIpebIIyLIeM NpUMepe,

So = Iy.
BTOPOE YPABHEHUE JTYYA

ITockonbky pyHkuus L HeumsBecTHa, Lieneco0Opa3HO UCKIIOUUTh €€ U3 Ypas-
HeHus (8.9) W HaWTH CBA3b MEXJy MapaMeTpoM N U EAUHWYHBIM BEKTOPOM S,
3a/]aI0IIMM HAlpaBICHUE JIyya.

[Tpopudhepernupyem ans aToro ypasHerue (8.9) mo s. [Tomyunm

d dr 9
—/n—\ = —gradL.

as\ ds)  as
IToCKOMBKY IpaiieHT CKAISPHOrO OIS HE 3aBUCHT OT CHUCTEMBI KOOPIMHAT, BbI-
OepeM IIPOCTENIIYIO, @ UMEHHO, IPSIMOYTOJIbHYIO IEKAPTOBY CUCTEMY KOOPAUHAT U
paccMoTpuM TipaByto yacThb ypaBHeHus (8.11). 1o onpepenennto,

Iyl =it joob o, (8.12)
das dS IX as ay ds 9z

B cootBercTBuu ¢ BelpaxkeHusiMu (8.5) u (8.9)

DL _g yiL
ds 0X X

_VL.gil
n X
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HpI/IHI/IMaFI BO BHUMAaHuE, 4TO
vL-v& _vL- 2y =2 (vL)y - 2LvL-VL,
IX X [)4 aX
MOJIy4YnuM

vL-vL 10 gLy -19p
ax 2 ox 20x
Takum oGpa3zom,

oL _ 1ot _in

as 9x  2n ax  ox

AHaJIOTIYHO MONYYAROTCS OCTAIbHBIE TPOM3BOJHBIE:
oL _on 9oL _on
as oy ay  os oz oz

IopcranoBKa 3THX BbIpaxKeHUH B ypaBHeHue (8.12) faet
aigrad L = grad n, (8.13)
S

IMocnenHee ypaBHEHHE MOXKHO NMOMYYUTh TAKXKe Oosee MPOCThIM crocoboMm. [lei-
CTBUTENBHO, 10 ONPEJETIEHIIO, TPAIUEHT L COBMAfaeT Mo aOCOMIOTHON BEIMYMHE
C MaKCHMYMOM IIPOM3BOJIHOI, KOTOpPBIH HaOMIOfjaeTcsl B HAaIlpaB/lIeHU HOpPMaly K
TIOBEPXHOCTHU MOCTOSIHHOM (hasbl, T.€.

&AL _ lgrad L| = n. (8.14)
ds

Beps rpaueHT oT 00erX yacTeil 3TOro paBeHcTBa, CHOBA NMPUXOAUM K YPaBHEHHIO
(8.13). Cnenyer 3ameTuTh, uTO ypaBHeHme (8.13) AeMOHCTpHPYEeT OYEHb BasKHOE
CBOMCTBO 31KOHAJA, COCTOAILEE B TOM, YTO CKOPOCTb €I0 U3MEHEHUs BJOJb JIyya
paBHa n.

C yueroM (8.9) u (8.13) momnyuum

i(nﬂ) = gradn wm i(nso) = gradn, (8.15)
as\  ds as
Ypasrenue (8.15) — ato Bropast opMma Ru(epeHIraIbHOI0 ypaBHEHUs Jyua,
KOTOpas He COJIepPKUT HEU3BECTHON (DYHKIMY L, 1 13 KOTOPOi BUAHO, UTO KOOP-
IMHATBI TOYEK JIy4a ONPENEIAIOTCS CBOACTBAMHU ITapamMeTpa N.

PaccmoTpuM pajuyc-BeKTOp r(S) Kak (DYHKIMIO PacCTOSHUS S MEXHY JBYMs
TOYKaMy Ha ay4e. [lepsas Touka sBisercd (PUKCHPOBAHHOMN, a KOOPJUHATHI BTO-
poIi 331aF0TCA PaInyC-BEKTOPOM I(S):

r(s) = X(9)i + y(9)j + z(s)k

B nexapToBoil IpMOYTONBHOM CHCTEME KOOP/IUHAT ypaBHeHue (8.15) 3amuchl-
BAETCS B BUJIE CIEAYIOLINX TPEX yPaBHEHUII:

i(na_x) ~on i(nﬂ) =My i(na_z) = (8.16)
as\ o) ax as\ as) oy as\ as) a2
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OueBHIHO, UTO TIPOU3BOHBIE IX/dS, Y/S U 0Z/0S 3a[al0T HANPABISIONIE KOCH-
HYCBI €IMHIYHOIO BEKTOPA §,,.
Permrennem cructemb! ypaBHeHwi (8.16) SBISIOTCS (hYHKIUH

X =X(8), Y =Y(s), Z=12(9), (8.17)

3a/Ialolye JTy4 B TApaMeTpUUIecKoi hopme.

ITo onpepenenuto uddepeHIuanbHOro ypaBHenusi, pynkuuu (8.17), Takxke
Kak 1 gradn, paccMaTpUBaIOTCA BCEr/la B OKPECTHOCTH HEKOTOPOW OOIIEl IS HUX
Touku. Tak, HanmpuMmep, eciu cpefa SBISETCS OMHOPOJHON B OKPECTHOCTH 3TOH
TOYKH, TO TAPaMETP N ABISETCS KOHCTAHTOM, a ypaBHeHue (8.15) cBopuTes K

2
da’r _o. (8.18)

Perenue aToro ypaBHeHus 1aeTcs B BUjie
r=as+D>b, (8.19)

rae au b - HCKOTOpre MOCTOSIHHBIC BCKTOpr.

OueBufiHO, 9TO pa3Mepsl 00J1aCTH, B TIpefieIax KoTopoil ypaBHeHue (8.19) oc-
TaeTcs CIPaBEIMBbIM, 3aBUCAT OT TOBEficHNs mapameTpa N. Ecim Touka orcyera
S = 0 npuHajnexXuT 3Toi 00JacTH, TO NyY MPOXOAHUT 4yepe3 TOUKy r = b. Pac-
CMOTpPHUM TPH TOYKH C PAJIAYC-BEKTOPAMHA Iy, I', U I (prc. 8.1, &) Ha nyde, 3afaH-
HOM BbIpaxkeHueM (8.19). BBeieM Takke pasHOCTH 3THX BEKTOPOB

Ar?) =r, —r, = aAs,
1 (8.20)

2 _ _
Ar® =r; —r, = aAs,

3neck AS, 1 AS, 0003HAYAIOT PACCTOSHMS MEXY TOYKaMH. OUEeBHHO, UTO
o6a Bekropa Ar'” m Ar®, umeromme o0Iee Hayano, IEXAT HA OJHOA MPSAMOI,
HANpABJIEHHE KOTOPOH 3afjaeTcsi BEKTOPOM a. II0CKONBKY TOUKH Ha Jly4e BhIOH-
paIHCh MPOM3BOJILHLIM 00PA30M, Mbl CHOBA IIPHXOUM K 3aKIFOYEHMIO, YTO JIyY
SBJISETCS IPAMON TMHKEN B Tpeesiax 00MacT ¢ OJJHOPOJHBIMEA CBOMCTBAMH Cpe-
Nbl. 3aMeTHM, YTO TOMEPEUHBIA pasMep OOMACTH BOKPYT Jlyya, MOXKET ObITh
CKOJIb YTOJHO Mall, @ MApaMeTp N MOXKET MPOU3BOJBHBIM 00Pa30M M3MEHSTHCS
BHE 3TOH obnactu (puc. 8.1, ).

KPUBU3HA JTYYA

3a UCKITIOYEHHEM HEKOTOPBIX CIENHMATBHBIX CIyYaeB JIy4d B HEOXHOPOJHON
Ccpefie SBISAOTCS KPUBbIMU. [I71S1 OLEHKU OTKJIOHEHHUS Jlyya OT HPSIMON MCIONb3Y-
€TCsl IOHATHE KPUBU3HBI J1y4a. PaccMoTpuM TOUKY Jyya P, U IyCTh KacaTeJbHast
K IIy4y B 3TOI TOUYKE COCTABISET YIONl O.; C BEPTUKAIbIO. PaccMoTpuM Takxke B
OKPECTHOCTH TOYKH [, IIPOU3BOJIBHYIO TOUKY 0,  0003HAUUM PACCTOSHHUE MEXIY
9THMH JABYMsI TOUKaMH 4epe3 AS, Yroll MEXJy KacaTeJIbHOM K JIydy B TOUYKE P, U
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BEPTUKANBIO — UEPE3 O, U PA3HOCTb MEXAY YITIaMK O, U o, — Yepe3 Aa: Aa =
=0a,-0,.

[Ipeanonoxum, 4To paccrosiHue AS mano, 1 yroa Ao, — 3to yroi, obpaso-
BaHHBII JIByMsI KacaTeIbHBIMA K JIy4y B TOYKax P, u P, (puc. 8.2, a). Torma or-
HOLIIEHHE

Aa/As

Ha3bIBAaeTCS CPEfIHE KPUBU3HOM JIyya Ha MHTEpBalie AS, a KpHBHU3HA JTyYa B TOUKE
3afaeTcsl BETMINHON

. A
K=lim=22,
As—0 A s

OueBuiHO, yTO 4yeM Oomblie BenauumHa K, TeM Oojblle OTKJIOHEHHE Jyda OT
IpSIMOLL.

PaccMoTpuM pa3sHOCTB AS, eJMHIYHBIX BEKTOPOB S;, 3aflaHHbIX B TOUKaX P, H
P

Asy = 84(P2) = So(P1)
IMockombKy BemdMHa BeKTOpa As, BhIpaxkaeTcs B Bujie (puc. 8.2, &)

|Aso| = [so| tan(Aar) = tg(Aar) = A, ecit Aot — 0,

MbI MOKEM BBECTU BEKTOP KPUBU3HbI K:

=% Kv,=—v,
ds
a 0
(o4
oy So 2 So So(pl) v
7 So AS 0
P v So(p)
012
d 2
\gra n grad ¢
JIyu JIyu I —
Vo
L
Lo

Puc. 8.2. KpuBu3na jyya (a); OpueHTaIKs BEKTOPOB Y, W S, (&); B3aMMHOE PACIONOKEHHE
BEKTOPOB VN 1 v, (4); OpreHTalys! IOBEPXHOCTH MOCTOSIHHOTO 3KOHAaNa M BekTopa Ve (3)
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Kak aTo BujiHO U3 puc. 8.2, &, eIMHNYHBIN BEKTOP V, OPTOTOHAJIEH BEKTOPY S.
BekTop v, yKa3blBaeT HalpaBleHUe U3ruba nyya, a BeMunHa R Ha3bIBaeTCs paju-
yCcOM KpHBHU3HBI 1y4a. B wacTHocTH, mpu R — o0 n3rub cTpeMurcs K HYIIO,
Jy4 cTaHoBUTCS NpsaMbIM. [Tpu yMeHbIneHny R KpuBHU3HA J1yya, HA00OPOT, YBENH-
yuBaeTcs. YTOOb!I ONPEfeNuTh CB3b MEXY KPUBU3HON Jyda M IapameTpoM N,
npoauddepeHnEpyeM neByko 4acTh ypapHeHus (8.15). 3to faer

no sOm = gradn
Jas Js
nin
nK = grad n —s, 2 8.21)

s
YMHOXas ocIefHee BhIpaKeHNE CKASPHO Ha BEKTOP V, TIOIYIAM
nK=v,-gradn,
TOCKOJBKY
So Vo =0
Takum o6pazom,

_ gradn

K=v, =v, - gradlogn (8.22)
OueBupHO, 4TO pafilyc KPUBU3HBI y4a — BENMYMHA NOJOXKUTENbHAS, TAK XKe, KaK
W CKalspHOE MpOU3BEieHNE BEKTOPOB vV, B Vlogn. CreoBaTenbHo, Yo Mexy
3THMH IBYMS BEKTOPAMH BCEINia MEHBIIE /2.

BekTop rpajueHTa yKas3bIBaeT HaIpaBlEHHE MaKCHMAlbHOTO BO3pacTaHMs
(PYHKIUH, U, TaKUM 00pa3oM, U3rub Jyda Bcerda INPOMCXOJUT B CTOPOHY OOMb-
X 3HaueHui N (puc. 8.2, &). DTOT BaxKHbIN pe3yabTaT OYET ellie He pa3 OTMe-
YaThbCA B CIEAYIOIUX paselax.

YuaurteiBas, 4To

n(p,) _ k(py) _ c(p,)
np)  k(p)  py)’

MOKHO CKa3aTh, UTO JIy4 0OpaIleH CBOEH BBIMYKJIION YacThIO B CTOPOHY 00JIACTH C
OoJbllell CKOPOCTbIO. DTO 03HAYAET, YTO MTHOBEHHBIH LIGHTP KPHBHU3HBI JIyda
pacroJaraeTcsd B TeX MeCTax, i CKOPOCTb C MeHblie. OUeBUHO, UTO K 3TOMY Xe
BbIBOJly MOXHO IIPUATH, UCXOfd U3 HpuHuuna Iroiirenca. [leACTBUTENBHO, TIpEf-
TNOJIOKUM, 4TO B HEKOTOPBI MOMEHT BpeMeHH t = t) BOTHOBOI (ppOHT omuchIBa-
eTcsl 9fiKkoHaNoM L, a ckopocTb pacrnpocTpaHeHusi C(r) yBeIMUMBAETCS B HANPaB-
JIeHnH, TOKa3aHHoOM Ha puc. 8.2, 4. Torma, mpoBofs a7MeMEHTapHbIE BOIHOBBHIC
(bpOHTBI, 3aMeYaeM, YTO UX Paiuychl, paBHbIe CAt, yMEHBIIAIOTCS B HAIPaBICHUN
-Vc, a BONMHOBO# (PppOHT B MOMEHT BpeMeHH t + At onpefensercss ormbaromiei
¢ynkuun L. Takum o06pa3oM, Kak Mbl yKe 3HaeM, Jy4 U3ruOaeTcs B Halpasle-
HUYU 00nacTeil ¢ MEHbIIEH CKOPOCTBIO WM, YTO 3KBUBANEHTHO, C OONBIIMM 3HA-
YeHneM TapaMetpa n (puc. 8.2, ).
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MNHTETPAJI TATPAHXA

Jasnee, ocHOBbIBAsICh Ha ypaBHEHUHU J1y4a, Mbl OIMIIEM JBAa BaXKHbIX CBOHACTBA
Bektopa N = ns,, onpefienseMoro BeipaxenueM (8.7). IIpexne Bcero, 6eps po-
TOp OT 00eux yacreil ypaBHeHuit (8.15), nomyuum

J
rot—(Nns,) = rot gradn
as
[IpaBast yacTb 3TOr0 BbIpasKEHMsI BCETTla PaBHA HYJIIO U, CIEJOBATEIBHO,

rotﬂ = irotN =0
s ds

I
rot N = C. (8.23)

rac C — MOCTOSIHHBIH BEKTOD, HE SaBI/ICﬂIlII/Iﬁ OT PaCCTOSHUA S.
HOCKOJILKY BOJIHOBBIE MOJISI OTCYTCTBYIOT Ha GBCKOHG‘{HOCTI/I, BEKTOp C Mox-
HO CUHATAThb HYJEBBIM U, CII€N0BATEIBLHO,

rot N = 0 wu rot(ns,) = 0, (8.24)

T.€., Mbl UIMEEM JIENIO C II0JIEM UCTOYHUKOB (CM. IPUIIOKEHUE 3).
HWurerpanbHas ¢opma ycrnosuii (8.24) cnegyet u3 teopembl CToKca:

N-dS=¢N-dl =0.
j;rot f

B cuny paBeHcTBa (cM. puc. 8.1, &)
dl =dr

nMeeM
fnso -dr=0. (8.25)

Taxum 06pazom, THPKyIsIys BeKTopa N 110 Mpon3BOILHOMY TIYTH (3Ta BEIMYAHA
U3BECTHA KaK MHTETpallbHbIN MHBApUaHT Jlarparxka) paBHSETCS HYIIO.
3TO 03HAYAET, YTO UHTETPA

P
[ns,-dr (8.26)
2]

He 3aBHCHT OT IYTH MHTErPUPOBaHM, T.e. [ J0O0ro 3ajlaHHOro Mol NS, OH
OIpefieNseTcsl TOJIbKO MONOXKEHNEM HAYalbHOH P, U KOHEYHOW P, TOUKH MHTEp-
BaJa MyTH.

MMPUHIAIT PEPMA

Hcnonb3yst IPUBEEHHBI BbIIIE PE3YJIbTAaT, MOXHO JI0KA3aThb CIPABEATUBOCTD
npuHuuna Pepma, urparomiero BaxxHyto pojib B reoMeTpuyeckoil akycruke. ITo
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aHaJIorum ¢ OHTI/IKOfI, ONpeAcIuM aKyCTUIECCKYHO IJINHY MEXKAY NBYMS TOYKaMU
KaK HHTErpan

P

f ndl.

R
Cornacro npunuuny Pepma, akycruyeckas AnuHa

P

f nds

)
Broab ayya (dl = ds), coeuHsroIIero B¢ MPOU3BOIbHBIE TOUKH P; U P, MEHBIIE
aKyCTHYECKOU JIMHBI II000H APYroil KpUBOI, IPOXOASIIEH Yepe3 3TH TOUKH.

st Toro 4yToObl J0Ka3aTh 3TO 3aMevaTeNbHOEe CBOACTBO Nyyell B MPOU3BONb-
HOM aKyCTHYEcKOil cpefie, CpaBHUM aKyCTHYecKue JIMHbI nyya C M HEKOTOpOH
npyroit kpuBo# C,, TpOXOASIKX Yepe3 TOuKu P, u P, (puc. 8.3, a). Cymiecrsen-
HOE TIPEJIONIOKEHNE, KOTOPOE MBI JIOJDKHBI TIPH 3TOM CHeNaTh, 3aKII0YaeTcs B
TOM, 4TO 4epe3 Kaxkylo TOUKY B OKPEeCTHOCTH Jy4a C MOXET MNPOXOJUTh TOIBKO
OJIMH Jy4, T.€. OKpecTHOCTb ny4ya C sBnstercs peryispHoi. Huxke Mbl mpuBenem
IpUMep, KOTOPBIA MOKA3bIBAET, YTO €CIU 3TO NpPEANONOXEeHHe HapyLIaeTcd, TO
aKyCTHYECKas [NIMHA JIy4a He 0053aTeNbHO SIBISETCI MUHUMAIBHOM.

IMycrs L, u L, — iBe (ha3oBble MOBEPXHOCTH BOJHBI, PACIONOKEHHbIE BOMHM3H

Ipyr oT fpyra, a C, — 1y4, oTaruHelil oT ayda C. M3 paseHcrBa (8.25) crnenyer,
qro mupKyIsus Bektopa N no nytu a,b,b,a, paBHa Hy:mto:

(ns, - dr)agbz +(ns, - dr)be3 +(ns, - dr)b}a2 =0. (8.27)
ITockonbky nyy Bcerga HOpMaJeH K MOBEPXHOCTU PAaBHOIO 3MKOHANA, CpefHee
claraeMoe ucuesaeT U BbIpakeHue (8.27) 3anuchIBaeTCs Kak

(ns, -dr),, +(ns,-dr),, = 0. (8.28)
YuuteiBad, uro C, — ny4, a HampaBleHue o6xofa Boab nyTu b,a, mpoTtusomo-
JIOXXHO E€JTHIYHOMY BEKTOPY S, HONYINM

(ns, - dr),, =—(ns,-dss),, =—(nds),, .

a 0

Puc. 8.3. Mnmocrpamms nprnmuna Pepma (a, &)
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Takum 0Opa3oM, paBeHCTBO (8.28) mepexofur B

(ns, -dr),, =(nds),, =(nds),,. (8.29)
CkalnsipHOe TIPOM3BEfICHHE B 9TOM BBIPAKCHUM UMEET MAKCHMAJbHOE 3HAUEHUE,
KOI'Jla HaIIpaBJIEHNs! BEKTOPOB S, U dr COBIAfAIOT, T.€.

dr =ds s,.
3T0 03HAYaEeT, 4TO

(nds)a?bz = (ns,-dr),, .
PaBeHCTBO B 9TOM BbIPaXKEHUM BBINONHAETCS TOJABKO B TOM CIIydae, KOIfa aje-

MEHT NyTH &,h, SBIgeTCS YacThbio Nyya.
W3 cootHomenwit (8.29) ciepyert, 4To

(nds)a?bz = (ns, -dr),, um (nds)a?bz = (nds)asz. (8.30)

nockonbKy C,; Takxe sipisiercs nydoM. ITocnenHue HepaBeHCTBa OKA3bIBAIOT, YTO
aKyCTHYECKas JJIMHA 3NIEMEHTA JIyya MeHbIle aKyCTUYECKOM JUIMHBI JJEMEHTa He-
KoToporo apyroro nyta C,.

Kak cnenyer u3 opmynsr (8.5),

dL=i,-grad Ldl=dl - grad L umu dL = dl - n s,,.
Torpa st mo6oro ayya

dl=dss,mdL =n ds,
T.C.

(nds)% = (nds)am

[Toatomy HepaeHcTBa (8.30) MOXHO NEepenucaTh Kak
(nds)am S(nds)m (8.31)

1 9TO YCIOBHE BBINOJHACTCS [yIA 31eMeHToB nyda C u kpusoi C,. PaBenctso B
3TOM BBIPaKEHHH HE MOXKET BBIIONHATBCA CPa3y AJIsl BCEX 31EMEHTOB Kpusoi C,
TIOCKOIIbKY B 3TOM CIIy4ae OHA SBJIsAnach Obl JY4OM, YTO NPOTUBOPEYUT TpeOoBa-
HUIO PETYIAPHOCTH.

HWurerpupyst HepaseHCTBO (8.31), Mbl IPUXOUM K OKOHYATEJILHOMY COOTHO-
LIEHAIO, ONHUChIBaIONIeMy IpuHiun Pepma:

d d (8.32)
Jc’n s<£n s

TIpU YCIOBUM, YTO OKpecTHOCTb nyya C sBnsetcd perynspHoil. Takum oOpas3om,
aKycTHyecKas AJIMHa Jy4a MEXMy AByMs TOYKaMU P, U P, MEHbIIE aKyCTHYECKOH
JUIMHBI JTIOOOH IPyrodl KpMBOW, COCNMHSIIOLIEH 3TH TOUKU. JIPYrHMH CIOBaMy,
3HauyeHNe MHTerpana
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Py
I = [nds (8.33)
[

MUHIMAIBHO BONb JIy4ya. DTO O3HAYAET, YTO TepBas MPou3BOfHas | mo mo6omy
apaMeTpy, XapaKTepHU3YIOIEMy Mallble OTKJIOHEHHS OT TPACKTOPHH JIy4ya, paBHs-
ercst Hynro. ClieoBaTeNnbHO, Pa3HOCTD

1(C) - 1(Cy)

B OOIEM CITy4yae MPONOpIEOHaNbHA KBAJIpaTy OTKIOHEHHS! B OKPECTHOCTH JTyya.
3piech cnefiyeT caenaTh HeCKOIbKO 3aMEeYaHuil.
1. ITockomabKy N = Cy/C, HepaBeHCTBO (8.32) MOXKHO 3aliCcaTh B BUJE

ds ds
I~<I%

C
c” g

I

dt < (dt. (8.34)
]

ITosTomy nprHImn Pepma U3BECTEH TAKXKe KaK NPHHIUI HANMEHBIIETO BPEMEHH.
2. YcnoBue peryaspHOCTH BBINONHAETCS He Bcerga. Hampumep, 910 ycnoBue
HapylIaeTcsl, KOrja NMeeTcsl HECKOIbKO TPYII BOJH M JIYYM, COOTBETCTBYIOIIME
Pa3IMYHBIM TPYINaM, IepeceKaroTcs. B aTuX ciyyasx nyd OTIMYaeTcs OT APYTHX
BO3MOXHBIX TPAEKTOPHI CTALMOHAPHBIM (HE 00S3aTENIbHO MUHMMAaJbHBIM) 3Ha-
yeHneM nHTerpana l. PaccMorpuM mpumep, B KOTOPOM 4€pe3 TOUKY [P IPOXOJUT
[Ba Jyda: IpEMoil 1 orpaxennbii (puc. 8.3, &). AKycTrueckast JIHHA TPSIMOTO
Jy4a SpcocTapisieT abCOMIOTHBI MUHUMYM MHTerpana |, B To Bpems Kak akycTu-
Yyeckasl IIMHA OTPaXKeHHOro Jy4ya SOp 1aeT OTHOCUTENbHBIN MUHUMYM CPEId BCEX
BO3MOXHBIX TpaekTopuii SO,p unu SO,p B HeKoTOpoit oonactu B6amM3u SOP.

3. Emle ofuH npuMep npeficTaBieH Ha puc. 8.4. PaccMoTpuM feficTBHE NpHH-
mmna depMa B MOJIETH, T7ie UCTOYHAK PACIONOKEH B Hayajle KOOPAMHAT, a CKO-
POCTB C MEHSIETCS ¢ IyOMHOM Z 110 3aK0Hy C(Z) = C,(1 + kz%), ¢, = 1 xm/c. Tlo-
CKOJIbKY (PYHKIMSI CKOPOCTH CHMMETpHUYHA OTHOCHTENBHO ocH Z = 0, npsmast C
Ha puc. 8.4, a, coeuHsIomas TOUKN P, = [X,, 0] 1 p, = [X,, 0], sBnsgeTcd nydom
JIs MOOBIX TOYEK X, U X,. B wactHocty, ecnu p, = [0, O] u p, = [1, O], To t¢ =
=t, =1

YroObl MPOBEPUTD, SBIAETCA U 3HaYeHue fy, = 1 MUHUMAJbHBIM BpEMEHeM
npobera, paccMOTPUM Mallble OTKJIOHEHHS OT MPSIMOTO JIy4a ¥ BBIYMCINAM BpeMe-
Ha mpobera t Bronb kpuBo# Z = 0,lsin 7X 1 HabOpa CKOPOCTHBIX MOJIENEH,
3a1aBaeMbIx TapameTpoM K. Puc. 8.4, & yka3piBaeT Ha TO, UTO B 3aBUCHMOCTH OT
k, Bpemsi t MOKeT ObITh KakK MeHbIIle, Tak 1 Oounbiie ty,. [Ipucyrcrie 3HaueHuit t
<1y, 1715 OTHOCUTENBHO OOMBIIMX K > 5 T0Ka3bIBAET TO, YTO UMEIOTCS TakKKe Tpa-
exTopun (KpuBas Z = 0,1sin ;X SBASETCS ONHON W3 HUX), BIONb KOTOPBIX BpEMs
PacIpoCTpaHEHNs BOHBI MEHBIIE, YeM BIOJb Ipsmoit C. XoTs KakeTcs, 4To 3TO
IMPOTHBOpPEUNT NpHHIMNY PepMa O HaMMEHBIIEM BPEMEHH pPaCIPOCTPAHCHUS,
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1,04¢
1,03}
1,02
1,01
1,00
1,99

0,1 sintx S

S
o
Co

0,8} C, '
1 1 1 1 ] R() 97

0 02 04 06 08 1 %7
Paccmosnue k

eMA 60016 KpUGOIL T

Puc. 8.4. Tpaekropuu ny4ei ans k = 0,7 (a); 3aBUCUMOCTb BpeMeHH Mpodera Mek]iy ToUKaMu
p,[0, 0] m p,[1, O], BerumcnenHas Bionmb Ayru z = 0,1 sin 7, oT 3HaYenns k (&)

CYLLECTBOBAHME TAaKUX TPAEKTOPHIl CBA3aHO C HApPYLIEHWEM TpeOOBaHHS O pery-
JSIPHOCTH Jy4eli B HeKoTopoil okpectHoctd C. Ha puc. 8.4 BUHO, YTO CyIIecT-
ByIOT Takue “Heipsitornue” nyun C,, C, n C;, KOTOpbIe MepeceKaroT MpsiIMON JIyd
C Tak, 4To yepe3 HeKOTopble TOUuKN Mexay P, = [0, 0] u p, = [1, O] npoxopsT
1o KpafiHei Mepe fiBa yda. Takum o0pa3oM, MOKHO 3aKJTFOUUTh, YTO B AEUCTBY-
TENBHOCTH JIy9d MOTYT COOTBETCTBOBATH KaK MUHUMYMY, TaK U JIPYTHM 3KCTpEMY-
MaM (MakcUMyMaM MM CE[JIOBBIM ToukaM) mHTerpaia (8.33) B obmactax, rje
PETYISIPHOCTD JTy4el HApYyIIaeTCs.

4. IToCKONMBKY JIy4M XapaKTEPU3YIOTCS CTAllMOHAPHBIMA 3HAYCHUSAME aKyCTH-
YeCcKOH JITIMHBI, ISl MX HAXOXJEHNUS! OOBIYHO MCIOJB3YIOT METOMbI BapUAIMOHHO-
0 UCYKCIIEHNs. Mbl IPOMILTIOCTPUPYEM 3TOT MOAXOA B laJIbHENIIIEM, Korfa Oyaem
paccMaTpyBaTh JYYM B MPYCYTCTBAM ITIOCKOY BHYTPEHHEN TPaHUIIbI pasfiena.

MNOTOK SHEPTUMN

[MokaxeM Teneps, YTO JTyIH ONpPENeNSAI0T HampaBIeHrue MoToka sHeprma. Kak
M3BECTHO, M30BITOYHOE JIABJICHNe P M CKOpOCTh V CBs3aHBI ¢ moTeHnmanom U
clefytomuM 06pazom:

P=—pE nv=grad U,
at

r7ie p — 0003HAYAET IIIOTHOCTb.
ITo onpenenenuto, KOMIOHEHTHI BeKTopa IIoMHTHHIa ONpENesoTCs Kak
Sy=Pv,,S,=Pv,,S,=Pv,. (8.35)

[Tonaras, uto noteHman U 3aBUCUT OT BPEMEHU CUHYCOMAATBLHBIM 00pa3oM, U3
cdhopmyibl (8.1) monyuum
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U =Acos(wt-kL)
1 COOTBETCTBEHHO
P =pw A sin(w t - k,L).

PaccmoTpuM cHavanma cpefHee 3HaYeHUE X-KOMIIOHEHTHI BekTopa IloifHTuHTra.
ITockonbky

Vv, = W _ %cos(m t-koL) + Akoisin((x) t-koL),
X

X X

nMeeM
oA . ) oL . o
S, =A po—sin(w t - kjL)cos(w t — kL) + A’kypw —sin*(w t - k,L)
X [
CpenHee 3HaueHUE NOTOKA SHEPIUU

;
av 1
S = < {Sth.

3neck T = 2m/w.
C yuerom
T

fsinmtcoswt dt=0
0

;
fsinzmtdt = I,
b 2

cooTHomeHus (8.36) u (8.37) maror
2
s oA tap L (8.38)
20X

Ilo ananoruu noxyqacm

2
5 = AR L (8.39)
2y
n
Azk oL
SV =P (8.40)
2 0z

YMHOXas Kaxpoe u3 paBeHCTB (8.38) — (8.40) Ha COOTBETCTBYIOIIMH €MHIYHBIN
BEKTOD ¥ CKJIA[bIBAs NMOJTYYMBLIAECA BBIPAKEHNS, TPUXOAUM K CIEAYIOIEMY pa-
BEHCTBY:

386



2
s =mATk°"£gradL. (8.41)

0z

Takum 06pazom, B cooTBeTCTBUH ¢ (8.9), HalpaBlIeHNE CPETHETO MOTOKA IHEPTHH
COBIIAJIAET C HAIIPABIEHUEM JIyYa.

ITockonmbky
lgrad L| =n,
BeJIMUMHA BeKTopa S* (MHTEHCHBHOCTH) PaBHSETCS
S| = o Kol a2 — 2k 52 (8.42)
2 2
170171
S*| = P—Oz, (8.43)
2pc
e
Po=wpA (8.44)

ONpeNeIACT BETUINHY TaBJICHUS.

8.2. IIOBEJJEHUE 1Y flEl?I B CPEJIE, TIE CKOPOCTb
3ABUCHUT OT OJHOU TEKAPTOBOU KOOPANHATBI

[Tpeanonoxum, 4To CKOPOCTh C ABJSETCS HENPEPbIBHON (DYHKIMEH, KoTopas
MEHsIeTCs TOIBKO BAoab ocu z. CormacHo dopmynam (8.15) — (8.16), ypaBHenue
Jy4a 3aliChIBAaeTCs KaK

9 (092 _ gradn (8.45)
as\ as)
I
na—x=const, n% - const u i/na—z\ =ﬂ, (8.46)
as as as\ as) oz
TIOCKOITIBKY
an _an _
x oz

ITokaxeM cHayana, 4TO BCE JIy4YM JIEXKAT B BEPTUKAIBHON IIIOCKOCTH (puc. 8.5,
a). [Inst mokaszatenbcTBa BBeieM BeKTop M clefiyromum o6pa3oMm:

M=kxnZ ymu M=k xns,, (8.47)
as

rme k u Sp — €MMHUYHBIC BEKTOPBI B HAIIPABICHUU OCH Z U JIy4a, COOTBETCTBCHHO.
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[0 dx 19)
dy X x
y
dz
z z
8 2
X
K>0
K<0
7 TR, DA
b p,
=0 de/dz>0
z

Puc. 8.5. T'eomerpus nyya (a); wutrocranust opmyisl (8.52) (4); 3HaK KpUBH3HBI W H3THO
ayya (&); moBefieHue yyeit ()

ITo onpenernenmto, BekKTop M B KaXJI0il TOUKE Jy4a MEPHEHANKYISIPEH TLIOC-
KOCTH, 00pa30BaHHON 3TUMH €IMHWYHbIME BekTopamu. [{ncddepenimposanne M
10 S flaeT

M _ 9 (@) J 3K g g D dr) (8.48)
as 05\ (78) as Js BS\ 88/

ITockonbKy HanmpapieHne eANHMYHOTO BEKTOpa K ocTaeTcsi MOCTOSIHHBIM, NEpPBOE
cllaraeMoe B IIpaBoy 4acTH BeIpakeHnd (8.48) mcue3aceT H, CIefjoBaTeNbHO,
oM a [, or
M2 (ndr),
s as\ ' os)
YuursiBast hopmyny (8.45), monydnm
oM an
— =kxgradn=kx—k=0.
as az
TaknM oOpa3om, BeKTOp M B[IOJIb Iy4a HE MEHSETCS:
M = const.
ITockoneky BekTOp M napanesneH miockoctd XOY, Bce TOYKH JIyda pacmonoxe-
HBI B OJHO! ¥ TOW K€ BEPTUKATIBHOMN IIOCKOCTH.
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JTo ciefyeT Takke U3 TOro, YTO COTACHO (8.46) OTHOLIEHNE HAMPABISIOIIIX
KOCHHYCOB 3JIeMeHTa Jy4a dS OTHOCHTEIILHO OCeil X U Y OCTAeTCs MOCTOSHHBIM:

XKW _ const. (8.49)
as 9s

3AKOH CUHENINYCA

[TycTb ncrouynmk pacrnosnoxen B Hauane KooppauHat O. Torma pacnpepenenne
aydeit obnafaeT oceBOil CMMMETpHEll OTHOCUTENBHO BepTHKanlbHOH ocu Z. Ilo-
9TOMY JIOCTaTOYHO PAacCCMOTPETh X MOBEACHWE B OJHON M3 IIOCKOCTEH, cofiep-
KaIUX 3Ty ocb. [Ins mpocToThl OyaeM Mpednonaratb, 4TO Jy4 PacloliOXEeH B
mwrockoctu XOY (puc. 8.5, &). YpaBHeHus (8.46) Torna 3anuImyTcs Kak

K gy Alpi) o (8.50)
ds 33\ 35/ Jz

rae C- HEKOTOpas XapaKTEpU3yroniast 1y4 KOHCTaHTa.

W3 puc. 8.5, & BAAHO, YTO HAMPABISIOMIMME KOCHHYCAMH 3NeMeHTa dS sBIIs-
10TCA

a—x=sin6 i a—Z=<:056. (8.51)
s s

3peck 6 — yron Mexay OChIO Z M HAIPABICHAEM JIyUa.
Taxum o6pa3oM, nepBoe U3 cooTHolIeHu (8.50) MOKHO 3anucaTh Kak

sin =< = £ _ pez) um 09— p, (8.52)
n c(z)
7€ P — MapamMeTp Jy4a, KOTOPBII 4acTO Ha3bIBAIOT MEAJIEHHOCTBIO.
dopmyma (8.52) omuceiBaeT 3akoH CHeJMyca B Cpefie ¢ HEMPEPLIBHBIM M3Me-
HEHHEM CKOPOCTH BIOJb och Z. COrsIacHO 3TOMY 3aKOHY OTHOIIIEHHE CHHYCA yIiia
majieHnst O K CKOPOCTH C OCTaeTcd B KaXA0W TOYKe Jyda MOCTOSHHBbIM. OfHaKo
9TO OTHOILLIEHUE MOXKET M3MEHSATHCS OT OfHOM JTy4eBO TPACKTOPHH K JIPYTOil.
ITycTb ckOpOCTb pacnpocTpaHEHHs! U YTOJ NafieHAs B OKPECTHOCTH MCTOYHUKA
PaBHbI, COOTBETCTBEHHO, C, 1 0,. Torma 3akon Chennuyca (8.52) 3amuchIBaeTcs
Kak

sin O sin O 0

- (8.53)
c Co
a JIy4eBOyl mapaMeTp P paBHsETCA
=% o, (8.54)
Co

Pa3MepHOCTE 3TOrO apaMeTpa
-1
Ip|=c¢-m™,
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a €ro BCJIn4nHa MEHSCTCA B TAAIIa30HE

Cootrowenne (8.52) unu (8.53) mpepncrasiser coboil ypaBHeHue jnyda. Ecnu
U3BECTHBI TapaMeTp P U (PYHKLUS C(Z), TO MOXHO HAalTH COOTBETCTBYIOLMA MM
Ty4.

Bripaszum BTOpoe u3 cootHomenuit (8.50) uepe3 ¢ynkun 6 u . [uddepen-
[IUPOBaHNUE JIEBOY YaCTU ITOTO BhIPAXKEHUs 1aeT

d 0z d . 70 an _ an
—(n—\ = —(ncosO) = -nsin® — + cosO — = —
as\ as as as as  az
I
an . 90 an 9z . 90 an
& = —nsin0 = + cosf == = —nsin® = + cos’ 0 =
az as az 3s as az
ini|
90 in0 on
S m0a, (8.55)
as n oz
Hcnone3yst paBeHCTBO
n_9(%)__% ¢
z  az\c oz’
13 ypaBHEeHUd (8.55) monyunMm
96 _  sinB dn _ sinB oc
as n oz c oz
I
70 dac
—=p—. (8.56)
as az

YpaBHEHHE J1yya B 3TOM BHJE MOJIE3HO TAKXKE [ MOHUMAHUS JIyYeBOUd IeoMeT-
pun.

Kak ynomuHanoch paHee, Yroi IajieHdss — 3TO YIOJ MEX[Yy HalpaBleHHEM
Jyda ¥ OCbIO Z, U3MepsieMblil IPOTUB YacoBoil crpenku. Ilo ompepenenuto, Kpu-
BU3HA JIy4a ONpefeNsieTcs Kak

K = 00/ds. (8.57)

1 MOXKET ObITh TOJOXKUTETLHON, OTPUIATENBHON WM PaBHOM HYJIO (pHuC. 8.5, &).
Takum 00pa3oM, paBeHCTBO (8.56) MOXHO IEPEINCATh KaK

K=p%, (8.58)
Jz
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Iocnennee BblpaKeHWE MOKA3bIBAET, YTO KPHMBU3HA Jlyda IHPSIMO IPOIOPLHO-
HallbHa IIapaMeTPy P B IPOU3BOJHOMA OT CKOPOCTH. SICHO, 4TO paBeHCTBO (8.58)
cnefyeT U3 6osee OOIIEro COOTHOLIEH)S (8.22) MeX/y KPUBH3HON U IPaUEHTOM
CKOPOCTH, IIOJyYE€HHOT0 B IIPEABIAYIIEM pasfiele.

Takum 00pa3oM, Mbl IIPULIIK K ABYM pa3HbIM (hOpMaM ypaBHEHUS J1y4ya, CBS-
3pIBatoIMM (pyHKImH 0 1 C(2):

ﬂ = p u 6_6 = pﬁ

C as 0z

Yro0bl MPOMIITIOCTPUPOBAThH UCIONb30BaHue opmya (8.52) — (8.58), paccMoT-
pUM, Kak BE[yT ceOsl NyueBble TPACKTOPUH NP PA3NUUHbIX (DYHKIUAX CKOPOCTH

c(2).

Cryyaii 1: oxHopopnas cpena
B sTom mpocreitiem cnydae
ac/az =0

Kp¥BU3HA Jy4a (8.58) BCIONY paBHSETCS HYJIO U, CICHOBATENbHO, BCE JYYM SBIS-
IOTCA NIPSAMbIMHA.

Ciyvaii 2: CKOpPOCTb YBeJIHYHBAETCS € IIIyOUHOI

[TpennonoxuM Tenepb, YTO UCTOYHUK, KAK U paHee, PaclojoXkeH B Hayaje
KOOPJMHAT, a CKOPOCTh C IIOYTH JIMHENHO BO3pAcTaeT C IAyOMHOI; T.€.

ac/az > 0.

W3 dopmynsl (8.58) cnemyet, UTO KpMBU3HA JIyYa BCIOY MOJOKUTENbHAS, TaK
YTO TPAeKTOpHs Jyda CTPEMUTCS 3arHYThCs BBEPX. VIHBIME ClIOBaMH, U3 YpaBHe-
HUIS J1y4a SICHO, YTO YTOM 6 YBEMUMBAETCA C PACCTOSHHEM S OT ucTouHuKa. Cre-
JIOBATENBHO, Y KAXJOro Jyya, 32 MCKIIOYEHHEM TOTO, KOTOPbIA COOTBETCTBYET
yray 0, = 0, umeeTcs Takas TO4Ka, rae 0 = /2 ¥ eUHIYHBIA BEKTOP S, MEPIEH-
IUKYIspeH ocu z. [Tpu nanbHelieM yBenndeHuy pacCTOSHNS S YToMl 6 CTaHOBUTCH
OoJble /2, ¥ Iyd U3rubaeTcs B CTOPOHY 00JIaCTH € MEHBIIEH CKOPOCTBIO.

W3 popmymnsl (8.52) cnefyer, 4To B TOUKE NOBOPOTA O = 7t/2 CKOPOCTb BEAET
ce0s1 00paTHO MPONOPUMOHANBHO TAPAMETPY JIyda P:

Co

cz)="1-= .
p sin0,
Tak Kak CKOPOCTb PaCIpOCTPAHEHHS MOHOTOHHO YBEIMYMBAETCA C TIYOMHOM,
KOOpJIMHATA Z TOYKH MOBOPOTA JIyua YMEHBIIAETCS ¢ POCTOM yrita 6, (puc. 8.3,
).

V Jyueii B paccMaTpUBaEMOII CPEJIE CYILECTBYET EIE OJHO MHTEPECHOE CBOWCT-
BO, KOTOPOE COCTOMT B TOM, YTO OHH CHMMETPHYHBI OTHOCHTENHHO BEPTHKANb-
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HOW OCH, IIPOXOJIALIEH Yepe3 TOUKY NOBOpoTa. [IefiCTBUTENBHO, PENCcTaBuM cele
TOPU3OHTANBHYIO JIMHUIO Z = Z,, (puc. 8.5, &), mepecekarollyto 1y4 B TOUKaX P, U
P,. TIOCKONBKY TH TOYKM HAXOfATCSl HAa OJMHAKOBOW IJIyOMHE, KPMBH3HA JIydya
(8.58) B HuX Takke ofguHakoBa. [Tomumo 3Toro, u3 (8.52) umeem

sin 0, = sin 0,,
r7ie 0, 1 6, — YIIIbI, COOTBETCTBEHHO, B TOUKaX P; U P,. M3 mocnennero paseHcTBa
CTIEMYET, YTO

0,=m-0,.

['eomeTpust ydeil 1 CyIIeCTBOBAHUE 30H, [Jic OHM B3aUMHO NEPEeCeKaroTcs, Cy-
I[ECTBEHHO 3aBUCAT OT CKOPOCTH YBEIM4EHUs (PYHKINY C(Z) € TTyOUHOM.

Cnyuaii 3: cKkopocTh yMeHbLIACTCS ¢ TYOHHOI

HpelIHOIIO)KI/IM, qTo C YBeJII/I‘IeHI/IeM KOOplII/IHaTLI yA CKOpOCTL nagaer, T.€.

oc/az < 0.

I[MoBeneHue mydeit B 3TOM cydyae moka3aHo Ha puc. 8.6, a. Bce myum, 3a mc-
KJIIOYEHUEM TOPU30HTAJIBHOTO J1y4a 0, = /2, CTpEeMATCA C yBEIMYEHHEM IIyOu-

HbI CTaTh NapajenbHbIMi Ocl z. CHOBa MpecTaBUM ceOe TOPU3OHTAIBHYIO JH-
HEIO Z = Z,. I3 puc. 8.52 caenyer, 4To

sin 0(z) = pc(2).
CnenoBatenbHo, (pyHKIUS 6(Z) ACUMITOTHYECKH CTPEMHUTCS K 3HavYeHuto O = 0
IpH Z —> .

CoorTHoleHue

sinB(z;) sin0(z,)

c(zy) c(z,)

NIOKA3bIBAET, YTO
0(z,) < 0(z,) ecnmu z,>z,.

C

c(z)

&)

Jlyuu

Puc. 8.6. Tlosenenne mydeit mpu dc/dz < 0 (@); HOpManbHOE MafeHUe MIIOCKUX BOMH (&);
3aBHCHMOCTb CKOPOCTH OT TIyOHHBI (&)
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TaK Kak C(Z,) < C(Z,). ITocnegHee HepaBEHCTBO AMIA yIia O OATBEPXKAET, 4TO O =
= 0 gBSIETCS aCUMIITOTUYECKUM 3HAYEHHEM.

Cunyyaii 4: HopManbHOe najieHne MI0CKUX BOJH

PaccMoTpuM BMECTO TOUEYHOTO WCTOUHMKA PACIPOCTPAHSIOIIYIOCS BEpTH-
KaJbHO MIIOCKYIO BOJIHY, MaAloLIyI0 Ha TockocTb Z = 0. B atoMm ciyyae coot-
BETCTBYIOIME JTy9IH XapaKTePHU3YIOTCs YoM 6, = 0 @ MO3TOMY, HE3aBHCHMO OT
noBefieHnsT (PYHKIUH C(Z), TUTOCKAs BOJHA PACIPOCTPAHSIETCS B OJHOM M TOM 3Ke
HaNpABJICHAN BRONb TPSMBIX BEpPTHKANBHBIX JNyded (puc. 8.6, &). DTOT BbLIBOJ
CIIe[IyeT HeMOoCPeACTBEHHO 13 MpuHImNa [fofirenca unu u3 3akoxa CHemnmyca:

um 0 =0.
sin@ _ sin0

c(z) Cy

=0.

OpnHako B 00IIeM ciyJae, KOrjia CKOpOCThb C 3aBUCUT HE TONBKO OT BEPTUKATLHOM
KOODJIMHATBI Z, ()POHT BOIHBI IepecTaeT GbITh IIOCKUM, €ro (JOpMa H3MEHSETCs
U, IOMUMO 3TOTO, JIy4H MOTYT TEPeCceKaThesl.

Cuayuaii 5: mofiens ¢ nepexoHoii 30101 (C, = const, C, = const)

PaccMoTpuMm Gonee cnoxHy0 MORENb CPEAbL, B KOTOPOM CyILECTBYIOT ABE 00-
JaCTH C pa3IMYHbIMKU CKOPOCTAMH (NIOCTOSHHBIMEU B Ipefieiax cBOell 00m1acTu).
ITycts, KpoMe 3TOro, B yKa3aHHOH Cpefie CYLIECTBYET NEPEXORHBIA CIOH, IJE CKO-
POCTBb MEeHsEeTCsI MOHOTOHHO (puc. 8.6, &). IIpenmonoxknm TakxKe, 9TO HCTOYHIK
HAaXOJUTCS B Hayane KOOPAMHAT B BEPXHEW cpefie, a (PyHKUUS c(z) BCIOAY HEmpe-
pbiBHa. BHauase paccMoTpuM ciyyail, KOrja cCKOpocTb B IEPEXOJHOM CIIO€ OTHO-
CHTEJIBHO OBICTPO BO3PACTaET, T.¢. C, > C, u dc/dz > 0.

OueBufiHO, UTO N1y4 ¢ napameTpoM p = 0 (8, = 0) — 9To mpsiMasi, HalpaBlIcH-
Had BAonb ock z. OpHako st ApYrux Jydeil HAOMIONAETCs COBEPLICHHO fpyras
KapTrHa. [T0CKONBKY B Ipefielax MepexojHoro cios Npou3BofHas dc/dz momoxu-
TeJIbHA, YTOIl NafieHus O yBeIMIMBAETCs ¢ pocToM Z. Ecin mapameTp syya p OTHO-
CUTEJIHO MaJl, €0 YroJ nafeHus 0(z) He NOCTUraeT 3HaYeHus 7t/2 Jaxe Ha HILX-
Hell rpaHuue cnost. Jlyuw aToi NepBoli TPYNIbl HPOXOAAT Y4epe3 CIOi U MOSBI-
I0TCSL B Cpefie, UMEIOIIER CKOpOCTh C,. TakuM 00pa3oM, paccMaTpUBacMble JIy4u
COCTOAT U3 TPEX YacTell: NPAMBIX JIMHUH IOBEPX U HIXKE NEPEXONHOrO CJI0s U
HCKPHBIECHHOTO YYacTKa BHYTpH Hero (puc. 8.7, a).

W3 popmynsi (8.53) crexyer, 4To

sinf, _ sin0, , (8.59)

ol G
rjie 0, u 0, — yribl NajieHus B BEPXHER U HIDKHEN vyacTu cpefibl. Kak OypeT moka-
3aHO B JaJbHENIIEM, 3TO COOTHOLIEHUE OMUChIBAaeT 3akoH CHemnmmyca Ajsi Hpe-
JIOMIIEHHOTO JIy4a Ha TPAHUIE CPEN C Pa3IMYHbIMKI CKOPOCTSIMH.

393



Puc. 8.7. PasmiruHble rpynisl Jiydeit (a); CAMMETpHS JIyda OTHOCHTEIIBHO TOUKH NOBOPOTA (8);
TNOBeficHUE Jyyeli (&); 3aBUCUMOCTb CKOPOCTH OT KOOPAMHATSI Z (&)

ITycts ny4, npuxopsIuil B TOUKY IOBOPOTA HA HIKHEN IPaHUILE CIIOS, Xapak-
Tepmsyercs yriom 6. Torna B 310l TOUKE

sinf; = ¢, /¢, (8.60)

U IIy4 BO3BDAIIAETCS B BEPXHIOIO cpefly. [lalbHediee yBeNIMYeHue yIila NajcHis
(6, > ) IPUBOIUT K YMEHBILEHHIO KOOPIUHATBI Z TOUKH MOBOPOTA, O acHMIITO-

THYECKH OHA JOCTUTAeT BEPXHEN TpaHUIbl MPOMEXYTOYHOro cnos. CooTseTcT-
BEHHO, BTOpasi IPyIINa JIy4eil BO3BPAILAETCS B BEPXHIOIO CPEMY, 7€ OHU CTAHOBSTCS
npkibivi THESIME (M. puc. 8.7, &). OUeBUIHO, UTO TPACKTOPHH JyYel CHMMe-
TPHUYHBI OTHOCUTENBHO 3TOH TOUKH (pHc. 8.7, &). MBI cHOBa mMeeM

sin O, =sin0, wm 0, =m-0,. (8.61)
3OTo0 paBeHCTBO, aHANOTHYHOE (8.59), TakKe mpefcTaBnser co6oil 3akoH CHemnu-
yca. B manpHefimeM Mbl TOJTyYAM 3TO COOTHOIIECHHE M3 TPAHWYHBIX YCIOBHIL.

Paccmotpum pasee, kak BefyT ceOsl Iyuu BROMb OCU X. JIyunm OTCYTCTBYIOT Ha
creyroneM uaTeppaine (cM. puc. 8.7, &):

0=x<X, (8.62)

Yron 6; Mo KOTOPHIM Iy4, TlepeceKkaeT MpsiMyto Z = 0 B TOUKE X;, OMPE/IemsieTes

u3 cooTHoueHus (8.59). Yron 6, HHOTAA HA3BIBAIOT KPUTHYESCKUM YyriaoM. Ilpu
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OOJBbIIUX 3HAYEHUAX X HAOMIONAIOTCA JIy4d, KOTOpbIE IPUXOAAT IO YIJIOM O,
PAaBHBIM YIIIy IIaJlCHNS.

Takum 00pa3oM, KpUTHIECKH yron ¢ MO3BOJSET PasfeiuTh Bce CeMefcTBO
Jydeil Ha [Be IPYNIbL: 1) Iyun, KOTOpPbIE NPOHMKAIOT B HIDKHIOIO CPENy, U 2)
Jly4d, KOTOpbIE UMEIOT TOUKY IIOBOPOTA B IPOMEKYTOYHOM CIIOE.

OueBKfHO, YTO B IPOTUBONONOKHOM CIy4ae, KOTAa CKOPOCTh C(Z) MOHOTOH-
HO YMEHBIIAETCS B CTOPOHY HIDKHEN Cpefibl U C, < C,, TOYKH IOBOPOTA OTCYTCT-
BytoT (puc. 8.7, &). COOTBETCTBEHHO YroJl MpenomyIeHus 6, B HIDKHEH cpefie
MeHblIE yria 6, B BepXxHell 001acTy U COrIacHo 3akoHy CHesmyca Mbl UIMEEM

C
. ) .
sin@, = C—sm 0, < sin 0,.
1

Cayuaii 6: Mofens ¢ nepexojHoii 3o10ii (dc,/dz > 0 u dc,/dz > 0)

[Tpennmonoxum 4To B BepXHEN M HUXKHEN YacTU CpPefibl CKOPOCTh BEET ceOst
TIOYTHU JIMHEHHO, HO B IPOMEXYTOUHON 30He Tpou3BofHas dc,/dz u3MmenseTcs B
Ooplueit crenenu (puc. 8.7, &). Kak u B mpefbIayyx ciyyasx, OyeM mnonaraTsb,
YTO MCTOYHWK HAXOAUTCS B Havase KOOpAMHAT. B Takoil cpefie yTo6HO pa3imyath
TpPHU TPYIIBI Jy4el, MOKa3aHHbIX HA puc. 8.8, a. Toyka moBopoTa nmepBoli Ipym-
Ibl JIy4ell pacronaraeTcs BbIIe MPOMEXYTOYHOTO CIOs, a ee KOOpAuHATa X To-
CTETICHHO yBeNMUMBaeTcs ¢ yBenuueHneM yraa 6,. Ilyctb nmyd, Touka moBopoTa

oW @ Bx .

z
6 2
o X Junusa uenmpoe
0
co/m P
R =c,/msin6,
0 X
0o
z z

Puc. 8.8. Tlosenenue nydeii (a, &); 3aBUCKMOCTb CKOPOCTH OT KOOPAMHATHI Z (&); TOBEICHHE
Jy4elt B cpefie ¢ IOCTOSHHBIM TPAHeHTOM CKOPOCTH (8)
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KOTOPOTO PaclojioKeHa Ha HIDKHEN IpaHulle BepXHell o0NacTH, XapakTepusyeTcs
yriaoM 0. OueBHHO, YTO Yroi najicHus 6, NepBOil IPYNIbI MOTUYMHIETCS CIEy-
IOIEMY YCIIOBHIO:

0, =6;.

[ToMmMO 3TOTO, CYIIECTBYET AMAIA30H YTIOB B, < 6, AT KOTOPOTO TOYKA

NOBOPOTA Ny4eli JEXUT BHYTPU IIPOMEKYTOUHOTO CIOS. OTO MPOUCXOAUT U3-3a
TOTO, YTO BHYTPHU CIOSI CKOPOCTh MEHSIETCS JOCTATOYHO CHIBHO. Takue Jyuu,
oOpasyiollyie BTOPYIO TPYIIY, NMEPECEKAIOTCS ¢ HEKOTOPbIMU M3 JIyuell IepBoi
TpyIIbI B BepxHel cpefie. Jlydn ¢ OTHOCHTENBHO MajlbIMU 3HaueHusMu 0, oOpa-
3YIOT TPETBIO IPYIIY C TOYKOH NMOBOPOTA, PACIONOKEHHON HIDKE IPOMEXKYTOY-
HOTO CJI0L.

Ciyyaii 7: HI3KOCKOPOCTHAs 30Ha

HpeJIHO.TIO)KI/IM, 4TO NIpU MaJbIX z CKOpPOCTb MOCTCNEHHO YBEJINYUBACTCA C
ri1youHoi. Torga cylecTByeT Auana3oH r1yOuH, Iie

oc/az < 0.

ITocne aToro uHTEpBana CKOPOCTb HAYMHAET YBEIMYMBATHCS laxe ObIcTpee, YeM B
Bepkiieit vactu cpenpl (puc. 8.8, &).

Jlyan ¢ mocraTouHO OONMBIIMME 3HAUCHHSAME 0, 00pa3yloT NEpBYIO TpyIy.
Kak u B mpefibiyiem ciyvae, OHM PacloOXeHbl B BEpXHEl 00nacTu, rje CKo-
pOCThb yBenuuuBaetcsl ¢ rayounoii. KoopuHata X TOYKM MOBOpPOTAa TAKUX Jydel
00BbIYHO BO3pacTaer ¢ ypeauyeHueM 0, Bropas rpymma jnydeii xapakTepusyeTcs
MeHbIIMH 3HaueHnsiMu 6. Kora Kakoi-Huy/ab 1yd U3 3TOH TPYNIbI JOCTHTaeT
30HBI, B KOTOpOfI CKOPOCTb YMEHBILIACTCsA, €TI0 Yrojl IMPEJIOMIIEHUS CTAHOBUTCA
MEHBIIE U JIy4 pa3BopaurBacTcd BHHU3. [109TOMy MOXHO HaOMIOfaTh cpasy fpa
SBIICHHS: 30HY TE€HH, B KOTOPOH JIy4d OTCYTCTBYIOT, U MepeceyeHue aydeil (puc.
8.8, &). Hakomem, TpeThs rpymma COCTOMT W3 Jydell ¢ OTHOCHTEIHHO HEOOMBIIIN-
MU 3HaUYeHUSIMHU 6, TOUKH IOBOPOTA KOTOPBIX HAXOASATCS OBOJIBHO TYOOKO.

YPABHEHHME JTYYA B HAPAMETPHYECKOI ®OPME

ITocie TOro, Kak Mbl KaYeCTBEHHO PACCMOTPEIH TOBEJIeHHe Jyueil B pasiud-
HBIX Cpefiax, LeJeco00pa3HO MPUBECTH OMMCAHUE TPACKTOPHH Jyya B MapaMeTpH-
YecKoit opme:

X=X(2) nu t=1(2), (8.63)

T7ie X — TOpU30HTaJIbHAd KOOPJIMHATA TOUKH Ha Jyde; t BpeMs mpobera OT UCTOY-
HPKa, PACMONIOKEHHOTO B HAYaJle KOOPJIMHAT.
N3 coorromenui (8.51) nMeeM

dx = sin 0 ds, dz = cos 0 ds.
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CneoBaTelbHo,

X ={sin6d5 Wi X ={tan6dz. (8.64)

o onpeueneﬂmo,

t= f— i t= chose (8.65)

C y4eToM TOro, uTo

sin 6

T —pu cosB=+1-p3c?
c

paccTosiHHE X M BpeMs t BbIpaskaloTcsl uepe3 CKOpPOCTh 1 IapaMeTp Jyda P Kak

z

d
X@.p)=p[— = —
o V1-p7c ()

z

tep)= [— %
{C(Z)Vl -p’c @)

dz (8.66)

Bcrony manee Mbl OyaeM mpefnonaraThb, 4TO y Jyya ecTh TOYKa IOBOPOTA H,
ClefloBaTeNbHO, OH BO3BpalaeTcs K m1ockocTu Z = 0.

YunTeiBas CHMMETPHUIO Jy4Yell ¥ NMPUHMMAsl BO BHUMAaHUE BbIpaXkeHHs (8.66),
JIIS1 TOYKH HA 9TOH INIOCKOCTH UMEEM

Z

max

X(p)=2p
f By - p C
n (8.67)
(p)=2
‘[ c(z)\/l - p c?
rie Z,,,, 0003HavaeT KOOpPAMHATY Z TOYKH IIOBOPOTA, T.€. MAaKCUMaJIbHYIO rny61/1Hy

NOPOHUKHOBCHHUSA J1y4a.

CneuyeT 3aMETUTb, UYTO NapaMETp Jyda p MOZKHO MpPENCTaBUTb KaK MUHUMYM

ABYMS pa3JIMYHbIMA crocodamu:
sin 0, 1

p=—"up=

Co o(z

(8.68)

max )

BHCCI: C(Zmax) — CKOPOCTb B TOYKE IMOBOPOTA; €€ 3HAUCHUE ABILICTCA MaKCUMallb-
HBIM BJ1I0JIb JIy4a.
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JIMHEMHOE BO3PACTAHHE CKOPOCTH C I'TYBHHON

Yrobbl MOKa3aTh, KaK HCIOMB3YIOTCSA MapaMeTpHYecKue ypaBHeHHS Jyda,
paccMOTPUM OYEHb MPOCTOH Cly4Yail, KOrjga CKOPOCTh IMHENHO BO3PACTAeT C IIy-
OuHol (puc. 8.8, &):

c(2) = ¢, + mz. (8.69)

OueBUIHO, YTO IS IPOU3BOJIBHOM (pyHKIMK C(Z) Bcerga MOXHO BbIOpATh Ta-
KHN€ UHTEPBAJIbI, ITE€ CKOPOCTH MEHAETCA OT Z TIOYTHU JIMHEHHO.
ITpexne Bcero, n3 paBeHcTBa (8.56) clefyeT, 4To

—=p—=mp. (8.70)
as az
Takum 00pa3oM, KpuBH3HA KaxKAOro Jyda IMOCTOSHHA U 3TO O3HAYaeT, YTo Tpa-
eKTOpUsL NIyJa SBISIETCS TYroil HEKOTOPOl OKpykHOCTH. [1o ompenenenuto, paauyc
KPUBHU3HBI IyTH

Ro_L _ 1 __ % (8.71)

T.€. painyC KpUBHU3HbI 0OPATHO MPONOPUUOHANIEH CHHYCY yIiia BbIXofa 6.

U3 puc. 8.8, & BHAHO, YTO HEHTPHI TAKMX OKPYXKHOCTEN JiexKar Ha mphlioi,
PACIONOKEHHOH HA PACCTOSIHAN Co/M OT miockocT Z = 0. HamomHmM, 4TO MBI
paccMaTpUBaeM CIydail, KOrjaa TPaUeHT CKOPOCTH BCIOMY SIBISIETCS] TOCTOSTHHBIM.
Ecnu ke Ha HEKOTOPOM MHTepBane Z pou3BofHas ds/dz uMeeT Ipyroe 3HaueHue,
TO LIEHTPbI COOTBETCTBYIOIIMX IYT' OKPYKHOCTEN OYAYT JeXaTh Ha IPYrOi MPSIMOH.
B uacTHOCTH, KOrjla yKa3aHHas NMPOW3BOJHAs CTAHOBUTCS OTPULATENBHOM, T.€.
CKOPOCTh Ha HEKOTOPOM MHTEpPBAJIe IMyOUH YMEHbIIAETCA, IMHUA LEHTPOB PacIo-
JaraeTcst Moy JTy9aMH.

[TockombKy CKOPOCTb IMHENHO 3aBUCHT OT KOOPAMHATHI Z, JIETKO MOJYYHThH
HMapaMeTpUyecKue YpaBHEHHUs Jyya B SIBHOM BHje. [IefCTBUTENbHO, M3 3aKOHA
CHennmyca crnefiyet, 4To

sin 6 = pc(z)

Hucdpepennuupys 3T0 BbIpaXKEHHE MO Z, HOMYIUM
do d '
cosO—=0p Lo pc
dz dz
WK

dz = g4 cos 0.
pc’

[MopcranoBka mociegHero cooTHOMEHNS B hopmydy (8.64) maer
0

x@z) =1 fL“e de (8.72)
py ¢'@)
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AHanornyHo 3TOMy

t(z sin 6 sin 6 ) 8.73

@)= f pec’ fc "sin O ( )
IMockoneky

c'=m,

BbIpaxeHus (8.72) — (8.73) nepenuchIBatOTCs Kak
0

X=L sin0do =

pm % m sin 0

Cy (cos B, —cos )

- (8.74)

0
t=Lf de _ 11 tgf/2
mesine m  tgh, /2

0

B vacrHoCTH, ecnu O = 7/2 (TOYKa MOBOPOTA), TO

C 6
X=="cotf, u t= Linctg—2,
m m 2

3Hauenus X u t B m1ockoct z = 0 OIIPENICIISAOTCA BbIPaXKEHUAMU

2¢, 2 0
X="2cotf, u t="Inctg—". (8.75)
m m 2
OTU COOTHOLIEHHS CBS3bIBAIOT MEXMY co00# 3HaYeHHUs yria Bbixofa 6,, ¢ OffHON
CTOPOHBI, M KOOPAMHATY X Ha MpsAMoi Z = 0 1 BpeMs puxofia t, ¢ Kpyroit.
ITokaxeM Kak B 3TOM Cly4ae MOXKHO HalTH BeJINIuHbI 6, mu Z,,,, Ecam u3-
BECTHBI X 1 t, TO yrox BbIxofia 6, onpepensieTcs u3 Boipaxkenuii (8.75):
X ctgb
==c, _cgY%

t 0
In ctgfo
2

TIPH YCIOBHH, YTO CKOPOCTH C, 3ajiaHa. ITocne 3Toro BenmyunHa M BBIYMCIAETCS C
IOMOILBIO JIF0OOr0 U3 COOTHOLIEHHH (8.75) U CKOPOCTb CTAHOBUTCA, TAKMM 0Opa-
30M, U3BECTHOM JJIs IPOU3BONBHOM [TyOHHBL

ITockombKy mapaMeTp JIy4ya, HPUXOMSIIETO B TOUKY C KOOpHMHATAMU X 1 Z = 0
OIpefieNAeTCA KaK

_ sin 6,

s

Co
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MbI MOKEM OMPENCIUTEL CKOPOCThL B TOYKE MOBOPOTA:
C(Znax) = 1/, p

3areM, ucnonb3ys opmyny (8.69), MOKHO ONpENeNUTh MAKCUMAIIbHYIO [ITyOuHy
TPOHUKHOBEHHUS JIyya.

BEKTOP IIOMHTHUHTA

PaccmoTpuM Kak BefieT ce0si MHTEHCUBHOCTb IIOTOKA 3HEPrHH, NEPEHOCHMON
BJIOJIb JIy4a. Tak Kak 4TO HCTOYHUK PACIOJIOXEH B Hayajle KOOPUHAT U

grad c = Ek
dz

pacnpefieneHie HHTEHCUBHOCTH, & TAaKXe CaMy JIy4y 00/1afjatoT 0CEeBOH CUMMETpU-
eil oTHOCUTENBHO OcH Z. Kak M3BECTHO, JIyd YKa3bIBAET HAPABICHHE BEKTODA
[MofiaTuRTa. B COOTBETCTBUM C 3THM YIOOHO TpEACTaBUTH cebe OOpa30BaHHYIO
Jy4aMH CHCTEMYy dJleMeHTapHbIX TpyOok. Kak orMevanoch paHee, KOJIHYECTBO
9HEPruy, IPOXOMNALIEN Yepe3 MONEepeuHble CEYEHMS KaX[Ooi U3 TakuX TPYOOK,
0CTaeTCs MOCTOSHHBIM, IIOCKOIIbKY IIOTOK 3HEPIHM Yepe3 OOKOBBIE MOBEPXHOCTH
TpyOKu oTcyrcTByeT. CnefoBaTelnbHO, BelMuuHa BekTopa [loiiHTHHTa 0OpaTHO
NPONOPUMOHAIIBHA TINOMIAAN CEYEHUs 3lIeMEHTapHOl TpyOKku. BOmmsu ncrovnyka
IIOTOK SHEPTMY MMEET pafuanbHoe HanpasineHue. IIpeanonoxum, 4To u3nydenue
HCTOYHUKA cocTaBsieT N e[UHUIl B CEKYHy B KOHYCE, TEJIECHBII YTOJl KOTOPOro
paBeH efunuLe. PaccMoTpuM anemenTapHyto TpyOKy, 0Opa3oBaHHYIO BOKpYT JIyda
c yrioM BeIxofia 0, (puc. 8.9, a). TesnecHbll yroa w ¥ yroa BbIxofa 0, cBA3aHbI
MEXNY co00¥ COOTHOLIEHNEM

o =2n(1 - cos 0,).
Brinonnsst onepanuto ucdepeHIupoBaHus, TONYIrM
dw = 27 sin 6, d6,.

a 0

Puc. 8.9. VIHTEHCHBHOCTB MOTOKA 3HEPTHH
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IMnowaas cerMeHTa Konmblia WUPUHON OX, pacHoI0XKEHHOIO B OPU30HTAJBHON
miockocTH (puc. 8.9, &) paBHAeTCA

dS, = 2m x dx.

CnepoBaTesbHO, IIOMWAAL CeUeHns TPYOKH, pacloNOKEHHO! Ha (ha30BOM MOBEpX-
HocTH L,

dS = dS; cos 6 2w X dx cos 6.

Takum 06pa30M, MHTCHCUBHOCTDL IIOTOKA JHEPIUHA B TOUYKE C YIIIOM 0 onpene-
JISIETCA KaK

_ Ndo _

ds X cos 6 dx

| sin 0,d0 N

I'opu3oHTanbHOE paccTOSHUE X OT OCH Z [0 NMPOM3BOJBHON TOYKU Ha Jyde
MOXHO paccMaTpuBaTh Kak (yHKuuio 0, u z. Takum oOpa3som, Aad Kaxpmoi 3a-
IaHHO# TyOWHBI Z = const AIMEEM

OX
dx = 2 de,
a9,
B HefICTBHTeHbHOCTH, I Ka)KI[OfI IUIOCKOCTH Z = const MOXHO 3aImcaTh
x _
a0  do
HOSTOMy MHTEHCUBHOCTH | MOKHO 3ammcaTh Kak
N sin 6
| =—% (8.76)
X
X —cos 0
a0

[Tocnepnee BbIpaskeHUe 3aMETHO YIIPOLAETCs AN Clyyasi, KOrja cKOpOoCTh JIMHEH-
HO BO3pacTaeT ¢ rayouHoi. Brrumcnum cHayana mpousBofHyto 9x/d6,. 13 ¢op-
Myibl (8.74) nmeeM

X ¢ . . .
X —(; smeo(—sm@0 + sm@ﬂ) —(cos0, —cos0O)cosO, | =
0, msin” B, 89

C—‘;[—l+cos@cos@0 +sinBsin6, a_e]. (8.77)

msin” 6, 99,
MucddepennupoBanne paBeHCTBA

sin 0, _ sin6

C c
JaeT

a0 c
cos— = —cosB,
9, ¢,
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ninmn
90 sin@ cosB,
9, sinB, cosO '

[MopcranoBka 3Toro cooTHOmeHus B opmyay (8.77) NPUBORUT K CIEAYIOLIEMY
BBIPAXXECHHUIO:

IX C . . sin 6 cos 0
—=—2I-1+cosBcosB, +sinOsin@, ———>
0, msin” 0, sin 0, cos 6
_ Cy cos, — cos 6 _ X

msin2 9, cos 0 cosBsin 6,

Taxkum 00pa3om, BMECTO BhIpakeHus (8.76) Mbl IOJTydaeM

.2
sin” 0,

2
X

=N (8.78)

VIHTEHCHBHOCTb YMEHbIIAETCS PONOPLMOHANBHO KBafpaTy TOPU30HTATBLHOTO
paccrosiHus X. B 4acTHOCTH, [JaBleHHe U CKOPOCTb YacTHl 0OpaTHO NMPONOPLHO-
HaJBHBI PACCTOSIHUIO X.

TOJOTPA®bI

ITpucrynum Teneps K 00CYyKAEHUIO Apyroil Tembl. IIpeanonoxum, 4To BOIb
OCH X U3MepsieTCd BpeMs NIPUXOJia BOJHBL, T.€. U3BECTHA (DYHKIUSL

t=1(X) (8.79)

OTa QyHKIYS Ha3bIBaeTCs roforpacoM BOJIHBI, U HAllA LeJb COCTOUT B TOM,
4TOObI U3yYUTh HEKOTOpbIE €€ CBOUCTBA. OYEBUIHO, UTO €CIIM CKOPOCTh HOYTH
JUHENHO PacTeT ¢ IyOMHOM, BpeMs IPUXOfia TAKXKE MOHOTOHHO YBEIMYMBAETCS C
paccrosHueM X (puc. 8.10, a). Jlerko onpefienuTs HaknoH rogorpacda. ITo ompe-
JIENEHNIo, 3a MHTepBaJ BpeMenn dt ¢ha3oBasi MOBEpXHOCTH L mepeMeniaeTcs Bomb

Jyda Ha paccrosHme Codt. B To ke Bpems, cMenienne dX B HANPABJICHAN X PaBHS-
eTcs

dx = c,dt, (8.80)

T7ie C, — KaXyIIacsi CKOPOCTh BOIHBI BIOJb OCH X.
CnepoBaTenbHO, HAKIIOH KpHBOH t = t(X) 00paTHO MPONMOPIMOHANEH Cy:

dt/dx = 1/c,. (8.81)
U3 puc. 8.10, & BuHO, 4TO
c,dt = c,dt sin 6,

Win
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X
6 2
1) a c b dx O. ab d ¢c e x
z z
t t C
L
b d
d b
a /
a
X X

Puc. 8.10. Haxnon rogorpacda (a); wmumoctpauust ¢opmyinst (8.82) (4); ycrpoenue ropo-
rpaca (&); moBefieHne yyeii B 30He TeHN (&)

C, = Cy/sin O, (8.82)
IIOCKOJIBKY YroJ NajfieHus 0 B TOYKax, IPUHAJIEXKAIINX OCH X, COBIANAET C YIJIOM
BbIXOpa 0.

CornacHo (8.68) kaxy1asicsi CKOpOCTb PaBHSIETCS CKOPOCTH B TOUYKE NMOBOPO-
Ta Jy4a, T.€.

C,=C
ninn
dt/dx = 1/c,. (8.83)

IMTockonbKy CKOpPOCTb YBEJIMUMBAETCA € ITyOMHOM, HAKJIOH rofiorpada ¢ pocToM X
yMeHblIaercd. CneffyeT OTMETHTb, YTO PaBeHCTBO (8.83) MO3BOMSET OLECHUTD CKO-
pOCTb Ha Pa3NMUHBIX IMyOMHAX, KOTOpbIE, OJHAKO, OCTAKOTCS HEM3BECTHBIMHU.
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Hpyrumu cinoBaMu, Mbl HE 3HA€M KOOPAMHATBI Z TOYKH, B KOTOPOW BBIYHCIISEM
3Ha4YeHHEe CKOPOCTH.

[Tpeanonoxum, 4To B cpefie UMEETCsl IPOMEXYTOUHAs 30Ha, B KOTOPOI CKO-
POCTb BO3pacTaeT OTHOCUTENBHO OblcTpo. Kak OblIO MOKa3aHO paHee, B 3TOM
Cllydae ecTeCTBEHHO PAacCMOTPETb TPU TPYINBI Jy4eH, pa3NMyaroUXCsl CBOUM
nosefieHueM. ['offorpadbl B 3TOM ciyyae UMEIOT Oosee CIoXHYI0 (hopMy U MOA-
paspenstores Ha Tpu BetBH (puc. 8.10, &). OnHa u3 Hux, ab, coorsercTBYET Ny-
YyaM, pacloJIOXeHHbIM B BepxHedl cpefie. KoopiuHaTa X TOYKM IOBOPOTA 3THX
Jyyeil yBenuyuBaeTcst ¢ pocToM yriaa 6, [loatoMy mpu yBelIMyeHHH X HaKJIOH
KpUBOH ab CTaHOBHTCS MeHbIIE. DTO HOpMalbHAas BETBb ropjorpada, KoTopas
HabJrofianachk U B mepBoM npumMepe. [loxoxee moBefieHre HaOMIOAAETCs Y BTOPOI
BETBH, Cd, XapakTepu3ylowiell JIyuyeBble TPAaeKTOPUH, PACIIONOKEHHBIE B HIKHEH
yactu cpefibl. VI, HakoHell, TpeThs BETBb, CD, OTHOCHTCS K JyyaM, TOYKa MOBOPO-
Ta KOTOPBIX HAXOJUTCS B MPOMEXKYTOUHON 30HE, IJie CKOPOCTb OBICTPO BO3pacTa-
er ¢ rnyouHoit. I10aToMy TOYKH MOBOpOTA Jy4eil ¢ OTHOCUTENBHO HEOONBLIIMMH
yIaMu BbIXofia 6, paconoxenbl 0imxe K ocd Z. COOTBETCTBEHHO HAaKJIOH BETBU
cb yBemmumBaercst ¢ poctoM X. Takum 06pa3om, B 9TOM clydae Mbl HaGIEOfaeM
yTpoeHue roforpada.

OueBHIHO, YTO HA MHTEPBAJE

O<x<a

TOJIBKO JIy4H MEPBOM TPYIIIBI MEPECEKAIOT OCh X. B Kax[yIo TOUKy HHTEepBajia
c<x<b

TPUXOMAT JYYH BceX TPeX IPYIM, XOTA 3TO U MPOMCXOJUT, B 00LIeM ciydae, IpH
pa3NMYHbIX BpeMeHax t.
Haxonen, ecnu

b<x<d,

TO OChb X NEPECceKaloT TONBKO JYYd, MMEIOIMe TOYKY IIOBOPOTA B HIKHEN
cpere.

Panee Mbl OKa3anu, YyToO €ClId CKOPOCTb YBEIMYMBACTCSA C TNYOMHON B HIXK-
HEWl M BEPXHEW YacTH CPefibl, a B IPOMEXYTOYHON 30HE YMEHBIIAETCS, TO BO3HU-
KaeT 30Ha TeHU. B aTOM cnyyae rogorpag umeer paspsis, U, KPOME TOTO, BO3HH-
KaeT IBe HOBBIX BeTBH rogorpada (puc. 8.10, &).

WuTepBan kpuBoil ab BbI3BaH OOBIYHON JyYeBOH KapTHHON, HaOMOaeMoi B
BepxHeil yactu cpefibl. MIHTepBan bd aBnsercs 3oH0# Tenu. Ero mosiBnexue csza-
HO C YMCHBIIICHHEM CKOPOCTH B IIPOMEKYTOUHOH 30He. YacTh KpuBo# de Takke
IEMOHCTPUPYET HOPMAIIbHYIO JYYEBYIO KapTHHY, [l KOTOPOH HAaKJIOH KPUBOW
YMEHBILIAETCA [IPM YBEIMUEHUM PAcCTOAHMUS X. DTa 4YacTb roporpaga omuchiBaeT
Jy4y IpoXofsiue yepe3 Oosee riayOokue yactu cpefibl. Ilomumo atoro, mveercs
BeTBb OC C JPYrMM HAKJIOHOM, ONPENENSIOMMMC HATMYieM MPOMEXYTOUYHOM
30HbI. TakuM 00pa3oM, Mbl BUUM, YTO B 00LIeM ciaydae yHKIus t(X) sSBAseTcs
MHOTO3HAaYHOM.

Kax yxe ormevanock, Hak/IOH rogorpacga NO3BONSET ONPENeNUTh 3HAUCHUS
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dr

ds
rd©

Puc. 8.11. Onpepnenenue ¢yHKIME T (8); T KaK PyHKUMs p, Korga ds/dz > 0 (4); dyskums t
(P) B IIPHCYTCTBAM BHYTPEHHETO HH3KOCKOPOCTHOTO CIOS (&); pajMaibHOE paclpefieiieHue
CKOPOCTH (,,); wmrocTpamust popmysisl Byre (&); wutroctpamus cooTHomenus (8.89) ()

CKOPOCTH, a TAaKXKe€ IapaMeTp P Jyda, OPULIEAIIErO B TOUKY C KOODAMHATOMN X.
Hapspy ¢ atum cymectByeT yHkuus T(p):

“J1-p2d @
wp)=t-xp = [Pz,
e

noka3aHHas Ha puc. 8.11, -4, 4. Or1a QyHKIUS MHOTNA UCTONB3YeTCs IS Omperie-
JIEHUSI CKOPOCTH C(Z).

8.3. IOBEJEHME JYYEW B CPEJIE,
I'TE CKOPOCTB 3ABUCHT OT OTHOV KOOPTUHATHI R

PaccmorpuM Teneph puMep, KOTOPBI MHTEPECEH € TOYKM 3PEHUs 100alb-
Hoil ceficMonoruu. ITpeanonoxum, 4To napaMeTp n 3aBUCUT TOJBKO OT Paccrosl-
HUS T OT Hauajla koopauHar (puc. 8.11, &), T.e. B chepuueckoil cucreMe KOOpau-
HaT

n = n(r). (8.84)

ITokaxewm, MIpPEXKNIE BCETro, YTO BCC JIYUM JIEXKAT B OHHOﬁ IITOCKOCTH. BBEHCM
I 9TOr'0 BEKTOP

M:ranO,

IEPIEHIUKYISPHBLI IIIOCKOCTH, B KOTOPOH PaclonoXeHbl BEKTOPBI I' 1 S;.
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HpOI/I3BOIIHaﬂ BEKTOpa M 1o KOOpJAXHATE S BMIOJIb JIy4a ONpPEE/IACTCA Kak

d—M=i(rx nso)=£xnso+rxi(nso). (8.85)
ds ds ds ds

W3 opmynsl (8.15) cnenyer, uto
i(rx ns,) = Lg% ns, + r x gradn.
ds ds

ITockomnbky
dr an
— =S, 1 gradn=—r,
ds o 8 ar "’

00a cnaraeMbIX B IpaBoy yacTy (8.85) ncue3aroT u, CNefoBaTEeNbHO,
d
—(rxns,) =0,
ds

T.€.
r x Ns, = const. (8.86)

[MocnenHee paBEeHCTBO MOKA3BIBAET, YTO BEKTOP M OCTaeTCs MOCTOSHHBIM BIIOINb
Jyya, T.€. KQXJbIil JIy4 OCTAaeTCAd B OJHOM M TOH XK€ INIOCKOCTH, HE3aBUCHMO OT
TONIOKEHUS] ICTOYHUKA OTHOCHTENBHO Hayaja KOOpAUHAT.

Y nydeii B paccMaTpUBaeMOil Cpefie IMEETCsl EIie OfHO MHTEPECHOE CBOWCTBO.
Cornacho (8.86),

nr sin @ = const, (8.87)

T7€ ¢ — YOIl MEXY Pajilyc-BEKTOPOM I' U HAIIpaBJIeHUEM €JMUHIMYHOTO BEKTOPA S,
(puc. 8.11, a).
3TO paBEeHCTBO MOXKHO 3aMiCcaTh Kak

nd = const (8.88)

[ocnennee cooTHoLeHue HasbiBaeTcs hopmynoit byre. 3peck d — paccrosnue ot
Hayana KOOpJMHAT 0 KacaTeJbHOH K MPOM3BONBHOM TOUKE P Ha Jyde. ITOT pe-
3yAbTaT NMOKa3bIBaeT, 4To (hopMa JM00ro Jyya TakoBa, YTO aKYCTHYECKOE pac-
CTOSIHME MEX]y HayaloM KOOPAMHAT M KacaTeNbHOM K JIydy OCTAeTCs IOCTOSH-
HbIM. [TOCKONMBKY Jy4 JIEKUT B TIIOCKOCTH, MONOXKEHHUE €r0 TOYEK ECTECTBEHHO
ONHUCHIBATh IByMs KOOpAMHATaMu, I U ¢ (puc. 8.116). Bripasum yron ¢ depes
aTH KooppuHatel. I3 puc. 8.11, & BUAHO, 4TO

ds? = (r d6)* + (dr)?

sing = rdo
ds
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Takum o6pa3zom,

rde r()
sing = (8.89)
Jdr? + r2d0%  yr2(6) + (dr?/ do)?
W3 popmynsi (8.87) cnepyet, uTo
I’1I’2 _ C
Jr2(0) + (dr?/ do)?
AN
do_c 1 (8.90)

drrn?r2_c?

rie C — HeKOTopasi KOHCTaHTa.
WuTerpupys nocineyiHee BEIpaXKeHNe, Mbl MPUXOAUM K YPaBHEHHIO JIy4ya B cpe-
ne, rae N = n(r):

1 1
6=C f —_—— (8.91)
rvn?r? - c?
Kaxpp1it my4 xapakTepu3yeTcss HEKOTOpOo# KOHCTaHToi C,  OYEBUHO, UTO
nr>C
ITpenmonoxuM, 4To HCTOUYHUK M TOUKA HAOIIOCHNUS PacoIokeHb! Ha cepe
paguyca R, a Hauajso KOOpAUHAT COBMAfAET ¢ LeHTpoM 3Toil cepsl. Torma Ha-

OmofaeMoe BpeMsi Ipo0era BOMHBI ONpENENeTcs U3 YPaBHEHUH, aHATOTMYHbIX
ypaBHeHI/HO (8.67):

2f (R/c)’ d_R

(R /c) - R

u

RU

A=2p f %’

g, RV(R7/c)-p

e
_ Rsin i(R)

c(R)

SBISIETCS TAPAMETPOM JIYYa; | — YrOoJ MEXJY TPAeKTOpHed Jyya M PavalibHbIM

HampaBicHAEM M3 Hayaja KOOPAMHAT, R, — pajguaibHOE paccTOSHUE IO CaMo
r1y0OKOH TOYKHM Ny4a, U, HAKOHEll, A — YIIIOBOE PAacCTOSIHUE MEXY UCTOYHUKOM
1 TOYKOH HaOIIONEHNS.
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8.4. TYY¥ BBJIN3HM BHYTPEHHUX IPAHMIY
PA3JENA CPEJIBI

MBI onmcanm pacpocTpaHeHHE JyYe B CPEfAX, KOTOPhIE XapaKTEPU30BAINCh
HENpepbIBHBIMU (PYHKIMAMU CKOPOCTH C(z) U C(r). B maHHOM paspene Mbl oOcy-
JIM, KaK IIPOBOJIUTD JIy4YH, ECIHA CPEfla COCTOUT U3 OJHOPORHBIX oOnacTell, paspe-
JIEHHBbIX BHYTPEHHEll TDaHUUEH, Ha KOTOPOH CKOPOCTb C TEPIHUT pa3pbIB (pHC.
8.12, &). OueBHAHO, YTO Ha TAKON TPAHWIE YpaBHEHNE 3MKOHAJNA HE BBHITOJHIET-
csl, TIOCKOJIbKY B HeM TpeOyeTcsi, YTOObI CKOPOCTb C OblTa HENPEPBIBHON (hYHK-
mueit. CrneoBaTenbHO, YTOOBI MPEOfONETh 3TY TPYAHOCTb, HEOOXONMMO HCIIOMb-
30BaTh KaKUE-TO IPYIrHe MOAXONbI.

B peanbHOIl cuTyanun MeXy OTHOPOAHBIMU YacCTSIMHU CPEibl MOTYT CYILIECTBO-
BaTb TOHKUE NIEPEXOAHBIE 30HBI, B KOTOPBIX CKOPOCTb OBICTPO BO3pacTaeT (pHC.
8.12, &), ocraBasich BCIOTy HENPEpbIBHOH. Panee ObLIO TMOKa3aHO, UTO BHYTPH
TaKKMX 30H Najjarolmil nyy (1) MoxeT nub0 BO3BpAIaThC B BEPXHIOK Cpefy (B
3TOM Clyyae y Jyda ecTb TOUKA II0BOPOTA), TMOO MPOHUKATH B HIDKHIOK CPENy
(2), m3MeHsIs pu 9TOM CcBoe Hampasnenue (puc. 8.12, &). M3 ypaBHeHus sfiKoHa-
Ja CIEMyeT, UTO J1y4 He MOXET BECTU ce0sl cpa3y IByMs! yKa3aHHBIMU CIIOCOOaMHU B
OfIHOH U TOW Xe TOYKe. DTOT BBIBOJ CIEAYET M3 IPEANONOXEHHS O TOM, 4TO
JUIMHA BOJIHBI A B IIPEfiesIax NEPEXONHON 30HbI 3HAYUTEIBHO MEHBIIIE €€ TOJIIAHBI
h, .e. A << h, m, crnefoBaTenbHO, BapHanui CKOPOCTH HA PACCTOSHHAX MOPSIKA
A Manbl. OHaKo B CECMONIOTHY MCIONB3YIOTCS. BOJHBI TAKOTO YaCTOTHOTO CIie-
KTpa, VISl KOTOPOTO JUIMHA BONHBI OOBIYHO MpeBbIIAeT N Ha HECKOIBKO MOPSA-
KOB!

A > h.

B aTom ciyyae ToHKWI MEpeXOAHbINA oW BefeT ceOs Kak MOBEPXHOCTh Pa3phiBa
ckopocTH (puc. 8.12, &). B rmaBe 3 MBI paccMOTpeNH pacnpoCTPaHEHHE BOJHBI
BJI0J/Ib HEOTHOPOJHOI PYKKHBI, KOTAa CKOPOCTb YacTUl| ObLla NMEPIEHIUKYIPHA
rpanune. bbuto Moka3aHo, YTO MCTOYHMKH, BO3HUKAIOIME HA TAKOW BHYTPEHHEN
TpaHulle, IPUBOAAT K TOSBIEHUIO OTPAXKEHHBIX M MPOXOAAIIUX BOIH. Mbl OyueM
HUCIOJIB30BaTh 3TOT OCHOBONOJAraroumuil ¢akT B Gonee oOwieM ciydae, KOrfa
TaJJAoLIUi J1y4 IPOU3BOJIBHO OPUEHTUPOBAH OTHOCUTENBHO IIOBEPXHOCTH S (pHC.
8.12, @).

a 0 8

Puc. 8.12. KycouHo-ogHOposHas cpefa (&); MOBEAEHNE JIyda B MPUCYTCTBUN TOHKOIO CJIOS
(&); rpanmma pasnena Mexy CpefilaMil ¢ pa3TMIHbIME CKOPOCTSIMHE (&)
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[TockonbKy cpefia Bblllle U HUKE MOBEPXHOCTH S OJHOPOAHA, Jy4H SBISOTCS
IPSMbIMH, M Hallla L[eJb COCTOUT B TOM, YTOOBI ONpEAeNuTh HAIpaBleHHE OTpa-
KEHHOTO ¥ MPEJOMIIEHHOTO Jydya BOJNM3M 3TOH NMOBEPXHOCTU. YUHMTHIBAS BaxX-
HOCTb 3TO! HpOOIEMbl, MbI HCIOJb3yeM HECKOJBKO Pa3lU4HbIX METOMOB €€ pe-
IIeHNs], HO BHAYAJIe IPEOIOXKHIM, YTO TIOBEPXHOCTh S SBISETCS TIOCKOM.

OTPAKEHHBIE 1Y4YU U IIPUHLUII ®PEPMA

[Tpu u3ydeHun oTpaxeHus Jydell Mbl OyAeM UCXOfUTH u3 mpuHnuna depma,
XOTsI 9TOT IPUHIMUI ¥ ClefyeT u3 uHTerpana Jlarpamxka, KOTOpBIA, B CBOIO Ode-
penb, ObLT MOJNYYeH M3 ypaBHEeHUs diikoHana. Kak wm3pectHo, mpuniun ®epma
[JIACUT, 4TO aKycTHYecKasi AJIMHA

P
N = (nds (8.92)
!

MEXJy IBYMs TOUKaMH P, U P,, PacloJOXEHHbIMA Ha JIy4e, MUHAMANIbHA, €CIH
IyTh UHTErpUpOBaHUsd B (8.92) cOBNAJAET C cCaMUM JIyYOM, a OKPECTHOCTH JIydya
SIBIISICTCS PETYISPHOM.

PaccmoTrpuM cHavamnma oTpakeHue Jy4yent OT IIOCKON MOBEPXHOCTH (prc. 8.13,
a). [IpepnonoxuM, 4To UCTOYHUK chepUUECKOll BOIHBI HAXOUTCS B TOUKE Py, a
P, — Touka HaOmofeHus. IIockonbKy MBI MMEEM [IeI0 C JIydaMu, NPOXOfIIUMU
yepe3 OfiHy U Ty Xe cpefy (N = const), npuHIun Pepma B JaHHOM CiIydae O3Ha-
YaeT, 4TO Jy4, COCUHSIOWMI TOYKH P, U P,, IMEECT MAHUMAIbHYIO AIKuHY. Ko-
HEYHO, Iy 0 BOJHBI, PACHPOCTPAHSIOMIEHCS OT MCTOYHMKA HEMOCPEACTBEHHO K
TOYKE P,, YIOBJIETBOPSIET 3TOMY NPHUHIWIY, IIOCKOJBKY €r0 JUIMHA MHUHEMAIbHA
(puc. 8.13, @). OnHako Haila Ledb COCTOUT B TOM, UTOOBI OMPEAENUTh Jy4, KO-
TOPBIA IPUXOJUT B TOUKY P,, HPEABAPUTENBHO OTPA3UBLIUCH OT IOBEPXHOCTH S.
JInst Takoro ay4a MOXXHO HapHCcOBAaTh OECKOHEYHOE YHCIO TPAEKTOPHE P,J,P-,
I7ie TOYKH g, IPUHAIIEXAT ITIOCKOCTA S (HEKOTOPBIE M3 TaKWX TOYEK IOKA3aHBbI
Ha puc. 8.13, a).

Cornacso npuxuuny $epma, AeACTBUTEIBLHBIM JIYYOM SIBJISETCS Ta TPACKTOPUS
U3 YKa3aHHOI'O MHOXECTBA, KOTOpask UIMEET MUHUMAJIbHYIO AIMHY. UTOObI HaiTH
9TOT JIy4, BBEIEM JIOIIOIHUTENBHYIO TOUKY P,, SIBISIOIIYIOCS 3€pKalbHbIM OTpaXe-

HUEM TOYKH P, OTHOCHTENHHO INIOCKOCTH S, ¥ BLIYMCIUM JITMHY TPAeKTOPHIl

p,9,P;, P,OP; 1 p,g,p;, (8.93)

MOKa3aHHbIX Ha puc. 8.13, &. Touka O cnelmanbHO BbIOpaHA HA TPAHUIIE TAKAM
o6pa3oM, 9TOOBI TpaekTopus P,Op, MpeAcTaBisLIa coboil mpsmyto Jmauio. 1o
ONpefeNIEHII0 NMEEeM

p,a= p;a

H, CJIEAOBATECIBHO,
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oS

& & & C

pz*
Puc. 8.13. TlpsMble u OTpakeHHbIe Jyun (&); WUTOCTpauus GopMynbl (8.94) (&); 3akoH
orpaxeHus CHennuyca (B); (PUKTUBHBI HCTOUHKIK OTPAKEHHOTO JIy4a (&)

P9, P =PiGiP2. P,OP; =p,0p,, P,9,P; = Pi9sP,- (8.94)

9TO 03HAYAET, YTO BMECTO TPAEKTOPHIl P;J,P, MBI MOXKEM OLECHUBATH JNUHY JH-
HAH P,0,P,. W3BeCTHO, 4TO Kaxpas U3 CTOPOH TPEYroJbHNKA MEHBIIE CYMMBI

mByx npyrux. Hampumep, paccMatpuBasi Tpeyronbhuk p,0Op,Q,p;, IPHXOMUM K
BBIBOJLY, UTO

P.Op; < P3G, + QP

Takum 00pa3om, u3 paBeHcTB (8.94) cienyet, yTo
P19aP2 > P,OP; =p,Op,,
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T.e. myTh P,0Op, SBISETCS KpaTyaillllM U, CIEJIOBATENLHO, OH OIKMCHIBAET Jyd,
NAaIOIMi Ha INIOCKOCTh, OTPAXKAIOIIMICA OT HEe W 3aTeM NMPUXONAIMI B TOUKY
HabmofeHus p,. Kak ato BugHO 3 puc. 8.13, &, TOUKY OTpaskeHHs ONpeMesUTh
IOBOJILHO MPOCTO. [I71s1 3TOr0 OMycTUM NMEPIEHAMKYISAP U3 TOUKU HaOMIONICHUs Ha
TpaHuIly pasfiella ¥ OTMETHM TONOXEHHe 3epKalbHOTO 00pasa 3Toil TOUKU P, .

3ateM monoxkenne Toukn O 3a1a€TCd KaK NepeceucHne HpHMOfI plp; C IINTOCKO-

CTbIO S. B HalmX MOCTPOEHMSX MbI MPEANoNaraeM, 4To Maaroliuil U OTpakeH-
HBIi Iy’ NIeKaT B ONHOMN INIOCKOCTH, M MX B3aMMHOE PAacIoJoXeHue n3obpaxke-
HO Ha puc. 8.13, 4. Breyiem Teneps Ba yria 6; u 6,, KOTOpbIE COCTABISIOT Mafia-
IOLMA U OTPaXKEHHBIH J1y4y C HOPMaNbIO K I'paHuLie pasfena [Byx cpep. Ouesup-
HO, 4TO

O a=0p,sin 6, = O p,sin 6;.
ITockombKy
Op,=0 p; >
MBI TIONTy9aeM
sin 0; =sin 6, W 6, =0,. (8.95)

[TocneaHee cooTHOILIEHNE OMKUCHIBAaeT 3akoH oTpaxenuss Cuennmmyca. CornacHo
9TOMY 3aKOHY, MafJAloIUil ¥ OTPa’KEHHBII JIy9N COCTABISIOT C HOPMAIbIO K Tpa-
HHULE pa3fiena OfiiH U TOT Xe Yrol.

B wactHOCTH, KOIfla majjaromas BOJHA PACHpOCTPaHSETCs BAOAb HOPMald K
IVIOCKOCTH S, TAfAOMil ¥ OTPAKCHHBIN JIyYM MMEIOT NPOTHBOIONOXHBIC Ha-
npasinenus: 6; = 6, = 0. C yBenmdenneM yria 6; yron otpakeHust 6, CTaHOBUTCS
0OJIbIIIE U, B KOHIIE KOHIIOB, IOCTUTAET 3HAUYEHN t/2.

OTpazkeHne BONHBI MPOMCXONNUT B KAXKO TOUKE T'PaHUIbI, U YTOObI Ompefie-
JIUTH TIOJIOXKEHNE OTPAKEHHOTO Jyya, YA0OHO pacCMOTPETh 3€pPKaIbHOE OTpaKe-
HHe UCTOuHMKa: P; (puc. 8.13, &). [Iposops npkiyio p;p,, MbI MONyYAM OTpa-

XeHHbIH nyu Op,. [leicTBUTENHHO, KaK BUAHO U3 puC. 8.13, &, s YIIoB BbI-
TOJTHSIOTCS CIIEYIOIIUE PaBEHCTBA:

2pp,0 =6, £pp;O=86,

n
pO = pp, tan 6; = pp,tan 6,.

ITockoneky
PP = Pp;,

3aKIIFOYaEM, YTO BBIMOJTHACTCSA 3aKOH OTPAaKEHUA CHCJIJII/IyCEiZ
0,=0,.
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YuuThiBast, 4To TpaekTopus P;Op,sBIseTc NpsAMOil, a paccrosHus p,Op, u
p;Op, paBHBI APYr APYTY, MBI MOXKEM MBICICHHO PACIOJOXATh MCTOYHHK B

TOYKE P; M MHTEPIPETHPOBATH 3Ty TOUKY KakK (PUKTUBHBIA HCTOUHUK OTpaXKeH-
HoI1 BoJHBI (puc. 8.14a). CneyoBaTensHO, (DPOHT OTPAKEHHON BOJHBI MPEJICTaB-
JseT co00i YacThb chepruecKoll TOBEPXHOCTH C IEHTPOM B TOUYKE P, .

Papuyc atoit chepnl paBHseTCs

PP, =Cit, (8.96)

rfie t — BpeMsi pacipocTpaHeHus BOJHbI OT UCTOYHUKA K TOUKE HaOMIOfIEH s BIOIb
ay4a p,Op,, a camo BeIpaxkeHue (8.96) ABISETCS YpaBHEHNEM BOIHOBOH NOBEPX-
HocTd. OYeBUHO, YTO B CUJTY OCEBOH CUMMETPUM NIEPECEUECHUEM ITON IOBEPXHO-
CTH C IJIOCKOCTBIO S ABNSIETCS OKPYKHOCTH pajnyca pg (puc. 8.14, a).

Takum oOpa3oMm, B BEpXHEH cpefie UMeeTcsl iBe cpepuueckie BOMHbI, a NMEH-
HO, IpsMasi BOJIHA C MCTOYHMKOM B TOYKE [P, W OTpaxkeHHas BojHA. Pa30Bble
TIOBEPXHOCTH MOCTIEHEN NMEFOT OOLIMIT [IEHTpP B TOYKE P;, KakK eclim Obl HCTOY-

HUK BOJIHBI HAXOAWICS B 3TO# Touke. KoHewuHO, 00e BOJIHBI PacHpoCTpaHSIOTCS €
OfIMHAKOBOY CKOPOCTHIO C,. [T0CKONMBbKY BCIOAy BBIIIIE TPaHUIIbI

PP, < PyP,

(PpOHT MpAMOIi BOTHBI B TI000H MOMEHT BPEMEHH PACIONOKEH Ha OONMbIIEM pac-
CTOSHHY OT HCTOUHMKA, 4eM (DPOHT OTpaxeHHOH BomHbl. OfjHAKO B TOYKaX,
MpHHAIEXAIKX ITocKoCTh S (puc. 8.14, a),

Pg=pg

Y, CIe0BATENBHO, B KaX/bIil MOMEHT BpEMEHH 002 (PPOHTA UMEIOT OOLIYI0 TOUKY
g, IOJIOKEHNE KOTOPOHl MEHSIETCS BO BPEMEHIL.

o
N(x)

D

\N/Ax NG, ¢
Xo X 0] Cy

b,

Puc. 8.14. TlpsiMoit 1 oTpakeHHbIiT Jyun (&); mosenenne pyHkimn N(X) (&); HLTIOCTparust
topmyi (8.100) u (8.101) (&)
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JINs. MILTFOCTpalMy CKA3aHHOTO, NPEANOJIOXKIM, YTO MOTEHIUAN Majarolei
BOIIHBI SIBNISIETCS. CUHYCOMNATBHON (PYHKIME] BpEMEHH:

A .
U, = —rsmw(t—ri).

It C

Toraa st OTpaskeHHO! BOJHBI UMEEM

A .
U, = —'smw(t—r—f)

It C

I I
u (asbl 9THX BOMH w-% M ®—, ONpefiessieMble JIMHAME COOTBETCTBYFOILMX
G G
Jydeid, B 0OLIEM Clyyae OTIUYAOTCS IPYT OT pyra.
PaBeHCTBO YriioB (8.95) MOXHO NEpENucaTh B CIENYIOWEM BAJIE
sin®;  sin6
o (8.97)

C G

YTO COBMAAET ¢ 3aKoHOM CHeJnnyca, BbIBEJICHHBIM U3 YpaBHEHMsI diKOHana Js
ciydas, KOrjia CKOpOCTh C SBJISIACh HEMPEPBIBHON (PYHKIHEN B MPOMEKYTOUHOM
cinoe (puc. 8.7, ). OgHAKO 3TO COBMAJEHUE UMEET MECTO, €CIU C, > C,. [leiicTBu-
TENbHO, KaK OBIJIO MOKA3aHO paHee, ecl BHYTPU MPOMEXYTOTHOTO CIOSI CKO-
pocTh magaet (C, < C;), TO y Jyya OTCYTCTBYEeT TOYKA MOBOpOTa. B oTnmume or
9TOrO, B CIyyae TPaHUIbI pa3fiesia IByX cpejl, Ha KOTOPO ypaBHEHHUE 3iKOHaNa He
JIEUCTBYET, OTPAKEHHASI BOITHA MOSIBISIETCS], HE3ABICUMO OT TOTO, KaK COOTHOCSTCS
MeXJy co00ll CKOPOCTH C; U C,.

MMPUHIMAII ®EPMA U IIPEJTOMJ/IEHHBIE BOJIHbI

B aToM pazpene Mbl onmuIIeM IpeNToMIIEHAE JTydell Ha IUIOCKOH TpaHUIE pas-
mena aByx cpef. Kak u B ciyyae oTpaxkeHus, MOXXHO MPENCTaBUTh ceOe OeCKOHEY-
HOE MHOXECTBO Pa3IMUIHBIX MyTEH, COSTMHSIONIIX TOUKH P, 1 P,. OHAKO TOIHKO
OfUH M3 HUX SIBJISETCS NPENOMIIEHHBIM JIYYOM, BOJIb KOTOPOLO aKyCTUYECKas
QHEPrUsl PacIpOCTPAHAETCA U, NEpeceKas IPaHULly pasfena, JOCTUraeT TOUYKU Ha-
6mopenusi. CornacHo npunuuny ®epma akycrudyeckas aaumHa N nmyva, 3agaBaeMast
BbIpaxXeHneM (8.92), sBIsETC MUHMMAJIBHOH CpPEd BCEX MyTel, COSTMHSFOIIAX
TOYKH P, u P,. CoorBeTcTBeHHO, (hyHKIMS N(X), TIe X — KOOpAMHATA TOYKH HA
TpaHUIE, UIMEET MUHUMYM. JTOT MUHUMYM OIPEESAET TOUKY, B KOTOPOH Majia-
IOIUI JIy4 TIepeceKaeT TPaHMIly U flaiee HampapiseTcs K TOUKe P,. YToObl ompe-
JIETUTh MONOKEHNE JAaHHOTO JTyya, paccMOTpUM mnoBefieHne GyHkuum N(X) B OK-
PECTHOCTH yKa3aHHOTO MMHAMYMaA (T.€. CTAlMOHAPHOTO peHIeHus X = X,). Ilo
OTpENENICHAI0, TIepBasi IPON3BOAHAS B 3TOI TOUKE PaBHA HYIIIO:

oN

— =0, ecnu X = X,,
IX
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U, CIIEJIOBATENBHO, psifi Tefinopa B OKPeCTHOCTH MEUHAMYMa UMEET CIIETYFOIIHIT BUT
(puc. 8.14, 8):

9°N(xy) A’
—

axz 5 ey

N(x)=N(X,)+ (8.98)

IJie PaccTOSHUE AX = X — X, O4EHb MaJIo.

ITpeneOperass BTOpbIM W TOCIEAYIOIUMYA WIEHaMA pafa Tefnmopa, MOXHO
CKa3aTb, YTO MaJble BAPHALMK X HE NPUBOAAT K M3MEHEHHIO [JIUHBI TPACKTOPHUIL
BOMHM3M Nyya:

N(X) = const, eciu X = X,. (8.99)

YuurtbiBas 3T0T (I)aKT, OpeanoIOKuM, 4TO MyTh p10p2 SIBIISIETCA JIYIOM, U CpaB-
HUM €ro aKyCTUIECKYIO IUIUHY C lIIII/IHOﬁ oyt p|01p2 , PacCIlOJIOKEHHOI'O B OKpeE-
CTHOCTH J1y4a. O‘ICBI/IHHO, qTo

p,0,>p,0,
YroOb! onmpefenuTh pasHOCTh MEXAY 3THMH NYTSIMH, HADUCYEM OKPYXXHOCTb pa-
nuyca p,O ¢ nenrpoMm B Touke P,. Torna

fO,=p,0,-p,0.
[Tockomnbky ayra Of Mana, ee MOKHO 3aMEHUTH NMPSIMOY JIMHHEH, U B 3TOM IIpH-
OnmkeHuu Mbl onyduM TpeyronsHuk OfO,, mokasauueli Ha puc. 8.14, &. Ilo-
ckonbKy cropoHbl p,O n Ol nepnenpukynsipubl, cootBetcTBeHHO Of u OO, MbI

3akntovaeM, uto yroa O,0Of paseH yriy nafienus 6;, U, ClIefoBaTENbHO, PA3HOCTb
mmH fO, gaeTcst BeIpakeHHeM

f O, = Ax sin 6;. (8.100)
AHaJOrnuHbIM 00pa30M Mbl BUAUM, UTO AJIMHA IIpeoMIIeHHOro nyya Op, Gomnb-
e anuHel myt O, P, Ha Benuuuny Od, paBHYO

Od= Ax sin 6,, (8.101)

rjie 0, — yroa MexJy IpelOoMIEHHBIM J1y40M U HOPMAJbIO K TPaHULE pa3fiefa.
Cpasrenue nyteit p,Op, u p,0,p, NOKa3bIBAET, YTO Baphauys AX NPUBOAUT K
YBENIMUEHHIO JIMHBI MyTH B TIEPBOA Cpefie M K YMEHBIUECHMIO JIMHbI MyTH HIXKE
rpanupl. [TockonbKy MOMHOE W3MEHEHWE JJIMHBI NMyTH BOMM3M Jyya JIOJMKHO
OBITH TIPEHEOPEKUMO MaJIbIM, TO, HConb3ys (8.100) — (8.101), MblI oTyyaem

n,f O, =n,0d
WK

n, sin 6; = n, sin 0,, (8.102)
e

n, = k,/Ky, Ny = Ky/Ko.
B namewm ciayvae
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n,=1unn,=Kk/k, =c,/c,
1 ypasHeHue (8.102) 3amuieTcs Kak

sinf; _ sin 0, . (8.103)

C G

JlaHHOE BBIpaXKeHNE OMKUCHIBAET 3aKOH mpenomieHus CHennnyca, KOTOPBIN MO3-
BOJISIET OIPENENIUTh OPUEHTALMIO IIPETOMIIEHHOrO J1yYa.

ITonxon, ncnonb30BaHHbIN IPH BEIBOAE paBeHCTBA (8.103) MOXHO NPUMEHHUTH
Takxke st 3akoHa CHeJnmyca B ciydae OTpakeHmsl. PaccmaTpwBasi mpenomIieH-
HbIE JIYYH, YIOOHO pa3NuyaTh CIEAYIOIIIE /IBA CIydas:

1)c,<c,u2)c,>c,.

CIY4AM 1: ¢ <,

W3 coornomenus (8.103) cnenyeT, 4To

. . .
sinf, = —%sin6; < sin6, (8.104)
S
1 yron 0, MexJy IPelOMIEHHBIM JIyYOM ¥ HOPMAJIbIO K TPaHULE pasfesia MEHb-
1€ yrina najeHus 0;:

0, < 6; (8.105)
BCIONly, 32 UCKJIFOUYEHUEM clydasi, Korga 0; = 0, 1 COOTBETCTBEHHO
62 = 0’

T.€. KOIJ[a MAJAtOIuil i MPENOMIECHHBIH JTyYd MepIeHIUKYISIPHBI TPAHHUIIE pasfie-
na (puc. 8.15, &).

OueBHIHO, YTO C yBeaHYEeHHEM O; YroJl IPeNOMIICHNST TAKXKE YBEIHYUBACTCS U
B TIpefiesie CTPEMHUTCS K BeJIMUMHE

2 . 1[G . T
07" =sin”'| Zsin0, | < =.
o 2

IMockonbKy yronm 6, B pasHbIX TOYKAaX IPAHMIbl UMEET pas3INyHbIC 3HAYECHUS,
€CTECTBEHHO 3a/1aThCsl CIIEAYIOIIMM BOIPOCOM. MIMEIOT i NMPOJONXKEHUs PENOM-
JIEHHBIX JIyueil B BEpXHIOIO YacTh Cpefbl 0OIIyI0 TOUKy nepeceueHus? B cuny oce-
BOIl CHMMETpHH, €y Takas Touka O CyllecTBYET, OHa JIOJIXKHA PACIONaraThCsl Ha
Toli xe npsmoit OO, Ha KOTOPOIl HAXOAUTCS UCTOYHHUK P.

Kak Bupo 13 puc. 8.15, &, TOPH30HTATBHOE CMEIEHNe X MOXKHO ONPEIeNIATh
TIBYMsI Pa3HbIMH CIIOCOOAMU:

x=dtgO;ux=LtgH,,
rae L - paccTrosiHue MeEXnay FpaHI/IHGﬁ U TOYKOHI nepeceucHuss MpeIOMIECHHOTO
JIy4da € HOpMaJblO.
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O

0,
pll L P/¢

9,
d| ©;
o<c 0, x
0,
6 l
A 4
0, Oc Oc

¢
c, ' \\ e>c c, x

Puc. 8.15. IloBeneHne IPETOMIIEHHBIX Tydeit 0,<0) &, -); KpHUTHYeCKUiA yrom 6; (,); pas-
JIMYHbIE MHTEPBAJIbI HA TPAHULE pasfena (,,)

[Tocnennee BbIpakeHue aeT
dtgelthgez,
WK, UCTIONb3Ys 3akoH CHelnmyca,

I 2

C
I1--%5sin2 g,
‘ 2
L=02dc0562=c2\‘ Ci d
¢ cosB; ¢ 1-sin?6;

I[TpuBeneHHOE OTHOILIEHUE MEHSETCS TP M3MEHEHNH YI1a 6; 1 COOTBETCTBEHHO
NpENIOMIICHHbIE JTy9H TEepeceKaroTcsl B Pa3HbIX TOYKAX. JTO MOKA3bIBAET, UTO, B
OTIMYKE OT OTPAKCHHBIX Jyueil, (pa30Bble MOBEPXHOCTH (IIOBEPXHOCTH PABHOTO
9fiKOHaNa) NPEeNOMIIEHHBIX JyUell He SIBIS0TCS chepUICCKUMM.

Ciyyaii 2: ¢, > C,

B oTnuuume ot npepbigyiiero npuMepa (C, < C,), yroi NpeloMIIeHHs B JaHHOM
ciydae Gonbine yria nagenus (puc. 8.15,4 ). eiictBurensHo, u3 (8.103) crenyer,
910
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sin6, = Zsin®, = sin6, (8.106)
C

in e
0, > 6;

TJle PAaBEHCTBO BBIMOJHAETCA TOJIBKO MPU HOPMAJILHOM TaieHnu nyva: ; = 0.

Kax u B mpefpiyeM cnydae, MPOTOIKEHNS IPETIOMICHHBIX JIyYell B Bepx-
HIOI0 YacTh Cpefbl NEePEeceKaroT NMEPIEHINKYISAP K INIOCKOCTH S B Pa3IMUHBIX
TOYKAX, PACIOJOKEHHBIX Ha HHTEpBane Op;.

Taxum 06pa3om, B 000mX CIyyasx:

C,>C,HC,>C,

(ha30BbIe IOBEPXHOCTH NPETOMIIECHHON BOMHBI He SBIAIOTCS CPEPUYECKUMU.
B cootBetcTBum ¢ 3akoHOM CHeqmmyca CyIIecTBYeT TaKOe 3HAUEHHE yIia Tia-
fieHus 0;, s KOTOpOro

sin 6, =1
1 3TO 3HAUEHHE OMpPENENIETCS KaK

S0 1w sin®, = 2 <1 (8.107)
Cy ) Cy

Kak 6bITO OTMEYEHO pamee, yrom 6F, YIOBIETBOPSIOMMI TPUBEIEHHOMY pa-

BEHCTBy, Ha3bIBACTCA KpI/ITI/II{eCKI/IM yFJIOM. HO OHpeHCHeHI/HO, KaK TOJBbKO yFOII

MajgcHuA NOCTUracT 3HAUYCHUA 6::, HpeIIOMIIeHHLIﬁ .TIy'{ CTAHOBUTCS KacCaTCIbHBIM

(puc. 8.15, ).

[IpenmonoxuM, 9To yrod 6; Gosbiie yriua 6;:
0, > 65. (8.108)

N3 cootnomenus (8.103) cnepyeT, 4TO

sin@, = 2sin@, > 1. (8.109)

C

HOCKOHLKy MTaHHO€ HEPABEHCTBO HEBO3MOXKHO JIJIsI PEANIbHbIX 3HAYCHHUI yria 62,

MBI JTOJKHBI 3aKIFOUNTh, YTO MPEJIOMICHHBIC BOJHBI HE BO3HHKAIOT B TOUKAX,
rae 0; > 67, Ipy yCIOBUH, YTO JTIMHA BOJHBI CTPEMUTCS K HYJTIO.
Taxkum 006pa3oM, Ha TpaHMIlEe pasfiesa eCTECTBEHHO BBIETUTb TPH PA3NIMYHBIX

obmactu. OfHa U3 HUX HAXOAUTCS BHYTPU OKpYXKHOCTH paauyca Oc (puc. 8.15, &):
x < Oc.

[IpenomreHHbIE BOHBI, BO3HUKAIONIE B TpEfenax 3Toil 00macTd, o6pasyroT ¢
HOpPMAJIbIO K TpaHulle yroji, MeHplmii, 4eM /2. CooTBeTcTByIOLIME (ha3oBble
nosepkiiocT mokasaubl Ha puc. 8.15, 4.
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Bropast rpynma npeIoMICHHBIX BOJNH MPE/ICTaBIECHA TOUKAMH OKPYXKHOCTH Pa-
mayca Oc, rie 6; = 6;. B Takux TOYKax MpPENOMJICHHBIC JyYH SIBISIOTCS Kaca-
TeNbHBIMH K IPaHulle pa3fienia, 00pa3yioleil B 3TOM clyyae npsMoit yrod ¢ azo-
BOI moBepkiocThio (puc. 8.15, ).

Hakownen, Bo BceX OCTalIbHBIX TOUKAX

x> 0c

TIPENIOMIIEHUE OTCYTCTBYET.
3nech crefyer ceaTh HECKOIbKO 3aMEYaHull.

1. B cpepie, Tie CKOpPOCTS B Ipefiesax MpOMEXKYTOYHOTO C10si OBICTPO BO3pac-
TaeT (puc. 8.7, &), TOUKA IOBOPOTA JIy4a OMPEAEISETCS TEM Ke YCIIOBHEM, UTO
Touka C (puc. 8.15,3).

2. OrtcyrcTBrEe TPETOMIIEHHBIX Jy4el 3a TOukoil C (C > OC) 00ycIoBIEHO
NpUONIKEHHBIM XapaKTepOM IeOMETPUYECKOil aKycTuku. TouHoe peleHue rpa-
HUYHOH 3ajjaull IOKa3bIBA€ET, YTO BOJHBI BO3HUKAIOT M TaM, Ife yroa 0; Oomblie
yrna 6. OfHAKO OHHM, KaK TMPABWJIO, 3KCIOHEHIMATLHO 3aTYXalOT B HAIpPABIe-
HIY TIEPIECHANKYJIIPHOM IPAHUIE pasfelia U UCUE3ar0T P  —> %,

3. 3akon npenomnenns Cremnnyca (8.103) u ypaBHeHHe Jyya B cpefie ¢ He-
HpEPBIBHBIM W3MEHEHHEM CKOPOCTH C B HEKOTOPOH CTEINEHH MOXOXH APYr Ha
npyra. 3To 0coGeHHO 3aMETHO, KOTJ]a Mbl CPDAaBHABAEM TOBEJICHHE TIPENOMIEHHBIX
Jydell B PACYTCTBHM TOHKOTO cIOSI (cM. puc. 8.7, &) W NpW HANMYAA TPAHUIBI
(puc. 8.15, &) npu ycnoBuu, 4TO C, > C,. B 060HX ClTyyasix CymecTBYOT 00IacTh
MPEJIOMIICHHBIX Jy4edl BO BTOPOM Cpefie, a TaKXe TOYKa II0BOPOTA MM TOUKA,
COOTBETCTBYIOLLAs! KPUTUUECKOMY YITIY, T/ie

sin 0; = ¢,/c,,
1, HaKOHEll, TOYKH IIPOMEXKYTOUHOTO CIIOSl M TPAHUIbI pasfiesia, B KOTOPBIX IIpe-
JIOMJIEHHBIE JIy4H OTCYTCTBYIOT.

4. Tlpu m3yyeHnM MOBENEHNS Jy4ell Ha IUIOCKOW TpaHUIE pas3fiena ABYX Cpef
MbI BbIBEJIU 3aKOHbI OTPaKEHUS U MPETOMIIEHUS

o, =0, S0 _sind (8.110)

C C

CornacHo 3THM 3aKOHaM B KaxXfoll TOYKe IpaHUIbl pasfena npu 6 < 6, of-
HOBPEMEHHO BO3HUKAIOT OTPAXKEHHBIA U NPEJOMIEHHBI nyy. B atom cocrout
(hyHIaMEHTANBHOE OTIMYME OT Cydasi, B KOTOPOM CKOPOCTb SIBJISIETCS HENPEPbIB-
HOUl (hyHKUKEH.

JYYU IOJOBHBIX BOJIH

Tenepb Mbl CHOBa OOpaTUM Halle BHUMAaHHME HA JIYYM, PAClONOXKEHHBIE B
BEpXHell cpefie, Ipefnonaras Ipa 3ToM, 4TO C; < C,. Kak Mbl 3HaeM, B TOUKY
HaOMIOfICHNs] IPEXOMAT [1Ba JIy4a, a UMEHHO, NIPSIMOHM M OTpakeHHbIH. [Ipsmoi
Jy4 OTHOCUTCSI K MHOXKECTBY TIyTell, COEJUHSIONMX TOUKH P, U P,, U CPEH BCEX
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TAKUX MyTell OH UMEET MUHUMANBHYIO JMHY. OTpaskeHHBIN JIy4 XapaKTepu3yeTcs
MUHHUMAJILHOM JINIMHOM Cpefid BCeX TeX TPAaeKTOPHUil, HalpaBieHHe KOTOPBIX H3Me-
HseTCs Ha rpaHue pasgena. O0a aTuX nyya HAXOAATCs B IepBOYL cpefie, T.€. BCIORY
BIIOJIb 9THUX JIy4€il BOJIHBI PACHpOCTPAHSIOTCS CO CKOPOCTbIO C,. OKa3blBaercs,
CYLIECTBYET ellle OfiMH, TPETHi MyTh PacHpPOCTPAHEHUs aKyCTHYECKOH SHEPIuH OT
MCTOYHMKA K TOYKe HaOmioneHus p, (puc. 8.16, a). Panee Mbl mokasamu, 4To,
KOTJ[a YTOJ MAieHus 0; CTAHOBUTCS PABHBIM KPUTHIECKOMY YLy O, MpeOMIeH-
HbIil J1y4 HalpaBleH NapaiiellbHO IpaHulle pasfiesia. ITO MO3BOJSIET IPEeRNoo-
UTb, YTO IBUKEHHE YACTHL] CPENbl B YKA3aHHOM HATPABICHUH TIOPOXK/AET BOJHY
B BepxHeli cpefie. [TyThb 9Toil BOMHBI COCTOMT M3 TPEX NPSMOIMHENHBIX YYacTKOB,
a UMeHHO u3 otpe3koB P,O, u O,p,, HA KOTOPHIX CKOPOCTb PACHPOCTPAHEHHUS
paBHsieTcs C,, U IpoMmexyTouHoro yyactka O,0,, pacmonoXkeHHOro B HIXKHEN
cpenie, Ifie CKOpOCTb PaBHSIETCs C,.

KoneyHo, Mbl MOXeM BOOOpa3UTh OECKOHEYHOE MHOXKECTBO TAKHX TPAEKTO-
puii, ogHako cornacHo nmpuHimny Pepma BomHa OyfET pPacHpOCTPAHSTHCS BHOIMb
TOTO MyTH, aKyCTUYECKas JIIMHA KOTOPOTrO MUHAMAITbHA.

[Mpesxpe yeM Mbl PUCTYIUM K ONPENeNCHUIO MIONOKEHHST ITOTO Jyya, CENYeT
3aMETHTb, YTO NAfaloye Jy4yH, Nepecekarolie IpaHuLy pasfiesia B TOYKaX Ha
marepsane OO, (puc. 8.16, &), NPUBOJAT K TOSBICHAIO TPEIOMIICHHBIX JyYei,
HaIpaBJEHHbIX B CTOPOHY OT IUNIOCKOCTH S. DTHU Jy4d HE MOTYT IIPUITH B TOYKY
Habmofienns P,. ClefioBaTenbHO, IPH PACCMOTPEHUH BCEX BO3MOKHBIX JTyUeil st

9TOr0 HOBOTO THUMA BOIH, TIOJ0XeHne Touku O, B KOTOpo# 6; = Gic, U OpHUEHTa-

g cermenTa O,0,, TOIKHBI COXPaHSITCS HEM3MEHHBIMHU, a oNoXeHue Touku O,
MoxeT MeHsTbesd. [lokaxkem Tenepb, uto nyts P,0,0,p, sBiageTcd ay4oM (puc.
8.16, &), ecnu yrox mexnuy anemeHToM O,p, ¥ HOPMAJbIO K TPAHMIE pasfiena

Puc. 8.16. JIyun u ()poHTBI TONOBHOI BOMHBI (&); ananu3 yskimm AN (&); PpoHTBI roso-
BHBIX BOJH (&, )

419



paBeH KPUTUYECKOMY Yriy. [eficTBUTENBHO, MPEANONOXIM, UYTO aKyCTUYecKas
pmiHa nyTa p,0,0,p, MUHUMANbHA U paBHAETCS

o OO0 o)
N=C1(p11+ e I 2p2)
G G G

1 CPaBHUM €€ ¢ aKyCTHUYecKou nHou myTu p,0,bp,

O, Ob b
NI =C] h+_l+&
C G C

TIPH YCIOBHUH, YTO TOYKaA b pacmonoxkena Ha MaaoM paccTostud AX oT Touku O,
(puc. 8.16, &).
Pa3HOCTh aKyCTHYECKUX JVINH 3THX MyTei

AN =N =N, =cl(b&+%-b&).

) C C

Kax Obl70 moka3zaHO A7sl ciaydas IPEeJOMIEHHBIX BOJH, pa3HOCTb AN [OJLKHA
00pallaThcs B HOIb, €CIM TPEHEOpeyDb YIEHAMH IPONOPIMOHANBHBIME (AX)? 1
Oosee BBICOKOrO mopsanka. [ AoKa3aTenbcTBa 9TOrO (pakTa NPOBEREM YEpeE3
TO4Ky O, OKPYKHOCTb C IIEHTPOM B TOUKE P, U PaccMOTpUM TpeyroibHuK hao,.
[ockonbky yrasl p,0,l u aO,b 06pa3oBaHbl B3aUMHO MEPIEHAUKYISPHBIMA CTO-
pOHAMH, MbI HIMEEM

/£a0,b =0,.

CneoBaTelbHo,

ab = Ax sin 0, = Ax -
)

YuuthiBad, yTo pazHocTh AN MOXHO NPEACTaBUTh Kak

AN = cl(ﬂ - a—b),
G G
TOJTYYHM
AN = c,(ﬂ-A—x) - 0.
G G

370 03HauaeT, uto myTh P, 0,0,p, ABIAETCS TyIOM, BIOIH KOTOPOTO pean3y-
eTcsl IIYTh PaccMaTpUBAEMOTO TpeThero Tuna. COOTBETCTBYIOIIME 3TOMY JIydy BOI-
HbI Ha3bIBAIOTCA TONOBHBIMIL.

Harmy BbIKNaIKK OKA3bIBAKOT, YTO, KAK TONBKO POPH30HTANBHOE PACCTOSHUE
oT Havyana koopauHaT O npessimaet paccrogane OO, (X > OO,), B Kaxyoil ToY-
K€ FPaHdbl  JTy4d TONOBHOH BOJMHBI 0OpasyrOT OJMHAKOBBINA yron 6. ¢ HOpMa-
JIBIO U, CIIE/JOBATENBHO, BCE 3TH JIYUM SIBISIOTCS NapaiielbHbIMU. Takue ayun He
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BO3HUKAIOT B TOuKax uHTepBana OO,, mpuyeM JaHHbII HHTEPBAJ yMEHbIIAETCA 10
Mepe TOro, KaK HCTOUHKK MpUOMIKaeTcd K rpaHune pasgena. ClefyeT 3aMeTUTb,
9T0 B Touke O, (puc. 8.16, &) obe BOIHBI, OTpakeHHas ¥ TONOBHAS, PacIpOCT-
PaHSAIOTCA BONb OJHOTO M TOTO Xe€ Jyya, MOCKONbKY 0; = 8. CornacHo reomer-
pUM Jy4Yeil, Mbl JJOJXKHBI 3aKJIOUUTh, YTO TOYKM ORMHAKOBOH (ha3bl JexXaT Ha
npkioit L, meprienpuky:isiphoi nydam (puc. 8.16, a). 10 yKasbiBaeT Ha TO, 4TO
(ha30BbIe MOBEPXHOCTH TONOBHOH BOJIHBI SIBISIOTCS KOHYCAMHU, BEpIIUHBI KOTO-
PBIX pacIoNoXeHbl BIoab npsmoit Op, (puc. 8.16, &).

W3 puc. 8.16, & BupHO, 9TO (ha30Bble MOBEPXHOCTH COOTBETCTBYIOIIEH TIpe-
JIOMJICHHOV BOJIHBI B HUXHEH cpefie NEpNEHAUKYISAPHbl TpaHuLe BOIU3U Hee,
TpHu ycnoBuw, yto X > 00,.

AKYCTHYECKHUE JJIMHBI MPEJTOMIEHHON
U TOJIOBHOW BOJIHBI

CpaBHEM Tenepb aKyCTHYECKHE TMHbI OTPaskKEHHOTO U TOJIOBHOTO Jyyeil, co-
eIMHSIONMX TOYKH P, ¥ P, (puc. 8.17, &):

N, = (@+&)c1 i AN, =(—p101 + 2% +—o2p2)cl. ®.111)
Cy Cy C ) C

PaCCMOTpI/IM CHavaja pa3HOCTb IJIMH BIOJIb 3TUX nyqeﬁ OT UCTOYHHUKA 10 TOUYKH
p. U3 puc. 8.17, & cienyer, 4To

¢ G )
W
AN, =(m_pl_o]_w)cl _ (M_pl_o]_ p,psin 6, - |ololsinec)cl _
¢ ¢ c, ¢ ¢ )
c c
= p1p(1 ——lsinei) - plol(l __12) (8.112)
) C;
WIn
AN, = plp(l—&sinﬂi) _p,0, cos’ 6, (8.113)
C
TIOCKOJTBKY
sin 6, = C,/C,.

YuutsiBas, 4To
Op, =p,0,cos B, = p,p cos 6;,

421



6 n,; 12820
a b t
d c
0; S
ny8S10 NS0 N> 820

Puc. 8.17. Wnmoctpauust opmyist (8.111) (&); (poHTbI IpsIMOI, OTpaskKeHHOI 1 TONOBHOI
BOJH (&); 3aKoHbI CHeunyca (&, &).
Bonnsl: 1 - npsimasi, 2 — oTpaxeHHasi, 3 — TOJIOBHasI

nony4yaeM

AN, = plp[(l - iSin@i) - cos0; cosﬁc}

)

Uin

AN, =[1 - sin 6, sin 0; — cos 0; cos 0.]p,p = [1 — cos(0; +6,)1p,p.
Takum oGpa3zom,

AN, >0
AHAaJIOTHYHBIM 00pPa30M MOXHO TI0Ka3aTh, UTO

[0) (0)
P PO, Oupy
C G C

AN, >0

Takum 06pa3om, B 0011IeM CITy4yae, TONOBHASI BOJHA MPUXOAUT B TOUKY HaOIrOfe-
HUS paHbllle, YeM OTpaskeHHasl. VICKIFoueHre COCTaBseT JIMIIb CIyJai, Korga obe
BOJIHBI MPUXOIAT OJHOBPEMEHHO. DTO MPOMCXOAUT B TOUKAX JIEXKAIIUX Ha Jyde,
Havalo KOTOPOro pacrnonoxkeHo Ha paccrosaun OO, oT Havana KoopiuHaT. Bia-
AMHOE PacCIIONIOKEHNe (PPOHTOB MPSMOI, OTPasKEHHON M TONOBHOH BOJHBI ITOKa-

422



3aHo Ha puc. 8.17, &- (£< C,). Ha atoM pucyHke sicHO BHHO, 4TO (pa3oBas Io-
BEPXHOCTb T'OJIOBHOY BOJIHBI HAXOAUTCS. MEX]Y TPAHULIEX ¥ TTOBEPXHOCTBIO KOHYCA

C BEPIINHOI B TOUKE [, ¥ YoM 6.

B nanbHeiiiem Mbl MOKaXkeM, YTO aMIUIATY/A TOJIOBHBIX BONH, a TaKXke OT-
PaXCHHBIX M MPENOMICHHBIX BOJH, HE OCTAETCs MOCTOSHHOM BIOMb WX (Da30BbIX
TIOBEPXHOCTEM, a aKyCTIIECKAas IHEPTHSI MOKET TIEPEHOCATRCS TAKKE B HATIPABIIE-
HIW, NEPICHANKYISIPHOM JTydaM. TO TOBOPHUT O BIUSHIM AN(PAKIAN Ha TOBETIE-
HIE 3TUX BOJH. Bonee Toro, okaspIBaeTcsi, YTO TONOBHAS BOJHA MCUYE3aET, KOTA
TJIMHA BOJIHBI CTPEMHUTCA K HYJITO.

Kak MbI yke Bujienu u3 puc. 8.17, &, cKOpocTh pacnpocTpaHeHus TpHyoi u
OTPaXKEHHO BOIH BJIOJb MPAHUIIBI MEHBIIIE CKOPOCTH MPENTOMIICHHOH BOJHBI (C,
< C,), H TIpeNOMIICHHAS BOJIHA IOPOKIAET TOJOBHYIO.

Mp1 onmcany MOBEACHIE BOMH BOJMM3M TPAaHHUIBI pasfieNna ABYX Cpefl, OCHOBBI-
Basich Ha npuHImne Pepma. ITo OBIIO cAeNaHo, HeB3Upast Ha TOT (hakT, YTO YKa-
3aHHBIN MpUHIMI OCHOBBIBACTCS HA YpaBHCHUN 3I71KOHaIIa, KOTOpPO€ HE BBINOJIHA-
eTcs Ha rpaHuie. YToObl MpeofoeTh 3Ty NpobieMy, TpaHuIy MOXKHO 3aMEHUThH
TOHKUM CIIOEM, B KOTOPOM CKOPOCTb SIBISIeTCS HENpepbiBHOH (yHKumei. [Ipu
BbIBOJIE 3aKOHa CHennuyca 1 M3y4eHUH FeOMETPHH TOJIOBHBIX BOJIH Mbl CPaBHH-
BAJIMl aKYCTHUCCKHUE JUIMHBI PA3MIHBIX MyTeH, PacmoONOXECHHBIX OYEeHb OJM3KO
npyr K apyry. I[loatoMy, BO3MOXKHO, OmpaBhaHa 3aMeHa IOBEPXHOCTH —pasfela
TOHKHM CIIOEM.

3AKOHBI CHEININYCA U UHTETPAJI IATPAHXKA

y‘{I/ITI:IBaH, 4TO NPpUHIUII <I)epMa SIBISIETCsL CJIEACTBUEM M3 MHTETpala HarpaH-
Xa:

a:
fn-sodr =0, (8.114)

IJIE I' — PailyC-BEKTOD, S, — CAMHUYHBIN BEKTOP BHOJb Jy4a, €CTECTBEHHO MOIbI-
TaThCs MONYYNTh 3aKOH CHeIUTyca HelOCPENICTBEHHO M3 MPHUBECHHOTO PaBEHCT-
Ba. Kak u panee, IpenonoxuM, YTO OTPAXKEHHAS 1 IPEIOMIICHHAS BOJHBI CyILe-
CTBYIOT, a HAIlIell EIbO SBISIeTCS ONpefieSIeHHe OPUEHTAIMH COOTBETCTBYIOMIMX UM
Aydeil OTHOCHTENIBHO TPAHMIbI MPOM3BOJBHON (hopMbl. PaccMoTpum cHavama
OTpakeHHe BOJIHBI, M Oy[leM MHTEPIPETHPOBATH NANAIOIIYIO H OTPaXKEHHYIO BOI-
HBI KaK OfIHY BOJIHY, KOTOpast X3MEHSIET CBOI0 OPUEHTAIIMIO HA TPAHHMIIE.

[Mpumensist paBencTBo (8.114) Kk 3amkayToMy iytu abed (puc. 8.17, &), momy-
UM

fnso-dr+fns0'dr=0, (8.115)
ab cd
TOCKOIIBKY MHTErpallaMil 0 OECKOHEYHO MaibIM HHTEepBazaM bc m da MoxHO

npeHeOpeys.
[TocrenHee COOTHONIEHHE MOXKHO TIEpeNucaTh Kak

423



fnso-dr =j>'n(r12520 -ns,) dr=0

ninmn
(NS, — N;S,o)-dr = 0, (8.116)

MIOCKOINIbKY BeNMYUHA dr Ype3BblYaiiHO Majla.

31ech S,y U S,, — EAMHAYHbIE BEKTOPBI y4ya 1O 00€ CTOPOHBI OT IPaHHULbI
pasnerna, a dr — SIeMEHTapHBIN BEKTOpP, TAHTCHIWANBHBIN TOBEPXHOCTH S, Ha-
IpaBJIeHME KOTOPOrO COBNAfAET C HAlPaBIEHUEM EJMHUYHOTO BeKTopa t (puc.
8.16, ,).

W3 pasenctsa (8.116) cenyeT, 4To BEKTOP

M = n,85 - N8y
OPTOTrOHAJIEH OBEPXHOCTH Pasfea, T.c.

n;,x(N,S5 — N;S;) = 0. (8.117)
3pech n,, — MHAYHBIA BEKTOP HOPMAJH K IOBEPXHOCTH pa3fiena.

®opmyna (8.117) o3Havaer, 4TO JNyd OPUEHTHPOBAH TaKUM 00pa3oM, UTO
TaHI€HLIMaNbHAsl KOMIIOHEHTA BEKTOPA NS, SBISIETCS HENPEPbIBHON (PyHKIMEN TIpH

nepexofie yepes rpanuuy (puc. 8.17, &).
W3 pasenctsa (8.117) umeem

Ny(N 5% 850) = Ny(MpX §)), (8.118)

T.€. TAJIafoIIas ¥ OTPaKEHHAs YacTH JIyya JIeXaT B OIHOH MIOCKOCTH.
Tak kak

|n|2| =1, 510‘ = |Szo| =1,

cooTHo1IeHHe (8.118) MPUBORUT K CIEAYIOMIEMY BbIPAKECHUIO:
n, sin 6, = n, sin 0;, (8.119)

e 6; u 0, — yrubl, 00pa30BaHHBIE MAfJAIONIMM U OTPAXXKEHHBIM JYYOM C HOpMa-
JBIO N,
Takum 06pa3oM, MbI CHOBA TONYYIIIA 3aKOH TperomieHust CHemmyca.

[Tonaras n, = n, B pasexcrse (8.116) u ucnons3yst puc. 8.17, d, MbI BHIUM,
qTo OTpEl)KCHHI;IfI Hy‘l JIEXKUT B IIJIOCKOCTH MMaJICHUSA U

sin 0; =sin 6, umu 6, = - 6, (8.120)

1 MBI IIPUXOJIUM K 3aKOHY oTpaxeHus CHenmuyca.

Boipaxenust (8.118) — (8.120) mokasbiBatoT, 4To 3aKOoHbl CHemnmyca crpa-
BEJIMBLI HE TOJIBKO JJIs MIIOCKOM r'paHulbl, HO U JUIA HOBerHOCTeﬁ MIpOU3BOJIb-
HOIl (hOpMBI TIPU YCIOBWHM, YTO AJMHA BOJHBI JOCTAaTOYHO Mana. B peasnbHOl
CHTYall¥ 3TO 03HAYAET, YTO PAJUyC KPUBU3HbI (Pa30BON MOBEPXHOCTH MAAOLIEH
BOJIHBI U Pajilyc KPUBU3HBI NOBEPXHOCTU pa3fiena ropasfo OoJblle, YyeM [IMHA
BOJIHBI.

MBI u3yynnu noBefieHNe OTPAXKEHHBIX 1 IIPEIOMIEHHBIX Jy4eil Ha TOBEPXHOC-
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TH pa3fiena IByX cpefl, OCHOBBIBASICh, 110 CYLIECTBY, HA ypaBHEHUHU dfiKoHana. Of-
HaKoO, KaK yKe OTMeyaJoch paHee, YKa3aHHOE YpaBHEHHE BBINOJHAETCS TONBKO B
PETYISIPHBIX TOYKAX, TJIe CKOPOCTH SIBISIETCS HempepbiBHOW (yHKImen. [Toatomy
st BeIBofIa cooTHoteHni (8.118) — (8.120) MbI BbIGEpeM Apyroit OAXO.

IJIOCKME BOJIHBI 1 3AKOHBI CHE/NINY CA

B Hauane 3To0i ri1aBbl MBI MpEANOIOXKUIA, YTO UIMHA BOJIHBI JOCTATOYHO Ma-
Jla ¥ KOMIIJIEKCHas aMIUINTY/]a TOTCHIMala BEAET ce0sl OMIChIBACTCS YpaBHECHUEM

U(r) = A(r)e™®. (8.121)

M3ydeHne BOMH B OJHOPOAHOM cpefie MOKAa3ajo, YTO TAKOE MPEACTaBICHHE T0-
TEHIUAJa MPOCTO O3HAYAET, YTO B MpefieiaXx OTHOCUTENHHO HeGOMbLION 00nacT
BONHA BefleT cebs Kak miiockad. [pyrumu crnoBamu, HeOGombluas 4acTh (PpoHTa
BOJIHBI NMPUOJMKEHHO 3aMEHSIeTCs INIOCKOCTbIO, U JIYUHM CTAHOBSTCS Napaslienb-
HBIMHU PYT APYTY. B peryispHbIX ToYkax Mbl M3 ypaBHEHHS dfKOHANA IOJYYHIH
3akoH CHesummyca. [To aHanmorum, npefcTaBiseTcs eCTeCTBEHHbIM BHIBECTH 3aKOHBI
OTpaskeHNs U MPEJOMIICHUS BOJIH HA TPaHUIE, MCXOMI U3 TPAHWYHBIX YCIOBUI
roJaras, YTo BOJIHA SIBJAETCS IIIOCKOM.

B rnage 4 6b110 MOKa3aHO, YTO HOpMallbHasl KOMIIOHEHTA CKOPOCTH YacCTHIL 1
JIABIIEHHUE SIBISIIOTCA Ha TPAHULIC HEPEPBIBHBIME (DYHKIMSAMHU:

V,=Vy, 1 P, =P,. (8.122)
B cooTBeTCTBIM ¢ COOTHOIIEHUSIMUA

v=gradU u P=—p£,
at

BMecTO (8.122) MBI IonyyaeM [uisi KOMIIEKCHON aMILTUTY/bI TIOTEHIMAIa CIeny-
IOIIHE YCIIOBHUSL:

au, U

—=—2upU,=p,U,, ecuz=0, (8.123)

0z 0z

Ife p; ¥ P, — IUIOTHOCTH BEPXHEW M HUKHEH YacTell cpefibl, a HaYano CUCTEMBI
KOOpJIMHAT PacloNIOXEeHO Ha rpaHuie pasnena (puc. 8.18, &). PaccmorpuM cHa-
Yana Najjalollyo BOMHY, (PPOHT KOTOpO# HeprneHmukyaspeH miockoctu XOZ u
pachpocTpaHseTcs B HAPABIEHAN EANHIIHOIO BEKTOPA Sy

KowmmnekcHast aMIuuTy/a Tafaromiel BOTHbI 3aliChIBACTCS B BIJE

U, = Ae™, (8.124)

re K, = w/C, — BOJIHOBOE 4ucno; d — paccTOyHHE MEX[Y BOJTHOBBIM (PPOHTOM H
HEKOTOPOH 3a[JaHHOM MIOCKOCTBIO.
Kax BujiHO 13 puc. 8.18, &, BEKTOp §,; onpefiensercs Kak

Soi = 1 sin 6; + kK cos 6; (8.125)
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S 0 X
z
6 r4
a Ax b
N S
0
% AV
/ &
a Ax b z

Puc. 8.18. OpueHTanys mafaromeil, OTpaskeHHOH 1 IPEeNOMIICHHOI BOMH (&); 3aKOH OTpaxe-
Hust CHenmuyca u npuHiun [roiirerca (-&, a); 3akoH npestomnennst CHemmyca W npuHiyn ['oi-
renca (a)

a pacCTosHnE

d=r-s,;=Xsin6; +2 cos 0, (8.126)
Takum oOpa3zoM, BMecTo (8.124) nmeeM
Ui — Aeikz(xxine,ucosei)' (8127)

CornacHo HalIUM MPEMNONOKEHNSIM, 00€ BOJHBI, OTpaXKeHHAs W MPEIOMIICHHAs,
SIBIISIFOTCS TIFIOCKUAMA.

ITo anamornu ¢ (8.124) KOMIUIEKCHAsT aMIUTATY/a TOTEHIMANA I 3THX BOJH
3aMMChIBAETCS KaK

U, =Be™% u U, = Ce™®, (8.128)
3nech
d=r-s,ud,=r"sg,

a Sy, U Sy, — CIMHNYHBIE BEKTOPLI BJOJIb nyqeﬁ 9THUX BOJIH, U KOTOPLIC OMpeNeIs-
HOTCA CJIEYIOLIMMHI PABEHCTBAMU:

Sor =1 sin 6, — K cos 0,

u

Sg, =1 sin 6, + k cos 0,. (8.130)
Takum o6pazom,
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d, =X sin 6, - Z cos 6,
u
d, =X sin 6, + z cos 6,. (8.131)

INopcTanoBKa mocnefHuX ABYX BbIpaxeHuil B (8.128) naer

U = Beik,(xsinﬁr—z cosf,)

U2 — Ceikz(xsinezﬂcosﬁz)‘ (8132)

Wcnone3ys tenepb rpannunble yenosud (8.123) Ha rpanune paspgena z = 0,
MBI IIOJIYYUM CIIEAYIOLIYIO CUCTEMY U3 IBYX YPaBHEHHUII 7Sl YETbIPEX HEM3BECTHBIX,
a umenHo, st amnmuty B n N oTpakeHHOl U IPENOMIIEHHON BOMH, a Takke
yrioB 6, 1 0,:

o (AeiklmineI + Beik,XsinG,)_ o Ceikzxsine2
1 — M2

k,(cos B, Ae" "% — cosB, Be" "% ) = k, cos0,Ce" "%, (8.133)

[TockonbKy 3TH ypaBHEHHS! BBIIOMHSIOTCS B OO0 TOUKE MJIOCKOCTH Z = 0, OHH
HE 3aBUCAT OT KoopAuHat X 1 Y. CliefoBaTeNbHO, SKCMOHEHTHI OJXKHBI PaBHSTHCS

Jipyr Apyry:
k, sin 6, =K, sin 6, =Kk, sin 6,
WIH

sin 0; _ sin 6, _ sin 6,

C C C

Taxum 06pa3zoM, Mbl CHOBa monyuuiau 3akoHel CHennuyca. HemssecTHble Koadh-
(unyenTsl B 1 N GyAyT onpefeneHsl, KOrfja Mbl IPUCTYINM K H3YYEHHUIO IIOC-
KUX BOJIH B CJIOUCTBIX CPEflax.

3AKOH CHEJLIMYCA Y IIPMHLIUIT TIOMTEHCA

ITokaxem Temeph, uTO 3aKOHbI CHelmyca CIEAYIOT HENOCPENCTBEHHO W3
npuHiuna [oirenca Ipy ycaoBUM, YTO BOJHA U IPAHULA pas3fiesa [BYX Cpef SiB-
TsroTest wiockumA (puc. 8.18, &). [lpeanonoxkum, uto L — ¢pa3oBast mOBEpXHOCT
(IIOBEPXHOCTBIO PABHOIO 9HMKOHAJA) NAJAIOLIEd BONHBI, U IIYCTb B HEKOTODBIN
MOMEHT t 3Ta MOBEPXHOCTb JJOCTUTAET TOUKHM & TPaHULbl pasfiena. 3a MHTEpBAl
BpeMeHH At BOITHA JOCTHTaeT TOUKH b, M IMHA CeTMEHTa

a,b = c,At = AX sin 6,. (8.134)
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Cormacro npuHimy [rolirenca Kaskyo TOUKY FPaHHIIbI pa3fieia MOKHO paccMa-
TPUBATH KK HCTOUYHNK CPEPUYECKOH BOIHBI, PACIPOCTPAHSIOIIECHCS B BEpXHEH U
HIDKHEH cpefie CO CKOPOCTSIME C, B C,, COOTBeTCTBEHHO. Hampumep, Korja mapa-
foasi BOJIHA MPUXOAUT B TOYKY b, pamuyc (ha3oBOii MOBEPXHOCTH BTOPHYHOM
BOJIHBI, BO3HHKAIOIIEH B TOYKEe @ B MOMEHT BpeMeHu t, paBusercs ad (puc.
8.18, 4).

I[TpoBojist yepe3 TOUKy b npsiMyro, KAcaTebHYIO K 3TOH MTOBEPXHOCTH, MBI OIl-
penenuM noJioxenne (ha3oBoil moBepxHOcTH L, oTpaxkenHoil Bomubl. W3 puc.
8.18, & BugHO, 4TO

T

Ladb=;n Zdba=6,.

Takum oGpa3zom,
ad = AX sin 6, = C,At
70178
ad = a,b = Ax sin 6; = AX sin 6,
1 MbI CHOBA IPUXOJIM K 3aKOHY oTpaxkeHus CHemunyca.
AHANOTUYHBIM 00Pa30M MOXHO HAWTH MOJOXeHHue (ha30BOil MOBEPXHOCTH

TpEeNOMIIEHHOM BOJHBI (puc. 8.18, &).
OueBHugHO, UTO

ad, = c,At = Ax sin 6, (8.135)
, ucnonb3ys (8.134), Mbl moJy4yaeM CeyIOLINil 3aKO0H TPETOMIICHUS:

sin O c sin O sin 0;
—2 =2 ym 2 '

sin 0; o C, (o

Wrak, Mbl monyumnu 3akoHbl CHemnmyca, Ucxofsl u3 mnpuHiuma [oiireHca u
TIpepmnonaras, yTo Majjaiolast BONHA ¥ TPaHULA pa3fielia SBILI0TCA INIOCKUMIL.

YuuTbiBas, YTO yKa3aHHbIA NMPUHIMN BBINOJHACTCS TPU JIOOBIX YacTOTax,
MbI MOXEM MPEJIONOXKUTD, YTO 3aKOH CHemnyca KOPPEKTHO ONKUCHIBAET MOBE-
JIeHHE TIIOCKOI BOHBI B TOPU30HTAJILHO CIOUCTOM Cpefie, HE3aBUCHMO OT JJTHHBI
BOJIHBI, 7l BCEX YIVIOB MajieHusl 0;, He MNpPEeBBIIAIOIMX KPUTUYECKOTO YIJa:
0, <6,

8.5. 110JI1 BPEMEH ITPUXOJJA BOJIHBI

Bpewmst ipuxofia BOJNHBI B TOUKY HAOMIOIEHNS — OfJMH M3 BasKHEHIIMX MapameT-
POB, M3MepseMbIX B CECMOJIOTHH. BBefieM MOHsTHE MOJS BpEMEH MPUXOofa BOJ-
HbI, CYUTasl IIPU ITOM, UTO €€ JMHA A JocTaTovyHo Mana. Kak yxe oTmeyanoch,
TI0J1s1 9KOHANA U BPEMEHH SIBISIOTCA [ABYMS 3KBUBAJICHTHBIMH CIIOCOOAMHU OIHMCa-
HUs NOBeeHus BOMH npu A — 0.
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[peanonoxum, 4TO HECTAUMOHAPHAS BOJHA PACHPOCTPAHSETCS B Cpefle €O
CKOPOCTBIO C, U H3y4NM, KaK MEHSETCS IONOXKEeHHEe (PpOHTA 3TO BOMHBL. Takum
ke 00pa3oM MOXHO paccMaTpuBaTh JIO0YIO ApYryro (ha3oBYIO MOBEPXHOCTb JaH-
HOl BOnMHbI. [IOCKONBKY (PpOHT BOJHBI NPUXOAUT B 3afaHHYIO TOUYKY Cpefbl B
HEKOTOPbII MOMEHT BpeMEHH , 3TO BpeMsl eCTeCTBEHHO paccMaTpuBaTh Kak
(PYHKIUIO KOOPAMHAT TOUKH. B 4acTHOCTH, B MPSIMOYTONBHOI IEKApTOBOI CHCTE-
Me KOOpJIMHAT NIMEeM

t=1txy, 2). (8.136)

Mo onpepenennto, faHHast (pyHKIKS MPEACTABISET COOOM CKANAPHOE TONE U Xa-
paKkTepusyeT BpeMs mpuxoia (ppoHTA BONHBI, TUO0 JTr000H pyroi ¢a3oBoii mo-
BEPXHOCTH B TOUKY HAaOMOAEHUS C KOOPAUHATAMH (X, Y, Z).

YToObI U3y4UTb NOBEJEHUE 3TOrO CKANAPHOrO OIS, T.€. NOHATb, KaK OHO
U3MEHSETCS B Pa3/IMYHbIX HANPABIEHUAX, Mbl, KaK OOBIYHO, OYylEeM HCIONb30BaTh
TPAJIUEHT CKaNSpHOH (PYHKUMH (CM. NPUIIOXKEHHE 2):

M =grad t, (8.137)

ONMCHIBAIOLIN BENMYNHY 1 HANPABICHAE MAKCHMAIBHOTO YBEIMIEHNS OIS t.
B o0mem cnyyae KpUBOJMHENHO OPTOTOHANBHON CUCTEMbl KOOPAMHAT Ipa-
JMEHT CKAJIIPHOTO MOJIS 3aMUChIBACTCS KaK

gradt=1 ;4 L ot 1 ot (8.138)
hy ax, h, ax, hy 9x3
Th€ iy, iy, i; — EAMHUYHBIE BEKTOPHI B HANPABIEHUH KOOPAMHATHBIX Oocedl, a h,, h,,
h, — cooTBeTCTBYyIOIME METpHUECKAE KO PUIUEHTHI.
Ortcrona B JIEKapTOBOM, UIMHAPUYECKON U ChepHIecKOll CHCTeMax KOOpHu-
HAT IMeeM

gradt=§—)t(i+§—;j+%k, (8.139)
gradt=%i, +%%i(p +%k, (8.140)
gradt= i ¢ L0 1 9ty (8.141)

R Ra0 ° Rsinfagp

OueBupHO, 4TO 3aMEHA CHCTEMbI KOOPJMHAT NMPUBOAUT K U3MEHEHNIO KOMIIOHEHT
TPajienTa, OJHAKO ero BENMYMHA W HANpaBlIeHNE He MEHSIOTCS, IIOCKONBKY OHH
3aBHCAT TOTBKO OT CAMOTO CKAIISIPHOTO HOJISI.

I[TponsBopHas MOJISL BpeMEHH 10 HATIPABICHHUIO CBSI3aHA C TPAJIUEHTOM CIeHy-
I0IUM 00pa3oM:

%10 -gradt = grad, t
U
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Z_:= M cos(M, 1), (8.142)

r7ie 1, — eMHNYHBIN BEKTOP BIOJb MPsAMOii |.

W3 paeHctBa (8.142) cnefyioT iBa BaXKHbIX CBOICTBA, COCTOSIIINE B TOM, UTO
npomsBofHast Jt/dl MaxkcuManbHAa B HANPABICHHM TPAJUEHTA, IOCKONBKY
cos(M, lj) = 1, B To BpeMs KaK B IEPHEHAUKYISPHOM HAIpPABIECHUY IOJIE HE Me-
HsieTcs. YTOOB! HATIISIHO IPEICTAaBUTh ce0e MoNe BPEMEHH, YIOOHO BBECTH IOHS-
THE IIOBEPXHOCTH O[JMHAKOBBIX 3HAYEHUN BpEMEHM NpHXofa. Takue MOBEpXHOCTH
Ha3bIBAIOTCSA U30XPOHAMH, U X (DM3MYECKHIl CMBICT COBEPIIEHHO OYEBHIEH. B
NIEVICTBUTENBHOCTH OHM IOKA3bIBAIOT NOJIOXKEHKE (Da30BbIX IOBEPXHOCTEH B pa3-
JMYHBIE MOMEHTBI BpeMEHU. TakuM o0pa3oM, 3Hasl IOJOXEHHUE U30XPOH B MO-
MEHTbl BpeMeHH t;, t,, ..., f,, MOXHO HaOMIOfaThb MOBEACHUE (PPOHTA BOIHBI.
[Tpumeps! n30xpoH mpencraBiens Ha puc. 8.19, @, &-, 4. B obmem cmydae 3t
MOBEPXHOCTH MOTYT HMETh JOCTATOYHO CIIOXHYIO (hOPMY 1 Jlaxke IepeceKaTb Apyr
Jpyra Wiy camux ceos.

PaccMoTpuM f1Be M30XpOHBI 715 ONIM3KUX MOMEHTOB BpeMeHH t, u 1, (puc.
8.19, &), 1 mpeamoNOXUM, 4TO BpeMsi t MEKy HUMH SIBISETCS TMHEHHOH (DyHK-
nueii. Torga u3smMeHeHue BpeMeHH IIPUXOfa

At=t, -t
B HaHpaBHeHI/II/I HOpMaJII/I n, a TakKxe B HpOI/I3BOJIbHOM HaHpaBHeHI/II/I lO MOXKHO

3anmcaThb Kak

At=Anu at=2Al, (8.143)
an al

Puc. 8.19. M30xpoHs! 1 nyun




OTKYJa CIeyeT, 4YTO

I An= Al
an al

ITockomnbky
An = Al cos a,

MbI IOJTy9aeM

at_ ﬂcosoc, (8.144)

al  an
TJie 0L — YTOll MEXKTYy HOpMalbio N 1 HampasJieHueM cMetneHus Al.

W3 npuBefieHHOT O BBILIE PABEHCTBA CIEAYET, YTO MAKCUMAIIbHAs CKOPOCTh M3-
MEHEHHs] BpeMEeHH TIPUXofja HaOMIoaeTcs BONb HANpaBIeHUs], TIEPIeHANKYISPHO-
I'0 K U30XpOHE U, CIETOBATENIbHO, 10 ONIPENICJIEHUIO I'PaIUCHTa Mbl UMEEM

grad t = Vt = |grad t| n. (8.145)

CoOTBETCTBEHHO, TMHUM, HOPMAJbHBIE K M30XPOHAM, XapaKTEepHU3YIOT Halpasie-
HESI, BIONb KOTOPBIX BPEMs MPHUXOJia YBEIMUMBAETCS OBICTPEE, YeM B0 COCENI-
Hux nyteit. [Tockombky ¢opma M30XpoH coBmafaeT ¢ GopMoil (ha30BbIX MOBEPX-
HocTell (Wi TOBEpXHOCTE! PaBHOTO 3KOHANIA), MOXKHO CKa3aTh, YTO YKa3aHHbIC
JIMHWY COBMAAIOT C JyYaMH, BHOJNb KOTOPBIX B CPEfic PACIpOCTPaHsIeTC aKyCTH-
yeckas 3Heprus, , ClefioBaTeqbHO, BEKTOP

M =grad t

TI0 OTHOLIEHHIO K HUM SIBISIETCS TaHTeHIMANBbHbIM. Kak Mbl yKe 3HaeM, B OfHO-
POJHO Cpefie Nyuu SBISAIOTCA NPsIMbIMU. TIpHCyTCTBHE HEOHOPOTHOCTH OOBIYHO
NPUBOANT K TOMY, YTO JIy9H UCKPUBISIIOTCS U MOTYT flaxke MepecekaTh Apyr Jpyra.
OueBHHO, YTO NOJIE BpEMEHH IIPUXOfla MOXHO JIETKO OIpPEAENUTb, €CIU U3BECT-
HO ceMelicTBo nyuell R 1 Bpems pacnpocTpaHEHUs BOJHBI BRONb HuX. [leficTBu-
TeJBHO, IIPOBOJIS IOBEPXHOCTH, HOPMANBHBIE K KAXOMY U3 JyYell, Mbl IONYYUM
MHOXKECTBO M30XPOH, NApaMeTp KOTOPBIX t ompefiensieTcs U3 NepeceyeHns ¢ Jy-
yamu R. Takum 00pa3oM, Kak H30XpOHBI, TaK M JIyUM PaBHBIM 00pa30M OINCHI-
BAIOT IIOJIE BPEMEH [IPUXOJA.

BbiBeieM ypaBHEHHE 3TOrO IIOJIS, HCIOJb3Ysl 3KBHBANEHTHOCTD, CYILECTBYIO-
YO MEXAY H30XPOHAMHU U (ha30BbIME MOBEPXHOCTSIMU. I1yCTh B MOMEHT BpEMEHH
t = t, ¢poHT BONHBI CcOBMNAfAET ¢ U30XPOHOIH S,. [l TOro, 4ToOb! ONMpEfeTUTh
€ro MOJIOXEHNE B MOMEHT BpeMeHd t, = t, + V1, Bocnosb3yeMcs NPUHIUIIOM
Troitrenca. Torga Kaxyto TOUKY HOBEPXHOCTH S; MOXKHO paccMaTpuBaTh B Kave-
CTBE LIEHTpa 3JIeMEHTapHOIl cchepruyecKoil IOBEPXHOCTH pajuyca VN, paBHOTO

Vn =cVt. (8.146)

Orubaromiasi 3TUX 3J€MEHTAPHBIX BOJH NMPENCTABMISET cO00I M30XpOHY S, npH t =
=t,
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ITo ompeieNennto, rpajiienT t HaNMpaBJIeH BIOMb HOPMANH N M, CIENOBATENb-
HO,

gradt = L. ln, (8.147)
an c
TOCKONBKY B OKPECTHOCTHU KaXJ0ll TOUKH P U30XPOHBI
c(p) = an/ot.

B oproronanbHOl KpUBOMMHENHOM cucTeMe KOOpAMHAT (8.147) nomy4nm

2 2 2
( at ) ( ot ) ( at ) 1
+ + =—
h,ox, h,ax, hy0x 4 c(p)
2

2 2
( at) +( a ) +( a ) - (8.148)
hyox, hydx, hyox c(p)

Mocnepnss popMyna HasbiBaeTcsl YpaBHEHHEM MOJS BPEMEHH IIPHXOAA BOJIHBI,
KOTOpOE COBIAJIAET C YPaBHEHUEM 3MKOHaIA, ecyu t 1 C* 3aMennTh Ha L 1 (G/fi®
COOTBETCTBEHHO. B 49acTHOCTH, B JIeKapTOBOW CHCTEME KOOPAMHAT YpaBHEHWE
(8.148) 3anuchIBaeTCs Kak

nim

()" () ()
\ax/ +\ay/ +\az} Cz(p)‘ (8.149)

3amernm, uTo hopmyany (8.148) MOXKHO 3amicaTh TAKKeE B CIEAYIONIEM BHJE:
1

(Vt)? = 5—, (8.150)
¢ (p)
TaK KakK
1 0 . 1 9 . 1 9 .
=——L+—— 1, +——1;.
h, ax, h, ax, hy x5

Orcrofa BUIHO, YTO NONE BPEMEH IIPUXO[a ONMUCHIBAETCS HEJUHEHBbIM Aud-
(bepeHLMANIBbHBIM YPAaBHEHMEM IEPBOrO NOPSAKA, KOTOpOe HMEET OECKOHEUHOe
MHOXECTBO pelleHuil. [IeficTBUTENbHO, A7 MI000ro 3a{aHHOrO paclpeie/IeHus
CKOpOCTH

Orctofa BUJHO, YTO MONE BPEMEH NIPHUXOfja OMUCHIBAETCS HETUHEHHBbIM Aud-
(hepeHIMaNTbHbIM YPABHEHHEM IIEPBOTO MOPSAAKA, KOTOPOE HMMEET OECKOHEUHOE
MHOXECTBO pelleHui. [IefdcTBUTENbHO, sl JF000r0 3aaHHOTO PaCHpEeIeHNs
CKOpOCTH C(P) MOXHO IIPE[ICTaBUThL ce0e HEOTPAHUUYECHHOE YMCIIO PacpOCTpaHs-
IOIUXCA B TAKOW CpEejie BONH, IO/ BPEMEHH IIPHXOfA KOTOPBIX YOBIETBOPSIOT
ypaBHeHuto (8.148). IToaTomy Anst TOro, yToObl HAWTH HEH3BECTHYHO (DYHKIIMIO
t=t(X, Yy, ), HeOOXOMMO 3HATh HAaYaJbHbIC ¥ TPAHUYHBIE YCIOBH.

Takum o0pazoM, IIpouefypa HaxoxXAeHHs 0N BpeMeH TIpUXofia B o0beMe V,
OKPYKEHHOM ITOBEPXHOCTBIO S, COCTOMT U3 CEAYIOIIUX TPEX IAroB.

1. Pemenne ypaBuenus (8.148).
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2. Boi6op cpenut Beex perneHuil ypaBHeHus (8.148) (yHkuuu, yoBIeTBOPSO-
el rpaHnyHbIM ycnoBusAM. IlocnenHee OOBIYHO O3HAYAET, YTO HA TPAHULE S
M3BECTHA (DYHKIMS

(X, ¥, 2) =9XY, 2). (8.151)

3. Be1Oop cpenu Bcex pelieHull, yIOBIETBOPSIOIMX ypaBHEHUIO (8.148) 1 yc-
70BusM (8.151), TOro, KOTOpOEe MOAUYMHSETCS HAYalbHBIM YCIOBHSM B KaXKIOM
TOYKe 00BeMa V.

B ceiicMonornu mocieiaee Tpe6OBaHAE OOBIYHO O3HAYAET, YTO B HAYANBHBIN
MOMEHT BPEMEHH 110JI€ BPEMEH IIPUXO/ia UMEET BCIONY HYJIEBbIEC 3HAUCHUS.

3pech cnefyeT OTMETUTD CIIEAYIOLIEE.

a) 00beM V MOXKET OBITh OKPYXKEH HECKOIBKIMHI OBEPXHOCTSIME S, Ha KOTO-
PBIX JOMXKHbI ObITh U3BECTHBI (PYHKIMH (X, Y, Z) (8.151). Tak, Hanpumep, ofHa
U3 TAKUX NOBEPXHOCTEN OKPYXKACT MEPBUYHBIN NCTOUYHUK M PACIONOKEHA B €T0
OKPECTHOCTH.

0) Ha rpaHuIax pasjeia BHyTpu oObema V, Ijie ckopocTb C(P) TpeTepreBaer
paspbIB, PyHKIUS (X, Y, Z) SBISETCS HENPEPHIBHOM, a TEOMETPHS JTyueil MOoxIu-
HsieTcst 3akoHy CHennmyca;

B) pelleHne IPAHNYHON 3a1aull ONpefieNsieT (PyHKIMIO

t(x,y,2)=C, (8.152)

rie C — HeKOTopast OCTOSIHHASI, XapaKTEPU3YIOIasi KOHKPETHYIO H30XPOHY.

) MOCTPOCHHE M30XPOH MOXHO BBINONHUTD, HMCIONB3YS TAKXKE MPHHINI
I'rorirenca.

Cy1ecTByeT HECKOJIBKO coco00B onucanus ydeil. Hanpumep, myun MoxHO
MOCTPONTD, PUCYS IMHUK, HOPMANbHbIE K M30XpPOHAM, MO0 paccMaTpuBasi ypas-
HEHHe, KOTOpoe OIpefiensieT BpeMsi Mpobera BOJHBI BAOJNb HEKOTOPOTO MPOU3-
BOJIBHOTO MyTH L:

b
ds
t=—. 8.153

~[f:(lo) ( )

3pech ds — cMeleHue BONb IYTH B OKPECTHOCTH TOUKH P, a TpPeeNbl HHTET-
PUPOBaHUA @ U b ABIAIOTCS KOHEUHBIMU TOYKAMHU OHOTO U TOTO Xe Jy4a.

B cooTBercTBun ¢ npunuunomM depma, Mbl JONXKHBI ONPENETUTh TAKOH NyTb,
BI0JIb KOTOPOTO BpeMsi t MUHMMANbHOE (WM CTAlMOHAPHOE, €CIU OKPECTHOCTH
Jy4a He SIBISETCs PEryISIpHOIT). ITO 03HAYAET, YTO Majble BapUalUM MyTH BOIM3H
Jy4a He MPUBOJAT K U3MEHEHWIO BPEMEHH NPUXOAA, T.C.

t(L + Al) =t(L)

7001

At =0. (8.154)

KoneuHo, mocrnefHee paBeHCTBO BBIMOMHSIETCS TONBKO MPH YCIOBUH, YTO Ba-
puanuu, nporopuuoHanbHble Al 1 Gonee BBICOKOTO MOpsiKa, TPeHeOPEKNMO

MalbIl. HHHHYIO 3a1a1y MOXHO pPEIIUTb METOAAMU BAPUAITMOHHOTO HCUUCIICHUA,
OCHOBAHHbIMM Ha MCIIOJIL30BAHUA YPABHCHUS Bfmepa.
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