I'nasa 6. UHTEPOEPEHLINA U TUOPAKIINA

6.1 CYIIEPTIIO3NLNA BOJTH OT HECKOJIbKHAX
NEPBUYHBIX UCTOYHUMKOB B OJTHOPOHOU CPEJIE

Panee MbI paccMaTpuBamy TOBEJICHAE BONH, BO30YXJAEMbIX B OJXHOPOJHOM
cpefe OO eIMHCTBEHHBIM 3JIEMEHTAPHBIM, MO0 JMHEHHBIM UCTOYHUKOM. [le-
pen TeM, Kak paccMaTpuBaTh 0oJiee CIOXHBbIE Cyyan, CPOpMYIHpYeM elle pa3
OCHOBHBIE CBOWCTBA BOJTHOBBIX TOJIEH, BO30YXaeMbIX 3J€MEHTAPHbIMI MCTOYHH-
KaMH.

1. BonHOBOE MOINIE 37MIEMEHTAPHOTO MCTOYHUKA SIBISETCS CPEPUUECKU CUMMET-
PUYHBIM. DTO O3HAYaeT, YTO MOTOK SHEPTHH pPACIpefeNseTcss PAaBHOMEPHO IO
cthepe, B LEHTpe KOTOPOWl PACMONOXKEH caM HMCTOYHMK. ['eoMeTpus BONHOBBIX
noseli (Bkirovast Bektop [lofiHTuHra) onucbiBaeTcd B MPEANONOKEHIH, COTTACHO
KOTOPOMY paclnpocTpaHeHHe BOMH MPOMCXOAUT BONb NPAMBIX JTy4ell, HanpaBleH-
HBIX OT HCTOYHUKA K TOUKE HAOTIONCHNUS.

B cooTBeTCTBIY C 3THM MOXKHO MPEJICTABATL ce0€ MHOKECTBO BOOOPAaXKaeMbIX
KOHMYECKUX TPYOOK ¢ BepIIMHON B HcTo4yHUKE. [TOTOK 3HEpruu BROMb KaxKmou
TaKo# TPYOKM OCTAeTCs MOCTOSHHBIM, a BelnuiHa BekTopa [TofHTHHTa YMEHbIIa-
eTcsl, TIOCKONIbKY TI0 Mepe VJaleHus OT HCTOYHMKA pPAacTeT IUIOLIAfb CeYeHHs
TpyOKH. BekTOpbI cMellenuii 1 CKOPOCTH CMEIEHUH YacTUL| CPefibl OPTOrOHAIb-
HBI CCYCHHIO KaXJOl KOHMIECKOH TPYOKH.

2. Beerpa cymecTBYIOT Tpy 30HBI BOJHOBOTO MOJIS, & MMEHHO OJVKHSS, MPO-
MEXYTOYHas U COOCTBEHHO BOJIHOBasl. B OmuKHENl 30HE BOJHOBOE HOJIE B JTI000M
TOYKE MOYTH CHHXPOHHO C KONEOaHWSIMU B HEMOCPEACTBEHHON OIM30CTH OT HC-
TOYHMKA. B 9TO# yacTu ynpyroii cpeibl IPUCYTCTBYIOT TOJNBKO KoneOaHus, MpH
KOTOpBIX 3(hheKT pacmpocTpaHeHus: npeHeOpexxumMo Man. B mpemenax mpomexy-
TOYHOH 30HBI 3(h(heKThl PACTPOCTPAHEHNS] CTAHOBSITCSI CPABHUMBIME C BHOpAIIy-
oHHbIMHE 3(exTamu. Y, HAKOHEI, B BOTHOBOW 30HE HAOMIOAIOTCS B OCHOBHOM
6€FyIHI/IC BOJIHBI, aMHJII/ITyHa KOTOprX MCJICHHO yMeHI:LHaCTCH C paCCTOfIHI/IeM.

Takum 00pa3oM, OOBIYHO MOXHO HaOMIOfaTh fiBa sBieHus. OfHO W3 HHX
(BubOpaiyu) MPOSIBISIETCS B CUHXPOHHOM M3MEHEHWH TOJIOXEHMS BCeX YacTHIl.
OHo conpoBoxkpaeTcsd AedopManuenn cpefibl, pd KOTOPOH OTCYTCTBYET AuMiaTa-
7SI, ¥ TaKUM 00pa3oM B cpefie He BO3HMKAET JIOTOIHUTEIHHOTO IaBieHus. Bub-
parmu ObICTPO 3aTYXalOT C PACCTOSHUEM OT MCTOYHMKA. BTopoe siBnenme — pac-
MPOCTpaHEHNE BOJH — TaK:Ke HAOMFOIaeTCs BO BCEX TPeX 30HAX, OHAKO TONBKO B
BOJIHOBOYW 30HE OHO HAYMHAET OMHHHPOBATH M JIaeT HAaMOOJBIIMI BKIAJ B CMe-
IIEHUs. ¥ CKOPOCTU yacTull. [ CHHYCOUNANbHBIX BOJH 3Ta 30HA ONpENeNsIeTcs
HEpaBEHCTBOM R/A.

Crnepnyer emie pa3 OTMETHTh, YTO W30OBITOUYHOE JIABICHUE ONHACHIBAETCS Of[HA-
KOBBIM 00pa30M BO BCEX TPEX 30HAX.
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Kak MpaBUI0, BOMTHOBBIE MOJISI CTAHOBATCS ropa3fo Oonee CJIO2KHBIMH, KOIJa
BMECTO OTHOTO TOYE€YHOI'O MCTOYHMKA UCIOJB3YIOTCA Cpa3y HECKOJIBKO. B stom
ClIyqac pe3yJIbTUPYIOLICE BOTHOBOC TIOJIE ABJIACTCA CYMMOfI MmoJiell OT BCEX MCTOY-
HHUKOB:

n
s=3s. v-Sv..
i=1

i=1

B pesynbrare Takoil cynepno3uLi BO3HUKAET SIBIEHHE, KOTOPOE HA3bIBAETCS
mmbo umHTepdepennuelt, mnoo nudpaknueil, ¥ KOTopoe urpaet (yHIaMeHTallb-
HyI0 poib B ceilcMojiorud. B panbHeiimieM Mbl YBUAMM, 4TO Jro0asi BOJHA
(maparomasi, OTpakeHHasi, IPEJIOMJIEHHAs], FOJIOBHAs MM IOBEPXHOCTHAsSL) B JIEHCT-
BUTENBHOCTH MPEJICTaBNseT cO00M Cyneprno3uumio 6ECKOHEUHOr0 4ucia 3JeMeH-
TapHbIX BOIH.

B aToM paspene omuchiBaeTCs Cynepno3uuysi CHHYCOUNANbHBIX BOJH B IpEf-
TI0JIO>KEHUH, YTO 4acTOTa 3TUX BOJH OfIMHAKOBA. B fanbHelieM 310 orpaHuyeHue
OyJeT CHSITO.

WHorpa, npy HEOOJNBIIOM YHCIE MCTOYHMKOB, Mbl OyfleM TOBOPHUTb 00 WH-
Tepdepertun BoH. Cyneprno3uis BOIH OT GOJBIIOTO YMCIa HCTOUHMKOB HA3bI-
Baetcd fupakuuein. Koneyno, Takas knaccuukauys SBISETCS YCIOBHOM, MO-
CKOJIbKY U MHTepepeHius 1 aupakiys ONUCHIBAIOT, IO CYTH, OJMH M TOT Xe
IPOLECC CYMMUPOBAHKS BONHOBBIX HOJEH.

YroObl nyylle NOHATh, KAKAM 00pa30M IIPOUCXOUT B3aUMOJEHCTBIE BOJIH OT
pa3HbIX HCTOUHUKOB, PAaCCMOTPUM CHAayaja HECKONIBKO OTHOCUTEIBHO IPOCTBIX
TPUMEPOB.

IIpumep 1: untepdepernus ABYX BoJIH

ITycTs nMeeTcs f1Ba aNEMEHTAPHBIX HCTOYHKMKA. TorAa A CKanspHOro TMOTEH-
muana (s = grad U) umeem
U,p,t)=A, cos(wt + ©,)
u 6.1)
U,(p, t) = A, cos(wt + ©,)
U
U,p,t)=A, cos(wt + kR,)
u (6.2)
U,(p, t) = A, cos(wtf + kR, — 1),

e R, 1 R, 0603HAYAIOT PacCTOSHUA OT TOUKH HAGMIONIEHHS 10, COOTBETCTBEHHO,
TIEPBOTO U BTOPOTO MCTOYHNKA, & BOJTHOBOE UHCIIO k OTPENIENSETCS Kak
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k =w/c = 2m/\.

[MapameTp o xapakTepu3yeT ciBUr pa3 Mexny KoneOaHuIMI UCTOYHUKOB.

W3 paencts (6.2) cnefyeTt, 9To cABAT (Da3 MEXAY BONHAMH, MPUXOMSIINMA B
TOYKY HAONIOfICHHUS, OTPENesIeTCd, IOMIAMO MapaMeTpa O, Pa3HOCTHIO PacCTOsi-
HU

AR =R,-R,. 6.3)

[pepmonoxnM, 9TO aMITTATYABI BOJTH OfMHAKOBLI: A, = A,. Torma cymma miByx
BOJIH OMHUCHIBAETCS BHIPAKEHNEM

U (p,t)=A cos(wt + ;) + A cos(wf + @,).

ITpuMeHsis U3BECTHYIO TPUTOHOMETPUUECKYIO (POPMYITY, NONYUNM

Up,n=24 cos(@) cos (wt+%}

nimn

U@, 1) =A, cos(um%), (6.4)

e
Ap=2A cos%((p2 - ). (6.5)

Takum 0o0pa3zoM, pe3ylbTHpYIOLIEE MONe TakxkKe SBIAETCS CHHYCOMATIbHOM
(byHKUKEH, 3aBUCALIEN OT pa3HOCTH (a3 MEX/Y UCXONHBIMU BONHAME U UMEIOLIEH
aMILTUTYRY, IPSMO NIPONOPLMOHANBLHYI0 A. B To Xe Bpems HavanbHasd ¢as3a cyM-
MapHOH BOIHBI PaBHSAETCS CPEHEMY OT (a3 ¢ U §,:

+
T=0t% (6.6)
2
I[Ipexxpe yeM NPUCTYNUTh K aHAIU3y 3QdeKkTa Cynepno3uLun, pacCMOTPUM
Oosee oOLmil cyyail, Korja aMIUIMTYAbl A, U A, He paBHbI fpyr apyry. C aToil
LEJbI0 YOOHO HCIOB30BaTh KOMIUIEKCHYIO aMILTUTYAY CKaJIIPHOTO NOTEHIANA.
B atom cryyae

U=1u+u,
Wi
U=Age™ =A™ + A, e, (6.7)

YToObl ONPENICTUTb AMILTUTYRY Ay, YITEM PABEHCTBO

722 =z7".

I7ie z* — BeMInHA, KOMIUIEKCHO COTPSKEHHAS YHCTY Z.
Ilomnaras
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u= Age™ uw u'= Aze’T,
MOJIy4YnuM
Ag = (A" + Aje™ ) (A + Ao ") =
AT+ A+ AIAz[ei(‘Pz_q") + e'i(q)z_w‘)]
ninn
Ay = Al + A +2A/A, cos(@, +@,). (6.8)

Takum oGpa3zom,

Ay =V A2 + A2+ 2A/A, cos(@, - @,) . (6.9)
B wactHOCTH, IpH A, = A,
A, = V241 + cos(qp, —@,)

WK
+

A, =2Acos 210
2

YTO COBIIAAAET C BbIpaXeHueM (6.5).
Kak u3BecTHO, BeMMumHa BekTopa [I0MHTHHra IPSMO TPOMOPUHOHATbHA AL

U XapaKTepU3yeT MHTEHCUBHOCTH curHana /. B coorseTcrBuy ¢ paBeHCTBOM (6.8),
MHTEHCUBHOCTD PE3YJbTUPYIOLIEH BOIHBI PABHAETCS CYMMeE TpeX crnaraeMbix. Ilep-

BbI€ JIBA, MPOMOPIMOHANBHbIE Al2 u Az2 , OIMCBLIBAIOT MHTEHCUBHOCTL BOJIH, BbI-

3BaHHBLIX, COOTBETCTBEHHO, IIEPBbLIM U BTOPbIM UCTOYHUKOM, a IOCJICTHEC Cllarac-
MO€

2A,A; cos(@, — @)

XapakTepusyeT a(pexT uHTepepeHnn STHX BOTH. JTO ClaraeMoe MOXET ObITh
NOJIOKUTENbHBIM, OTPULATEBHBIM WM PABHSITHCA HYNO. B mepBoM ciydae Mbl
UMeeM JIeNo ¢ KOHCTPYKTHBHOH HMHTep(epeHuue, T0CKOAbKY UHTEHCHBHOCTD [
Pe3yNbTUPYIOLIEH BONHBI NPEBBIIAET CyMMY HHTEHCHBHOCTEHl BOJIH, BBI3BAHHBIX
KaX/bIM U3 HCTOYHUKOB:

I1>1,+1,

Ecnu Tpetwe cnaraemoe B (6.8) SIBISIETCS OTPUIATENBHBIM, HAOMIONAETCS JIECT-
PYKTUBHAs1 UHTEpEPEHIKS 1

1<l +1,
Haxkonen, ecnu pasbl @, 1 ¢, CBSI3aHbI COOTHOILICHHEM
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T
P2 — @ =;(2n + 1),
IJE 71 — EJI0E YICIIO0, TO HHTEP(ePEHIMOHHbII WIEH B (6.8) HCUE3a€ET I
I=1 +1,.

YToObl MPOWIITIOCTPUPOBATh HCIONB30BAHUE paBeHCTBA (6.5), MPENTOIOXKUM,
YTO CYIIECTBYET /IBa UCTOUHUKA C OfJMHAKOBBIMU aMIUTUTY/IaMU KONeOaHWil, nMe-
01X (ha3oBblil CABUT CL.

ByneM paccMaTpuBaTh B3aMMOJEHCTBUE BOJIH, BBI3BAHHBIX 3THMH HMCTOYHHKA-
MU, Ha PACcCTOSIHUAX, 3HAYUTENHHO IPEBBILIAIOIMX PACCTOSIHUAE d MEXIY CaMUMH
UCTOYHUKaMU (puc. 6.1, a):

R, >d u R,>d. (6.10)
0
dI 41,
l i
6
1
i n i i i
2 s 7 0 7 % > 9
*r—-0
1 2
Z
Puc. 6.1. Cucrema, cocrosias
13 IByX MCTOYHUKOB (a); TOBEfiE-
HHe (PYHKIMM MHTEHCUBHOCTH (d
= N/2) (6); noBefienne (QYHKIANA
uHTeHCMBHOCTH (d = 2M) (8);
CHCTEMa, COCTOSINAs W3 N HC-
1 2 3 45 6 7 n-1 n TOYHKKOB (2)
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JaHHOE ycoBHEe BMECTE C YCIOBHEM PaBEHCTBA aMILTUTY/ MCTOUYHMKOB O3HAYAeT,
YTO aMIUIATY/bl BOJNH IPAaKTUYECKU PABHBI APYr APYLY U HE 3aBUCAT OT TOYKH
HaOITONeHNSI.

HccnenyeM Tenepb, Kak BefyT ce0sl aMIVIUTYHA ¥ UHTEHCUBHOCTb Pe3YJbTHDY-
IO BOJIHBI BOJb IPOGHIIs, MapajyIeIbHOTO IMHUM, COeIUHAIONEeH 00a UCTOU-
Huka (puc. 6.1, a). B obuiem cnyvae BONHBI, NPUXOMSIHE B MPOU3BOIBHYIO TOY-
Ky p, IMEIOT pa3nuyuHble a3bl, W, KaK OTMeYanoch paHee, (a3oBblil CIBUT CO-
CTOMT M3 ABYX claraeMbIx. [lepBoe ux Hux paHseTcs o.. BTopoe cnaraemoe Bo3-
HUKAeT U3-3a TOT0, YTO UCTOYHMKY HAXORSTCS HA Pa3HbIX PACCTOSHUSAX OT TOYKH
Habmoniennst. C ydaetom ycnoBuit (6.10) yka3aHHast pa3HOCTh (ha3 MPUOIIKEHHO
paBHSIETCS CIIEYIOIIEH BeJIMUNHE:

AR=R,-R, =dsin0, (6.11)

e yroa 6 mokasaH Ha puc. 6.1, a.
Xorts pasHOCTb AR 4pe3BblUaiiHO Majla 0 CpaBHEHHIO ¢ R, a3a, onpepense-
Mast OTHOILIEHHEM
dsin©
y
MOXKeET ObITh OUeHb 00JIbIION. TakuM 00pa3oM, MOMHBIA CBAT (ha3 paBHSETCS

cpz_cpl=a+kAR=a+%sme. (6.12)

U3 pasenctBa (6.5) cuefyeTt, 4To (YHKIUS A SBISIETCS MEPUOMIECKON OTHOCH-
TeNnbHO caBura a3 @, — @;.
[Tonaras o =0, nepenuiieM Bbipaxenue (6.5) B Bufie

Ap = 2A cos /ﬂsine\ . (6.13)
\ )
Orcropia, HanmpuMep, IS cpefiHelt Touky npodus 6 = 0, umeem
Ap =2A. (6.14)

3TOT pesynbTaT OUYEBUJEH, NMOCKONbKY 00C BOJHBI IPUXOMSIT B YKA3aHHYHO
TOUKY C OfIUHAKOBbIMHU (Da3aMy M, CIEOBATENBHO, HAOMIOAETCS MAKCUMAJIBHBINA
3 eKT KOHCTPYKTUBHOH UHTEP(EPEHIMH, IPH KOTOPOM MHTEHCHBHOCTb YBEIHU-
4ymBaeTcs B 4 pasa.

ITpu w3yyenuu uHTEp(pEpEHLMH BOIH BONb PacCMATPUBAEMOIO HPOGUIL
YAOOHO pasinyath CIeAyroIMe fiBa Clyydast:

Dds<sh u 2)d>h.

Coyyaii 1: d < A
B xavectse npuMepa NonoXIM

d=N\2.
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Torga BMecTo paBeHcTBa (6.13) momyunm

A, = 2A cos! Zsin) | 6.15)
\27)

U aMIUTUTYa pe3yJbTHPYIOLIEH BOJHBI MOCTENEHHO YMEHBIIAETCS C YBEMMYEHUEM
yria 0.

Tax, Hanpumep, npu 6 = 1t/6

ZsinZ-Z u A= \24.

2 6 4
Orcrona

[=2I, =11,

B npepnene, npu 0 = mt/2, nonyyaem

Ap—0
1 B 9TOM CIIy4ae Mbl IMEEM JEJIO C JIECTPYKTUBHON MHTEP(EPEHIMEN, TOCKONBKY
cnBUr (pa3 oCTUraeT 3HaueHus w (puc. 6.1, 6).

B obmeMm ciyyae, npu d = A/m 1 m << 1, TakKe HaONIOAETCS YMEHbILIEHHE

VHTEHCUBHOCTH Pe3yNbTUPYIOLIEH BOMHBI, Korfa 6 — m/2. OpHako nmpu d << A
BIIMSHHHAE JECTPYKTUBHOH MHTEP(EPEHIIE OTHOCHTENBHO Mo, MOCKOJbKY MaK-

JT
cHManbHag pa3sHocTb a3 ¢,,,, CTPEMUTCI K 2—:
m

0=<gq< 2%,
m

Coyyaii 2: d > A

s untoctpanyuy 3Toro cnyvas nojoxuM d = 2A. Torga pasenctso (6.13)
JaeT
Ag = 2A cos (2m sin 0). (6.16)

YuutbiBas, 4TO (YHKIHUS Ap SBISETCS YETHOH OTHOCUTENBHO yria 6, paccMo-
TPHUM €€ MOBEJICHUE Ha MHTEpBAlle

0=<06<mx/2.

W3 dopmynbl (6.16) ciefyeT, YTO MHTEHCUBHOCTh MaKCHUMaNbHA TIPH
2m sin O = ko,

e
k=0,1,2.

Takum 06pa3oM, MaKCUMyM aMILTATY/[bl HAOMIOHAETCS B TOYKAX, COOTBETCTBYIO-
LIUX CIENYIOLMM yriaMm 0:
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0=0, /6, w/2.

Touku, B KOTOPBIX Pe3yIbTHPYIOLIAs aMIUIATYAA PABHSIETCS HYIO, ONMpefens-
0TCSl PaBEHCTBOM

2nsin®=2k+1HZ,
2

T.€. IPU CIEAYIONKX 3HaueHusIx yraa 0: 6 = 0,25 u 6 = 0,85. [oBenenne QyHk-
nuu I mokasaHo Ha puc. 6.1, 6.

B ornnuue ot npensiyLuero ciayydas, Tenepb (PyHKuus / UMeeT MATh MaKCUMY-
MOB, PAaclOJOXKEHHbIX CHIMMETPHYHO OTHOCHTEIBHO 3KBATOPHATBHON MIIOCKOCTH
6 = 0, ofHaKO MeXJy 3TUMU TOYKaMM HAONIOAeTCsl CUNbHAS IECTPYKTHBHAS MH-
TepdepeHIus.

ITyctb paccrosiHue d MEXAy UCTOUHUKAMHU PaBHSETCS

d =m\, (6.17)

e m — Ielloe YucIo.
W3 pasencrBa (6.13) cnefyeT, 4TO MHTEHCHBHOCTh MaKCUMAaJIbHA, ECITU
wtm sin 6 = kn

1001
sin O = k/m,

e
k=0,1,2, .., m.

Takum 00pa3oM, OTHOLIEHHE pacCTOSHUS d K JUIMHE BOJHBI A OIpENENseT
YUCIIO 3KCTPEMYMOB (PYHKIMHU Ag. B yacTHOCTH, Ha MHTEpBane

0=0<m/2

AMILTATYIa pC3YIII>TI/Ip}IIOHIefI BOJIHBI JOCTUTA€T OJHOI'O M TOr'0 2K€ MaKCHUMaJIbHO-
T'O 3HAUYCHUSA

Ag=24

B m+1 TOUKax.

B T0 e Bpems, ecnm paccTosiHEe d MEXKAY NCTOYHUKAMU MEHbIIE A, TO TpH O
= () CyIIECTBYET TOJNBKO OfAUH MAKCUMYM.

B aTux cnyyasx, Korja m He SBISETCS LENbIM YACIOM, HallpUMEp, KOTfa

[m]<m<|m+ 1],

YIICII0 MAKCUMYMOB (PYHKIMH Ay, paBHsieTcs [m] + 1. 3/ech KBafipaTHbIE CKOOKM
[1 o603HavaIOT 1EN10€ YHCTIO.

Kax cnenyer u3 Bblpaxkenuil (6.2) — (6.5), aMmumuTyaa 4 ¢asza pesyrbTUpYO-
17 BOJIHBI HE M3MEHSIOTCS, €CIHA, COOTBETCTBEHHO,

R, -R,=const u R,+ R, = const.

222



3To 03HAuYaeT, YTO (PYHKIUS A, OCTaeTCs MOCTOSHHON Ha MOBEPXHOCTU TH-
nepbosousia BpalleHns, a ¢a3a He U3MEHSeTCsl Ha 3JUIMNCOMAAX BpaIeHUs, U y
HUX uMeeTcs oblme (POKyChl, B KOTOPBIX pAacIONararoTcsi UCTOYHUKH. Takum
00pa3oM, aMIUIUTY[ja MEHSeTCS Ha INOBEPXHOCTSX paBHOH (hpasbl, © Mbl HMEEM
JIeNI0 C HEOJHOPOJHON BOJIHOIL.

YuuThiBas, YTO TOUKY HAONIOIEHUSI PACIONOXKEHBI [aNeKO OT MCTOYHUKOB,
MOKHO MPEJCTaBUTh cebe, UTO IHEPTHsi, CTeHEPUPOBAHHAS KaXKbIM U3 MCTOUHH-
KOB, MEPEHOCUTCS BAOJb MApAUIENbHBIX MPAMBIX (IYHKTUPHbIE JUHUKM HA pHC.
6.1, a). Hanpasnenue 3Tux npsIMbIX ONpefiensieTcs yriaoM 0, xapakTeph3yIOLM
Touky HabmofeHus. O4eBuHO, YTO cABUT (a3 MEXy BOJTHAMH, PacIpOCTpPaHs-
IOLUMIUCS BJIOJIb STHX NPSIMBIX, TIO-NIPEXHEMY OINpeNenseTcs BbipaxeHueM (6.10).
Tako# mopxof1, TeXalnmii B OCHOBE TaK Ha3blBaeMbIX mpuOmmkenuit ®paynrode-
pa u ®peHens, moJe3eH NMpM M3YyYEHUW CYNEpPIO3WLUM BOJH B Topasfo Ooree
CJIOKHOM clyyae, ONMHUCaHue KOTOPOro MPUBOAUTCS HIXKE.

ITpumep 2: naTepdepeniys BOIH OT N HCTOYHHKOB

PaccMoTpum aucpakiyio BOJH OT 72 UCTOYHUKOB, PACIONOXKEHHBIX HA OJJHOH
npamoit (puc. 6.1, 2). IlycTe paccTosHue U cABUT ha3 MEXJY JIOOBIMU IBYM:I
COCETHMH HCTOYHMKAMHU OCTAIOTCS IOCTOSHHBIMU M PABHSIOTCS, COOTBETCTBEHHO,
d n o.. IIpenonoxum Takxke, 4yTo MPOTSKEHHOCTh (1 — 1) d BCEro MCTOYHMKA
Majia o0 CPaBHEHHIO C PACcCTOSHHEM OT HEro o TouKu HabmiofeHus. Crepoa-
TENbHO, Pa3HOCTh (a3 (p BONH, BbI3BAHHBIX 9TUMH MCTOUHUKAMH, ONpENENIETCs B
TOYKE HaOMOfIeHNs BbIpakeHueM (6.12).

ITpuMeHsis TPUHIAN CYNEPIO3NNMA, MONYIAM CIEAYIOIEE BbIPAXKEHAE I
CKAJIIPHOTO MOTEHIMANA PE3YIbTUPYIOLIEH BOTHBI:

U (p, t) = Alcos(wt) + cos(wt + @) + cos (of + 2¢) +...+

+ cos(wt + (n— o], ecmun > 1. (6.18)

OrnpepenuTs 3Ty CyMMY MOXKHO JBYMsl PasHbIMH croco0amu. Bo-mepsbIx, pa-
BEHCTBO (6.18) MOXHO TepenucaTh Kak

U@p,t)=Re A {e"""’+ e ey gm0 e'”“”“”'”‘“} (6.19)
HITH

U, 1) = Re {u e} (6.20)

7€ KOMIUICKCHAsI aMIUTATYa MOTECHIMAIa TaCTCsA (bOpMy.T[OfI

U= A{l e ey 4 e-”"“)‘*’}. 6.21)
HaHHaH CyMMa SABJISACTCS FeOMCTpH‘{eCKOﬁ nporpeccnefl, n, HpI/IMeHHSI U3BECTHOC
HpaBI/IJ'IO CYMMI/IPOBHHI/IH, nonyqaeM

_ aming
U=al-e " (6.22)

1-e™®
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HOCJIGIIHGO BbIPpaXXEHUE MOXKHO NIEPENIACATL B BUTIE

1 min®/2 [ qing/2 =ing/2

U=A

e—i(p/Z eicp/2 _ e—incp/z J
ninn

U =ASiT1(mp/2) e-it-De/2 (6.23)
sin(g/2)

[Topcranoska (6.23) B paBeHcTBO (6.20) Haet

U (p, 1) = AS292) 1ot +(n—1)p/ 2] (6.24)
sin(q/2)
Taxum o6pa3oM, aMmIuaTyfa 1 (pa3a pe3yabTAPYIONIEH BOIHBI ONPEAEISIOTCS Cie-
YFOIIM 00pa3oM:

Ap=AS®/D) gl 6.25

K sin(q/2) ;¢ (6.25)

B vactHOCTH, MONaras n = 2, IPUXOAUM K BbIpakeHuIo (6.5), IpU YCIOBUH, UYTO
¢, = 0. J[leficTBUTEBHO, B 3TOM Cllyyae PaBEHCTBO (6.5) MPUHAMAET BHUJ

=AY 2A cos (q/2).
sin(q/2)
[onyuum Teneps popmyny (6.5) apyrum crnoco6om. Kaxyblii 13 4IeHOB BbIpa-
xeHus (6.21), 3aKITI0UEHHBIX B CKOOKH, SBISIETCS KOMIUIEKCHBIM YHCIOM, KOTO-
poe MOXHO ONMCATh EIMHUYHBIM BEKTODOM HA KOMIUIEKCHOH IIOCKOCTH XY
(puc. 6.2, a). OpueHraiys 3TOro0 BeKTOpa ONpefielsieTcss apryMeHToM. Tak, Ha-
npuMep, TepBoe claraemMoe Ae' XapakTepusyeTcsl eJMHUYHBIM BEKTOPOM, Ha-
IPaBIEHHBIM BIOJb OCK X. B 0011eM ciydae, COOTBETCTBYIOLIMI BEKTOP A; HMEET
aMILTATYNy A B apryMEHT .

ITpuMensist TpaBUIO CyMMHUPOBAHMs BEKTOPOB (puc. 6.2, @), Mbl BHJUM, 4TO
OHM 00pa3syrOT MHOTOYTOJIbHHK, BEPLIMHBI KOTOPOrO PACIONOXKEHbI HAa OKPYX-
HocTH paguyca OK, ¢ ueHTpoM B Touke O. CyMMa 3TUX BEKTOPOB ONUCHIBACTCS
Pe3yIbTUPYIOMUM BEKTOPOM KK, KOTODBII MOXKHO HAlTH C HOMOILBIO IPOCTBIX
FeOMETPUYECKUX COOTHOLIEHUH.

Kax mokazaHo Ha puc. 6.2, a, yron Mexpuy BeKTopamu A; 1 OK; sBIeTcs
OJIMHAKOBBIM [JIsl TI0OOTO i ¥ paBHAETCA 3. YUUTbIBas, YTO CyMMa YIJIOB TpEy-
TOJIbHUKA PABHA 7T U

20 + a =,
MBI BUJIM, 4TO yroi K,OK, paBeH ¢ U, CIeOBAaTENLHO,

IAl=A =2K,0 sin%. (6.26)

Bropoe u3 paBeHcTB (6.26) monydeHo u3 Tpeyronbuuka 2K,0,;:
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B B0 K

B ddd
Puc. 6.2. CyMMI/IpOBaHI/IC KOMIITIEKCHBIX YUCEJT KaK BEKTOPOB ([l), MHTCHCUBHOCTDL BOJIHBI OT
JII/ICerTHOfI CUCTEMbI UCTOYHUKOB (6), MHTCHCUBHOCTL BOJIHBI OT HerCpLIBHOfI CUCTEMBI

HCTOYHHKOB (8); 3aKOH OTpakeHnst CHeIuTyca (2); PacCTOSIHAE MEKIy HCTOYHMKAMIA U TOY-
KO HaOIOieHHs (0)

K K,=2K,0 sin% (6.27)

IIOCKOJBKY TI0 ONpefieNIeHnto yroi 2K,0, paBHAeTCS ne.
Hakowen, s aMmmutyisl 1 (pasbl pe3yibTUPYIONIEH BONHBI U3 BbIPaXKeHUH
(6.26) u (6.27) HaxoguM

_ _ A sin(ng/2)

Ar=KK, = A—sin(cp/Z) ,

YTO COBMAfIAeT ¢ popmyIoi (6.25).

Hcnonb3ys puc. 6.2, a, HECIOXKHO TakXe HallTu dasy T.

PaccmoTpuM 3aBuCHMOCTD (DYHKIHH A OT apryMeHTa @. Kak MbI yxe 3HaeM,
apryMeHT MOXET U3MEHSThCS KaK B CHIY M3MEHEHHS MOJIOXKEHNUS NCTOUHMKA UIH
TOUKM HAOMIOIEHNS, TAK U B CUITy 000UX 3TUX (haKTOPOB.

ITpexne Beero, B mpefienie, KOrAa (p CTPEMUTCS K HYJII0, IMEEM
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Ap=T912 _ 4 (6.28)

T— 0, eciu ¢ — 0.

Takum 00pa3oM, pe3ymbTUpYOLIas aMIUTUTYAa B 72 pa3 IPEBbIIACT AMILTUTYAY
eIMHIYHON BONHBI. JTOT Pe3yJbTaT OUEBUJIEH, IOCKOJBKY HAPABJIEHNS BCEX BEK-
TopoB U, mpakTiyecky coBnafaroT (¢ —> 0), a pe3yIbTUPYIOLINA BEKTOP SBISET-
csl UX apuhMETUYECKON CyMMOIL.

W3 paBencrsa (6.25) clefyeT, uTo ¢ yBENUIEHUEM (p PE3YIbTUPYIOLIas aMILIy-
Tyfa HAYMHAET YMEHBIIAThCS 1, KOIA

n¥ =x wm ) =ﬂ, (6.29)
2 n

CTaHOBUTCSI PABHOM HYIIIO.

Jpyrumu cnoBamu, eciu cBUT pa3 ompefiensieTcs paBeHcTBamu (6.29), nect-
PYKTUBHAs MHTep(epeHIs Makcumanbia. C reoMeTpuueckoil TOUKH 3PEHUs 3TO
03HAYaeT, uTo Touka K, (puc. 6.2, a) coBnafaeT ¢ HayaiaoM K. COOTBETCTBEHHO,
nmuHa KK, CTaHOBUTCS PaBHOI HYJIIO, a CABUT (ha3 MEX/Y NEPBbIM U MOCIEIHIM
BEKTOPOM paBHseTcs 27. O4eBUAHO, YTO C YBENMYEHUEM 4YHUCIAa MCTOYHUKOB 71,
30HA NEPBOTO UHTEP(EPEHIMOHHOIO MAKCHMYMa CYKaETCsL.

[Tpu panbHeiineM yBeandeHnn ¢asbl ¢ CHOBa HaOMIOfAeTCsl MAaKCUMYM, OfIHA-
KO Ha 3TOT pa3 3HAUMTEIbHO MEHBUINHA. DTOT (PaKkT MOXKHO ObLIO JIETKO MpeficKa-
3aTh, IIOCKOJIBKY TpH ¢ = 0 BEKTOPHI HE JieXKaT HA OfHOH mpsaMoi (puc. 6.2, a).
[Tonoxenue 1 BEMMYNHY 3TOTO MAKCUMyMa JIETKO OLEHUTD, NONarast, 4To 7 Jo-
CTaTOYHO BENNKO.

Yucnurens nepBoro U3 paseHCTB (6.25) JOCTUraeT CBOETO MAaKCHUMAlbHOTO
3HAYEHNs (PABHOIO EUHNLIE) IIPU

n%:%(2k+l) I cp=%(2k+1). (6.30)

B To xe BpEMs1 3HAMEHATEIb MOXKHO MPEICTaBUTh KaK

in%~ =
sin Saw 2k + 1),

IIPH YCIOBUH, YTO YTOJ ¢ TOCTATOYHO Mal U

2k + 1= 21,
19

Taxum 00pa3oM, aMIIUTY/IbI MAKCUMYMOB OIIPEAEIISIOTCS BEIPAXKEHUEM

Ap=nA—2 (6.31)
w2k + 1)

U3 KOTOPOro BUTHO, YTO C YBEJIUICHUEM LE€JI0r0 Ynciia k BeIMYMHBI MaKCUMYMOB
YMEHBIIAIOTCs.
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HOBEHCHI/IG OTHOILLICHUA

sin?(ng/2)

s (6.32)
n? sinz(cp/Z)

1 _
Iy
XapaKTEPU3YIOLIEro pacipeeNeHie HHTEHCHBHOCTH KakK (DYHKIMHA YIila ¢, MOKa-

3aHO Ha puc. 6.2, 6.
3neck

I, = n*A?

XapaKkTepU3yeT UHTEHCUBHOCTH TIpH ¢ = 0.

Boruncnss nepByto npou3BOAHYIO (DYHKIMU A, MO p, HETPYAHO ONpENETHUTD
TOJIOXKEHKE U BEMYMHY MAKCUMYMOB UM MUHUMYMOB. ClieflyeT 3aMeTUTh, YTO C
YBEMYEHHEM YHCIIA NCTOYHUKOB 3(P(EKT Cynepno3ulni BOJH CTAHOBUTCS CHIIb-
Hee 1, B COOTBETCTBHY C 3TUM, HAaOIIOfaeTcst O0Nbliee KOIUYECTBO 30H KOHCTPYK-
THBHOW ¥ JIECTPYKTUBHOH MHTEP(EPEHIHH.

YT06B! MPOUITIOCTPEPOBATD UCIIOIb30BaHNE BbIpakeHni (6.5), paccMOTpuM,
Kak BefleT ce0sl aMIUTUTY[a ¢, Pe3yIbTUPYIOLIeH BOMHbI BOAb Mpoduis, mapa-
JIETBHOTO JIMHAN MCTOYHMKOB (pHcC. 6.1, 2). IIpennonoxuM cHavana, 4To Koje-
0aHMs BCEX HCTOYHMKOB IIPOMCXOMAT cCHHXpOHHO: o = 0. Torpa, ¢ yueToMm paseH-
cTBa (6.12), nmeeM
sin(n—ndsin 6)
Apg=A— >

sin(n—dsin 6)
A

ITo ananoruu ¢ cucTeMoii, COCTOAIIEN U3 IBYX HCTOYHUKOB, OYIEM pa3iuyaTh JBa
ciyyas:

Dd<h u 2)d>h.

(6.33)

Coyyaii 1: d < A

W3 BbIpaxenus (6.33) ciefyer, 4TO MaKCUMYM TOSBISETCS, KOT/a

0=0 wm n”Tndsin 0=0, (6.34)

n €ro aMHJII/ITyJIa paBHﬂeTCﬂ
Ag = nA. (6.35)

Taxum 00pa3oM, B cepefnHe Npoduis HabMORACTCd MAKCUMYM KOHCTPYKTHB-
Holl uHTepepennun. C yBeauueHueM yriaa 6 aMIuIUTyAa pe3ybTHPYIOWEH BO-
HbI OBICTPO YMEHBIIAETCS ¥ HEPBbIl MUHUMYM MOSIBISETCS, KOTJia

n™gin 0 =gx
A

227



I

sin 0 = A/nd, (6.36)
TIpU YCIIOBUHU, UTO

Mnd < 1.

B atom cnydae ciBur ¢a3z Mexay BOIHAMHU OT TEPBOTO M MOCJEJHETO MCTOY-
HUKOB PaBHSIETCS

ncp=n%sin6=n—— =2n

U, COOTBETCTBEHHO, BeKTOp KK, (puc. 6.2, a) CTaHOBUTCS HYNEBbIM. M3 paBeHCT-
Ba (6.36) C 0OYEBUAHOCTBIO CIEAYET, YTO YeM OONBIIE YUCAO UCTOUYHUKOB /1, TEM
yKe My4OK Jyyeil, (POPMUPYIOLIIX MAaKCHMYM.

Tak ke, KaKk B ciydae n = 2, (opMHUpPYIOTCT OOKOBBbIE MakCHMyMbI. X mo-
JI0KEHNE NPUOIIKEHHO OIPENENIeTCs YCIOBUEM

nndsin® _ (Zk + l)ﬂ
A 2

i) 05
sin = 2 2k+1)<1, (6.37)
2dn
e
k=0,1,2, ..
Iloncranoska (6.37) B (6.33) maer
Ag=nA—2 _ .
R ) (6.38)

IJie nA — aMIUIUTY/a Pe3yAbTUPYIOIIEN BOMHBL B Touke O = 0.

Takum 06pa3oM, Mbl BUJUM, YTO OTHOLIEHHE OOKOBOTO W OCHOBHOTO MaKCH-
MYMOB HE 3aBHCHT OT YHCJA UCTOYHUKOB (1 >> 1), OJHAKO NPU YBENMYEHHH UX
yycia abenycca Kaxyoro n3 OOKOBbIX MAKCHMYMOB CTPEMUTCS. K CPEJHEN TOUKE.
CrnenoBaresbHO, UCIOMB3Ysl JOCTATOYHO OOJBLIOE YUCIO HMCTOYHMKOB, MOXKHO
CKOHIIEHTPHPOBATh BOJIHOBOE IIONE B NPEJiENiaX OTHOCUTENBHO Y3KOro myuka. Ta-
Kasi KOHIEHTpaLus IPOUCXOAUT OJarofiapsi Kak KOHCTPYKTUBHOM, TaK M JIECTPYK-
TUBHOH UHTep(EPEHIUN.

Coyyaii 2: d > A

Kax 0b110 OKa3aHO paHee, HHTEP(EPEHIUs. BOTH OT BYX MUCTOYHUKOB (1 =
= 0) umeet OoJiee CIOXHBII XapakTep, Korga d > A. [loxoxee noBeieHUE BOIHO-
BOTO M0JI51 HAOMIOAETCS U B OOILEM CITy4ae CUCTEMbI U3 /1 ICTOUHUKOB. [leiicTBu-
TEJBHO, IIPENONOXKIM, YTO B HEKOTOPOH TOUKE AMIUTUTY A UMEET ONpPEEIEHHOE
3HAYEHHE Ap, a CABHT (pa3 MEX[y BONTHAMHU OT COCEHUX MCTOYHUKOB PABHSETCS
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2nd :
= =Zsin 0.
¢ A

Cornacno ypasHeHuto (6.18), aMIuTyAa pe3ynbTHPYIOMEN BOJTHBI OCTAHETCS
ToM e, ecnu (haza ¢ U3MEHUTCS HA 27tm, I7ie M — IPOU3BOJILHOE LEeTI0e.

Hanpumep, HanGonbliee 3HaueHne A, HaOMOfaeTcsl, KOrja Bce BeKTOpsl U,
(puc. 6.2, a) HanpaBIEHbI BJOJNb OHON M TOH XK€ JUHWUH, & UMEHHO

2ndsin @ _ mm

Ann (6.39)
d sin 6 = mA.

[TopcranoBKka MOCNeHEro COOTHOIIEHHST B paBeHCTBO (6.33) maer

sin wmn sin nx
Ap= A Snmmn_ p sinne
sin sim sinx

[Tpumenss npasuio JlonuTans, cHOBa 0Ty4aeM U3BECTHOE BbIPAXKEHUE

Ap=nA.

Tak, Hanpumep, npu m =0 um = 1 u3 paBeHcTBa (6.39) CIefyeT, 4YTO Mak-
cuMyM OyfIeT HaOJIOAThCS, COOTBETCTBEHHO, pu 0 = 0 m O = sin™ % Touno
TaKXKe MOXHO OIPENIETUTb U MOJIOXKEHHE OOKOBBIX MaKCHMyMOB. TakuM oOpa-
30M, B OOILEM CllyYae CUCTeMa BO30YKAaeT B pa3HbIX HANPABICHUAX IPYIIbI IIyY-
KOB, KaXJblil U3 KOTOPbIX MMEET LEHTPANbHbIA MAKCUMYM M IOCIE[JOBATENb-
HOCTb OOKOBBIX, Oonee c1a0bIX MakCHMMyMOB. UTOOBI pa3nuyaTh LEHTPajbHbIE
MaKCHMYMBI, COOTBETCTBYIOIME PA3THUHbIM 3HAUCHUSIM 711, MX OOBIYHO HA3BIBAIOT

MakcuMyMamu m-ro nopsapgka. Kax cienyet n3 cootHouienns (6.39), ecnu paccro-
SIHUE MEXKNYy UCTOYHUKAMU MEHBIIC IJIWHBI BOJHBI, T.C.

d <A\,

TO CYLIECTBYET TOJIBKO OJJHA I'pyIIia Iy4YKOB. HeﬁCTBI/ITeHLHO, B 9TOM CJIy4a€ He-
PaBEHCTBO

sin 0 =mM/d < 1
YAOBJIETBOPSIETCS TOJIBKO IIPH 712, PABHOM HYJIIO. B 3aKiroueHne cnefyeT 3aMeTHTb,
YTO pPaBEHCTBA (6.25) clpaBelIuBLI IPU YCIOBUU, YTO PACCTOSHUE MEXNY IIEPBBIM
¥ IOCNEHIM MCTOYHMKAMY 3HAYUTEJBHO MEHBIIE PAcCTOSHUS 10 TOYKHM HAOMHo-

JICHUA. 3rto O3Ha4acT, 4YTO pa3HOCTb (ba3 MCXNY BOJIHAMM, BbI3BAHHBIMHA TIIOOBI-
MU TBYMsI COCETHUMU UCTOYHUKAMHM, OCTACTCA MOCTOSIHHOM.

IIpumep 3: 1MHUSA HCTOYHNKOB

PaccmoTpum npefienbHblil ciyvail, Korjga MCTOYHUKM HENPEPHIBHO paciperie-
JIEHBI BAONB IpAMOI. B 3TOM ciyyae Beipaxenue (6.33) mpuHUMAeT BUJ
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ARzAnE%E, (6.40)

rmeA—=0Q0un—0, O[THAKO UX MPOU3BEACHUEC OCTACTCA MOCTOSHHBIM. HapaMGTp
B OIPENCJIICTCA KakK

ﬁ:ﬁ%ﬁh (6.41)

7tsin®

| = (n - 1)d xapakTepu3yeT pa3Mep MCTOYHUKA, a ONpENieNIsIeT BENMYUHY

u3MeHeHus. (pa3bl. COOTBETCTBEHHO, MHTEHCHBHOCTH PE3YIbTHPYIOLIEH BOJIHBI
PaBHAETCS

.2
I=Q“ZB. (6.42)
B
3nech
I, = n*A?,

¥ IIOBEJIeHNE OTHOWEHNs I/], oKa3aHo Ha puc. 6.2, 6.

MaxkcumyM, BO3HUKAOWMIA B Touke 3 = 0, Ha3bIBAETCA ITaBHBIM MAKCHMY-
MoM. Ero BenuuuHa paBuseTcd /, 4 OH cOOTBETCTBYET yriy 0 = 0. B Toukax f§ =
1f3,, BOBHUKAIOT TaKXe JJONONHUTENbHbIE MaKcuMyMbl. Hanpumep, nepsblit Takoi
MaKCHMYM BO3HMKAeT Ipu 3, = 1,43m, npuuem

1, =0,0472,

T.€. 3TOT MAaKCUMYM SIBIISIETCS] OTHOCHTEITHHO CITA0bIM.
st 6ONMBIINX 3HAYEHHH /11 IMEEM

1 1

Iy x2(m+!/2)%

Takum 06pa3oM, pH HEMPEPLIBHOM PaclpefieNeHNH UCTOYHUKOB KOHCTPYKTHB-
Hasi HHTephepeHIys HabIroaeTcss B OCHOBHOM BOMU3M 6 = 0.
Y106HO pa3nnyaTh iBa Mpee/bHbIX CIydas:

> i1 A<l

B nepBoMm ciyyae, HE3aBUCMMO OT TOTO, KaKue 3HAYEHHS MPUHUMAET yroi 6,
napameTp 5 MaJ, U, ClefloBaTelbHO,

1) =1,

Jlpyrumu coBaMu, HCTOYHHKH BO30Y3KAAIOT c(hepUIEcKyIO BOMHY, KOTOpask IMEET
OfIMHAKOBYKO MHTEHCUBHOCTb BO BCEX HAIPABIECHUSX. JTOT PE3YIbTaT OUCBUJICH,
TIOCKOINbKY CABHT (ha3 MEX]y JIEMEHTAPHbIMU MCTOYHUKAMU CTPEMHUTCS K HYJIIO,
¥ BCIOAy NipH R >>/ HaOmiofaeTcsl KOHCTPYKTUBHAS MHTEP(EPEHIINS.

ITpennonoxuM Tenepp, 4To IMHA BOMHBI 3HAUUTENLHO MEHBLIE NPOTSKEHHO-
CTHU CHCTEMBbI HCTOYHUKOB. Toraa aprymeHT
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nl -
=—=sin 0
B A

SBIISIETCS MAJIBIM TOJIBKO B MpEfieNiax OueHb Y3KOTo Jiana3oHa yrioB BOMW3U 3Ha-
yenus 0 = 0, rae ¢pynkuus / oyt copnafaet ¢ /,. B To e Bpems BHE JaHHOTO
Iy4Ka HHTEHCUBHOCTH NpeHeOpexuMo Mana. Takum oOpa3oM, KapThHA Aucpak-
UM AMEET, B 3HAUUTEIIBHO CTETICHH, HAIPABICHHBIN XapaKTep.

Io HacTosiiero MOMEHTa MbI M3y4ajiu AU(QpaKkiUio BONH, BbI3BAHHBIX MNeEp-
BUYHBIMU MCTOYHMKAMU, KOTOPHIMU MOTIIM OBITh KaK 3JIEMEHTapHbIE, TaK U JH-
HelHblE NCTOYHMKH. VICKIIFOUEHne COCTaBISIET Cefyromyil ciaydail. PaccMoTpum
(PMKTHMBHbIE HCTOYHMKH, KOTOPbIE BO3HUKAIOT IIOJ| AEHCTBUEM Maaolel IUoc-
KOH BOJNHEI (puc. 6.2, 2). B pe3ynbraTe BTOPHYHBIC BONHBI MOSBISIOTCS Haf W
TOJ, INIOCKOCTBIO. [IpYTUMU CIIOBaMM, OHHM MTPAIOT POJIb BTOPHYHBIX HCTOYHUKOB.
Bgenem crepytomme o603Hayenus. Ilyctb 6, o003HauaeT yrosa Mexjy Hampasie-
HHEM MaaloNell BOTHBI M HOPMAINbIO K JIMHUU UCTOYHUKOB, 2 6, — yrom Mexjuy
HOpPMAJTbIO ¥ HANPaBJIEHAEM Ha TOUYKY HAaOMIONICHNUSL.

B o6wem cnyyae yron 6; Mexjy HampaBleHHEM paclpOCTPaHEHHUs BOJHBI 1
HOpMaJIblo OTNIHYeH OT HyJd. [ToaToMy KoneGaHus BTOPUYHBIX UCTOYHMKOB IIPO-
UCXOMAT aCHHXPOHHO M, KaK BUIHO U3 puC. 6.2, 2, cABUT (ha3 MeXJy HUMU paB-

HAETCH
P = -% sin 0,.

BTopuunble BOMHBI OT COCEHUX MCTOYHMKOB, PaclpoCTpaHsollpecd B Ha-
IPaBIEHUN HEKOTOPOI TOYKH p, TAKXKE UMEIOT CBUT (pa3, paBHbIi

Takum 00pa3oM, NOJHbIA cABUT (ha3 MY 3TUMU BOITHAMU

o) =%(sin 0, - sin 0)). (6.43)

YuutbiBast, 4YTO HAMOOIBIINHA MAKCUMYM BO3HUKAET NpH = 0, MOTyIUM
sin 0, = sin O,. (6.44)

[lanHOE BBIpaskeHNE TPEICTABISIET COOOU (hOPMYIMPOBKY 3aKOHA OTpPasKeHMS
Crennnyca, n

0,=0, (6.45)

T.€. YIJIbI HaJIEHNs] U OTPaXKEHUs PaBHBI APYT IPYTY.

Takum 00pa3oM, B ciaydae, KOTjja HCTOYHAKK PacIpefieeHbl HENPEPBIBHO, a
BIIMSIHMEM BTOPMYHBIX MAKCUMYMOB MOXHO NpeHeOpeyb, HAOMOaeTcsl epexoy K
TaK Ha3bIBAEMOW FEOMETPUYECKON aKyCTHKe. VIHBIME CII0BaMH, FEOMETpUYECKAs
aKyCTUKA TAKXe SIBISIETCS Pe3y/bTaToM cylnepro3uuuu BonH. Koneuno, ecinu ma-
JlarolIasi BOJHA He SIBJISIETCS UIOCKOM, BbIpakeHue (6.43) yXe He ONMUChIBAET CABHT
(a3 MeXy OTPaXKEHHBIMU BOJHAME U PABEHCTBO (6.45) mepecTaeT BBIOMHATHC.
B aTom ciydae BTOpHYHBIE BOTHBI IMEIOT Pa3HYKO HHTEHCUBHOCTb.
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Ecnu xe maparomas BoJHA OCTaeTCs MO-NMPEKHEMY IUIOCKOM, HO MCTOYHMKA
pacronararorcst Ha OBEPXHOCTH, OONajjarolleil HeKOTOPO! KPUBU3HOM, TO pas-
HOCTB (ha3 OOIbIIE HE OMICHIBAETCsl cOOTHOIEeHnEM (6.43). Tem He meHee, ecnn
pajmyc KPUBHU3HBI 3TOW MOBEPXHOCTH 3HAUMTEIHHO OOINBIIE JAJWHBI BONHBI, TO
paBeHcTBO (6.45) Mmo-TMpekHEeMY BEpPHO. JTO 03HAYAET, YTO YIJIbl MAfeHUS U OT-
pakeHus MOYTH PaBHBI APYT JPYTY.

YpasHenue (6.44) NIMeET €l1le OHO PEIIEHNE

0=m-06,

XapaKkTepu3yiolliee HarpasieHue, BONb KOTOPOTO HAONIOfAeTCs MaKCHMANbHBIN
CUTHAI TIOf] MCTOYHUKAaMHU (puc. 6.2, 2). ITO TakkKe OUYeHb UHTEPECHBIN pPe3yib-
TaT, MOCKOJIbKY OH OMUCHIBAET 3aKOH oTpaxeHus CHelumyca B MpeleqbHOM CIy-
Yae, KOTJia Cpefia BCIoly OTHOPOJIHA.

B oHOM 13 cnefyromyx pasjienoB Mbl paccMOTPUM AM(PAKIUIO BOAH At 60-
JIee CIJI0XKHOTO paclpeeNeHusi ICTOYHUKOB. YTOOb! YIPOCTUTH aHANK3, OJNY4HM
elie pa3 BeIpaxkeHue (6.42), HO mpyruM crocobom. M3 puc. 6.2, 0 BUIHO, UTO
KOMIIIEKCHYIO aMILUTATYAY MOTEHIMala, BbI3BAHHOTO 3JIEMEHTAPHBIM HCTOUHIKOM,
MOXKHO NPEJICTABUTh B BUJE

dU(p)=Cdz%,

e C XapakTepu3yeT HHTEHCHBHOCTb HCTOYHIKOB Ha SUHALY AJHHBI.
[Tpumensst aanee MPUHIMI CYNEPHO3UIUH, MOMYYUM CIEAYIONMI MOTEHIHAN
Pe3yIbTUPYIOIIEH BOMHbL:

1 eikR

-1/2

Kax u panee, / 0003HauaeT NPOTSLKEHHOCTb UCTOYHUKA.

HecMOTps. Ha OTHOCHTENBHYIO MPOCTOTY MOJBIHTETPAILHOTO BBIPAKEHHS
e™®/ R , IpUBE/ICHHBII1 BBIIIC MHTETPAN HENB3s IPENICTABUTD B BULE SEMEHTAPHBIX
¢yakumit. CreaeM Teneps fiBa MPEANONOKeHns. Bo-IepBbIX, TPENNONOXAM, 9TO
TOYKa HAOMIONEHNS p PACIIONOXKEHA HA PACCTOSHUE R, 3HAYMTENBHO MPEBBIIAI0-
mEeM NPOTAXKEHHOCTL CUCTEMBI l:

R >
3TO O3HAYA€T, YTO UCTOYHUKH HAXOIATCA MMPAKTUYCCKN HA OTHOM U TOM K€ pac-
CTOSAHNU OT TOYKU HaGH}OHCHI/IH p, " Bblpa)KeHI/Ie JJIs1 IOTEHI A Ia HpI/IHI/IMaeT BUJL
1/2
U@p =< fefdez.
-
-1/2
SHCCB I — pacCTOSHUE MEXKNY HAa4aJIOM CUCTEMbI KOOPAMHAT N TOYKON Ha6JI}O)16-

HUSL
I[Tocepuuil KHTETpaj BCe ele HeNMb3s BHIPA3UTh Uepe3 3NMEeMEHTapHble (DYHK-
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1ud. Bropoe npeanonoxeHue 0CHOBLIBAETCA Ha IIPUOIIKEHHOM BBIPAXKEHUN I
paccrosiHus R. U3 puc. 6.2, 0 cnefyer, 4To

R =\/r2 +2% = 2zrsin®.

3pech O sABsSEeTCS YIIOM MEXIY R 1 MEepHEeHUKYISPOM K OCH Z.
YunteiBad, 4to R >>1/2 u Izl < /2, BbIpakeHne i R MOXHO pa3loXWUTh B
pAn mo creneHsM z/r. [lockombky

| 22 27 .
R=r ‘cl+———sm6
s r

Vo
i1
2
Viex=1+1-2
2 8
e
2
= _2ginh+,
r 72
AMeeM
,/ Z2 Z 2 22 102 \
R=r|1+ - =sinB—=——sin- 0
L 22 T 272 J
A

z

2
R=r-zsinB+Z-cos’0 +....
2r
Takum 06pa3oM, BHIpasKeHHE I KOMILIEKCHON aMIUTHTY/IbI IOTEHIHANa IPE0D-
pasyertcs K BUJy

1/2 22
ikZ—cos’ 0

U (p) :Qeikr f ke sin0 "2, dz.
-
S172

OueBuHO, 4TO (ha3a 21E€MEHTApPHON BONHBI OT MCTOYHUKA, PACIOIOXKEHHOTO HA
paccTOSIHUY z OT Hauana KOOPAMHAT, PaBHSIETCS

2
2—“(r —2zsinB + Z—cos? 6\ )
A L 2r J

HyCTb IIOCJIEAHEE CllaracMo€ B CKOOKax HaCTOJILKO Maiao, 4To
iki cos” 0
|€ 8r | =1.
HOC.HQHHG@ COOTHOUICHUE BBIIIOJHACTCA, KOT1a

2 2 2
kIZcos”0 . m WK I cos?0«<1.
8r 4 A
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Ecnu paccrosHue r JOCTaTOYHO BEJUKO, NAHHBIE HEPABEHCTBA BBINONHSIIOTCA,
HE3aBUCHUMO OT TOTO, Kakoe 3HaueHue uMeeT yron 6. B cooTBercTBuM ¢ 3TUM
(pa3a ameMeHTapHON BOJIHbBI PaBHSETCS

27 .
== (r-2zsin 0),
L ( )

T.€. OHA JIMHEWHO M3MEHSIETCS C PACCTOSHHEM OT Havanma KoopanmHaT. Takoe mpu-
6mmkeHne HasbiBaeTcsl nmpubmmkenneM Ppaynrodepa. OdeBHHO, YTO B JIBYX
OpeabIIyIINX IpUMEpPax Mbl MCMOJB30BaIM UMEHHO 3TOT MOJAXO. Korua B BbIpa-
SKEHUH 17151 (pasbl YIepsKUBACTCS TPETUI WieH

Z2 2
=—cos” 0,
2r
MBI MME€eM JIeJI0 ¢ Oonee TOYHbIM HpUONIKEHHEM, KOTOPOE Ha3bIBAeTCs IpH-
OnmmxkeHneM Openens.
B peiicTBuTenbHOCTU B 000UX NPUOMMXKEHUSAX IPUHUMAETCS, YTO

R >1.

C YMEHBUICHNEM JUTUHBI BOJIHBI YCJIOBUE

2o o<1

Ar
TnepecTaeT BBINOMHAThC. TakuM o6paszom, mpubmmkenue Ppaynrodepa He fo-
CTAaTOYHO ISl U3Y4YEHHS! IepeXofia K MpeebHOMY CIIydaro, Korga A CTPEMHUTCS K
Hymo. To xe camoe oTHOCHTCS U K npubimkenno Ppenensi.

Hcnonb3ys npubnuxenue dpayHrodepa, 1erko noiydutb (opmyiy (6.42).
JeiicTBUTENBHO, KOMIIEKCHAS aMILIUTY/A IOTEHIUANA JAETCs BBIPAXKEHUEM

12
U (p) — geikl' fe—ikz sin® dz
r

-1/2

nimn

U (p) — geikr sin ,
r B

e
kl -
=—=sin 0.
B 2
Orcrona

U (p) = <58 cos(oor — kr).
rp
ycpeI[HﬂSI UHTCHCUBHOCTH IO BpeMeHI/I, HOJIy‘H/IM
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4TO coBmagaet ¢ (6.42).
Y npubnmxenust payHrodepa ecTb OfHO HHTEpecHOE cBocTBO. Kak crefyer
U3 PaBeHCTBA

R=-zsinb,

€CIM TOYKa HAONIOJEHNsT PacloJiaraeTcsl Ha MePIEeHANKYISApe K JIMHAN WCTOYHH-
KOB, nepecexatoleii 0 = 0, To paccrosgHue R OT 3TOH TOYKH 0 JHOOOro m3 3ne-
MCHTaprIX NCTOYHUKOB SBJIACTCA OJHAM U TEM 2XK€: R =r. HOCKOIIBKy BCEC 9JIe-
MEHTApHbIE BOJIHBI UMEIOT B TAKUX TOUYKAX OJIHY U Ty Xe (ha3y, B HUX HaOIrofaeT-
Csl TTIaBHBII MAaKCUMYM.

Mpb! u3yunny AuQpakUuio, BbI3BAHHYIO HCTOYHUKAMU CHHYCOUAANBHBIX BOJH B
OHOpOJHOW cpefie. B mambHefimem ocoboe BHUMaHWE OYET YAEMSThCS mudpak-
UK TIPY HAITMYUM HEOHOPOAHOCTed. UTOObI M3yUuTh TMOBEICHAE BONH B TaKWX
cpefax, HeoOXO[UMO PEIIUTh 3afjady ¢ FPaHuYHbIMU ycaoBuamMu. OfHako u3yye-
HHE BOJHOBBIX NOJEN MOJE3HO HAUYaTh C IPUONIKEHHON TEOpUH, pa3paboTaHHOM
Kupxrogom. C 3Toil 1enbl0 Mbl B JAJbHEHIIMX pasaenax MOayduM (hOpMYJbI
lenpmronbua—Kupxrocda, ycTaHAaBIMBAIOIIME COOTHOLICHHS MEX[Y 3HAYEHHEM
CKAJIIPHOTO TIOTEHIMAa B HEKOTOPOH TOUKE BHYTPH 00'beMa Cpefibl M €ro 3Have-
HUSIMY Ha TIOBEPXHOCTH JJAHHOTO 00beMa.

6.2 ®OPMYJIA TETbMI'OJIBIA

B rnaBe 4 paccmaTpuBaiiach TeopeMa €MHCTBEHHOCTH. Bblno mokasaHo, 4To
KOMINIEKCHAs! aMIUIUTY/la IOTEHIUaja B IPOM3BONILHON TOYKe p o0beMa V' ofHo-
POJIHOM Cpefibl OHO3HAUHO OMNpENeNseTcs ypaBHEHNEM [enbMrosiblia U IpaHud-
HBIMH YCIIOBHSIMH Ha TIOBEPXHOCTH S JaHHOrO o0beMa. [103ToMy ecTecTBEeHHO
OXWJaTh, YTO 3HAYEHHS BOJHOBOTO TOJIA BHYTPU 00bEMa M Ha €r0 MOBEPXHOCTH
CBsI3aHbl Mexy coO0il. [Ipyrumu cioBaMu, IOBEICHNE BOJNHbI HA 3TOH MOBEPXHO-
CTH OTpPEfENSeT BOMHY C 3aJJaHHbIM paclpefielIeHHeM IIOTHOCTH P M CKUMaeMoc-
T C BHYTpM 00beMa. ITOT BbIBOJ, CIEAYIOLWIMA U3 TEOPEMbl EIMHCTBEHHOCTH,
ABJISETCS, C (PU3MUECKON TOUKM 3PEHUS, MOUYTH OYEBHJHBIM, OCOOCHHO, KOIZa
peub UJIeT O HECTAUMOHAPHBIX BONHAX. [IpenonoxkuM, HapuMep, YTO MepBUY-
HbII ICTOYHUK BO30YXIaeT KonebaHus B TeUeHHe HEKOTOPOrO MHTEpBalia BpeMe-
HU Atf, a 3aTeM IepecTaeT JefcTBoBaTh. OUEeBHIHO, YTO B KaX[bIi MOMEHT Bpe-
MEHH BOJIHOBOE IOJIE€ COMIEPKUT MH(opMaluio 0 cBoeM HcrouyHuke. I[loaTomy
€CTECTBEHHO, YTO BOJIHA HA NOBEPXHOCTH, OKpPY:KAIOLIEH Takoll MCTOYHUK, OIpe-
JIeTIeT BOJIHOBOE TI0JIe, BO3HUKATOIIIEE BIOCIEACTBAN HA OOJBIINAX PACCTOSHUSX.

[Tonyunm Tenepb COOTHOILIECHHE MEX]TY TApMOHMYECKIMY TIOJISIMHI BHYTPH U HA
noBepxHOcTH 00beMa. C 3TOM LENbI0 pACCMOTPHUM CHAYana CKaNsSpHbIA MOTEHIH-
an. Kak Obu10 moka3aHo paHee (CM. I7aBy 4), CMELIEHHEe M CKOPOCTb YaCTHIIbI
YAOBIETBOPSIIOT CIIEAYIOLMM YPABHEHUSIM:
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[Tonyunum Tenepb COOTHOLIEHHE MEX]TY TApMOHMYECKUMY TIOJISIMA BHYTPH U HA
noBepxHocTH 00beMa. C 3TOM LEeNbi0 paccMOTPUM CHAaYana CKalspHbIA MOTEHIH-
an. Kak 0Obu10 moka3aHo paHee (CM. I7aBy 4), CMELIEHHE M CKOPOCTb YaCTHIIbI
YAOBIIETBOPSIIOT CIIEAYIOIM YPABHEHUSIM:

rots=0urotv=_0.

3TO 03HAYAET, YTO JJAHHbIE BOJHOBBIE MOJSI MOXHO BBIPA3UTh YEpe3 CKaIsp-
HeIfl moteHnuan U. B oTimume oT mpefpiaymiel TiaBsl, BBEEM TEMEepb CKAJSp-
HBIA TIOTEHIHAT KaK

v = grad U.

ITockonbky cymiecTByeT OECKOHEUHOE MHOXKecTBO (yHKUuMi U, omucbiBaro-
IMX OffHM M Te XK€ MONS § U V, A1 000X NMOTEHIMATOB MOXKHO HCIOJNB30BaTh
OJIMHAKOBOe 0003HaueHue. [lanee yfoOHO paccMOTPETh HECKOJNBKO Cy4yaeB, pas-
JUYAIOIIKMXC MEXYy cOOO0M NMONOXKEHUEM MEPBUYHOIO UCTOYHUKA BHYTPH OOBbe-
Ma.

W3 BekTOpHOrO aHanu3a (CM. MPUIOXKEHHE 3) XOPOIIO M3BECTHO CIEAYIOLIEE.
YroObl MONMYYUTH COOTHOIIEHWE MEX[IY 3HAUEHHSIMUH BOJHOBOTO MOJSI BHYTPH
o0beMa V 1 Ha OKpYXalolyX ero NOBEPXHOCTSIX, YIOOHO BOCIOJNB30BATHCA TEO-
pemoit I'aycca-Octporpagckoro:

divMdV = §M-dS (6.46)
Jomar=§

rie M — BosHOBoe noine, dS = dSn, n — eIMHNYHBIN BEKTOp, HAalPaBIEHHBIN B
CTOPOHY OT 00'bEMa.

[MpennonaraeTcd, 4To B Kaxjoii TOUKe 00beMa ONpefieieHa AMBEPreHIKsl BeK-
TOPHOTO 1oJisi M, T.e. CYLIECTBYIOT HEpBble MPOM3BOAHBIE €0 CKAISPHBIX KOM-
noHeHT. KoHeuHo, mMeeTcs OECKOHEYHOE MHOXKECTBO BEKTOPHBIX Tonein M,
YJIOBJIETBOPSIOIMX YpaBHEHUIO (6.46).

3ameTuM, YTO JaHHBIN pa3fied HEeJIUKOM OCHOBBIBAETCS Ha WCIONL30BAHUH Te-
opeMmsl laycca. [Tpexne Becero, BBefieM BeKTop M cleyroyM 00pa3oM:

M = U@, k) VG, ¢, k) (6.47)

3peck U(p, k) — KoMIuekcHas aMmnuTyaa notenuuana, G(p, ¢, k) — dyHkuus,

MMEOIast MPOM3BONHBIE NIEPBOTO W BTOPOTO MOPANKA, k — BOIHOBOE YHCIIO, p —

TOYKA HAOMIOfICHNMS, a TOUKA ¢ PACIoNaraeTcsl Ha TIOBEpXHOCTH obbema V.
[ToxcraBnss Beipaxenue (6.47) B ypaBHeHHE (6.46) M YUUTBIBAs, 4TO

div(UVG) = VU-VG + UV?G,

IOJTyYUM
f{VU VG +UV*G)dV =fU Ea’S, (6.48)
v 0 an

IIOCKOJIBKY

236



VG- dS = gradG-dS = 22 s.

on
HWcnonb3yem panee apyroit BEKTOp:
M =GVU, (6.49)

IToxcranoBKa 3TOrO BhIpaXKeHMs B ypaBHEHUE (6.46) HaeT

f{VU VG +GVU}dV = fU M as (6.50)
\4

Crnenyet 3aMeTUTb, UTO ecy (pyHKUUS G SIBISIETCS IOCTOSHHOM, TO Mbl PUXOAUM
K opmyie ['puna:

fV Udv = f—dS

Brruntas ypasuenue (6.50) u3 (6.48), moayunm

f(uvc; GVU )dV = f ——G"(}U)ds 6.51)

[Mocnennee BoipakeHne Ha3biBaeTcs BTOporl popmyron ['puHa m Takke mpef-
crasisieT coboit hopMyampoBKy Teopembl ['aycca—OcTporpajckoro.

CrenaeM Tenepb HECKONBKO 3aMEYaHul.

1. ®opmyna I'puna (6.51) cnpasejnusa npu ycnosuu, uto obe ynkuun U u
G UMEIOT TiepBbIe U BTOPbIE MPOM3BOJHbIE BCIONY BHYTpH 00bema V.

2. CymectByer GeckoHeyHoe yucno pyskumit G(p, ¢, k), YIOBIETBOPSIOLIX
ypaBHeHuto (6.51).

3. VYpasuenue (6.51) yxe sBISETCI COOTHOIICHWEM MEXJY KOMILIEKCHOM
ammuTypoli U BHYTpY 00beMa U €€ 3HAYCHUSIMH, a TaKXe 3HAUEHUAMU €€ HOp-
MaJbHOH TIPOU3BOJHON Ha MoBepxHOCTH S. TeM He MeHee, HeM3BeCTHAS (DYHKIHS
U mnpepicTaBrieHa 3ech He B SBHOM (popMe, a TONBKO B KadyecTBE 3/MEMEHTa IO-
IIIHTErPAlIbHOrO BbIpaxkeHud. UToObl mpeopjoneTh 3Ty mpolieMy, BBElEM ellle
OffHO orpanuveHue s pynkumi ['puna n nonyunm u3 ypasaenus (6.51) ¢opmy-
ay 'enbmronsia. Haunewm c mpocreiiero cnyyas.

Cuyyaii 1: cpena siBisieTcsi OTHOPOHON,
a mepBHYHbIE HCTOYHUKH OTCYTCTBYIOT

[Tpennonoxum, 4To cpefa BHYTpU oObema V ogHOpofHaSl U Bce UCTOYHUKH
pacronararotcs BHe JaHHOro oobema (puc. 6.3, a). IlockonbKy KOMIUIEKCHAs
aMIUTATY/A X €€ MPOU3BOJHBIE OMICHIBAKOT PEANBbHYIO BONHY, 3TH (DYHKIUY IIPH-
HIMAKOT KOHEYHbIE 3HAUEHNS BCIOAY BHYTPH 00bEMA U

VU + kU = 0 (6.52)
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Puc. 6.3.  Wnmocrpamms  opmynbt
(6.57) (a); o0beM, OKpYKEHHBIH JBYMS
UCTOYHMKAMHU (6); TIepPBUYHBIA MCTOYHKMK
BHYTpH 00beMa (6)

Hcemounuk

3nech
k=w/c.

BribepeM cpenu Beex BO3MOXKHBIX (byHKIMA ['puHa G Takue, KOTOpbIe MOUMHS-
FOTCSI CIIEYIOTIAM YCITOBHSIM.

1. Bcrogy B 00beMe, 32 UCKIIOUEHHEM HEKOTOPOIl TOYKH p, B KOTOPOHW Ha-
Omofaercst BonHa, (yHkuus G(p, ¢, k) SBISETCS peUICHHEM YpaBHEHHUs
T'enbMmronona:

VG +kG=0 (6.53)
2. B okpecTHOCTH TOUKH p pyHKIUS G BefieT ceOst Kak
G — 1R, (6.54)

rae R — paccTosHuE O TOUKH .

W3-3a TOro, 4TO B TOUKE p MMEETCS CUHIYJISPHOCT, Mbl HE MOXEM IpUMe-
HUTH ypaBHeHue (6.51) ko BceMy 00beMy V. UTOOBI IPEORONETh 3TO NPEMSTCT-
BHE, OKPYXKUM TOYKY p IHOBEPXHOCTBIO “O€30macHOCTH” S, U 3aTeM IIPUMEHUM
BTOpYIO (popmyny I'puna (6.51) k 06beMy V,, 3aKIIOYEHHOMY MEXJY MOBEPXHOC-
Tamu S 1 S, (cM. puc. 6.3, a).

O6a ycnoBus, (6.53) u (6.54), urparoT BaXHYIO pONb TIpU BBIBOIE (pop-
mynbl enbmronsua. B cuny yenosusa (6.53) ucue3aeT oObeMHBI MHTErpal B
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7eBoll yacTu cooTHomeHus (6.51). [efictBuTenbHo, yuuThiBas (6.53) n (6.54),
nMeeM

UV’G - GV*U = £’UG + kUG = 0.

Ortcropia BeIpaxkenue (6.51) IpuHAMAET BUf

f/u % _G aU\azs f/u G _ Y\ gs. (6.55)
6n}

Bropoe ycnoBue mo3BolseT BbIpa3uTh 3HaueHne (yHkuun U B Touke p vepes
3HaueHusl 3TOH (PYHKUMHU, a TaKXKe ee HOpManbHO# mpou3BofHoil dU/dn Ha mo-
BEPXHOCTH S.

YT0oOBI MPOIEMOHCTPUPOBATL 3TO, MPEANOIOKNM, 4TO paguyc R cepuuec-
KOU IIOBEPXHOCTH S, CTPEMUTCA K HYIt0, V|, — V, T.e., 1 pacCMOTPUM IOBEJICHHE
BTOpOIrO UHTETpaja B IpaBoil yacTu BblpaxeHus (6.55). Kak ormeuanocs panee,
¢ysxuu U u 0U/dn nprHEMAIOT KOHEUHble 3HAUEHNUs BCIOAY BHYTpH o0beMa V,
BKIIIOYasi, 0€3yCIOBHO, U TOUKM Ha IOBEPXHOCTH ¢ = t,. B oTam4ne oT 3Toro, npu
cTpeMyIeHIH pajuyca R K Hymto o6e yrkuun G u U/dn HeOrpaHUIEHHO PaCTyT
B COOTBETCTBUH C (6.54)

1 3G _ 9G

Gotun - L R —0. (6.56)
R on JR R

[TocnenHee paBeHCTBO CIEAYET U3 TOTO, YTO HANpaBlieHue paauyc-Bektopa R mpo-
THUBOIOJIOKHO HaHpaBHeHI/II-O HOpMaJII/I n.
Torua It I/IHTeraHa 1o HOBerHOCTI/I S s AMEEM
G aU aU dS
f/ U= - \ds f us ,eci R — 0. (6.57)
S \ an 6n R

®yukuym U 1 0U/dn — HenmpepbIBHbIE |, CIENOBATENbHO, Ip R — 0 uX 3Haye-
HUSl Ha IOBEPXHOCTH S COBNAJIAI0OT C COOTBETCTBYIOIMMY 3HAYEHUSAMU B TOUKE p:

U — U(p), ﬂem,ecnﬂReO
an d

n

Taxkum o6Gpa3zom,

fud—i U(”)fds 47U (p) (6.58)
S R

5

fﬂ£=Mifd5=M4nR — 0, eci R — 0.
S on R on R on

5

OkoHYaTeNbHO, NOACTaBNss paBeHcTBa (6.58) B copMyiy (6.55), moiydum cre-
YIOIIEE COOTHOIIECHNE MEXKAY KOMIIEKCHON aMIUTyRoi U B TOYKe p U 3Hade-
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HUSMU 3TOH (PYHKIMH, a TakXe ee HOPMAIbHOH MPOW3BOJHON Ha IMOBEPXHOC-
TH S:

U(p)=LffGﬂ-u 9G) s (6.59)

4n g \ on 6n}

®ynxuu U 1 dU/dn, crodiue B IpaBoil YaCTU 3TOTO BBIPAXKEHHUS 3aBUCAT OT
TOYKH g, PACNOJNIOXEHHON Ha TOBEPXHOCTH S, NpH4eM 00e TOYKH, ¢ U p, SBISI-
1oTcsl aprymentamu ¢yskuun Ipuna G(p, ¢, k). O4eBHJHO, UTO BbIpaskeHHe
(6.59) mo3BONSIET OMpPENENUTh BOMHOBBIE MOJS B OO0 Touke ooweMa V. Tax,
HampuMmep, ecin Ha moBepxHocTH S u3BecTHbl hyHknmn U u dU/dn, To, Geps
IPOU3BOHBIE N0 KOOPAMHATAM TOUYKH p OT OOEUX YacTeil 3TOrO PaBEHCTBA, MbI
HallieM CKOpOCTb YacTHIbI V(p, k).

BesycnoBHo, cymiecTByeT GeckoHeyHoe uucao (yHkuuil ['puHa, uMeromyx Ta-
KYI0 e 0c00eHHOCTh (6.54) B TOUKE p U YIOBIETBOPSIOLIUX ypaBHEHHIO (6.53) BO
BCEX OCTalbHBIX TOUKaxX. Cpefy Bcex Takux (PyHKLMiA BbIOepeM MPOCTEHIIyIO:

ikR

G(p.g.k) = CT (6.60)

JlanHas (yHKIMS SIBISETCA pelleHneM ypaBHeHWs: ['elbMronblia BO BCeX TOYKAxX
BHYTpU 00beMa V, KpoMe TOUYKHU p, B KOTOPOH 3Ta (hYHKIHSI UMEET COOTBETCTBY-
I0IYI0 ocoOeHHOCTh 1/R. Takum 00pa3oM, BMECTO BbIpaxkeHusd (6.59) Mbl IIpu-
XOJIM K M3BecTHOH hopmyse ['enbMrosbia

ikL

ikL
U(p)=if(e—ﬂ—u i"—) ds, (6.61)
4ns L on on L

r7ie L — paccTostHue MeX1y TOYKOH HaOMIOfIeHNs! p U MPOM3BOIBHON TOYKOH ¢ Ha
NOBepXHOCTH S. M3 mocieHero BbIpaskeHus BUAHO, YTO B KaXOU TOYKE BHYTpH
o0beMa V KOMIIEKCHas aMIUIATY/A SIBJISIETCS pe3ylIbTaTOM CYMMHPOBAHUS ClEy-

FOILIIX YICHOB:
ikL ikL
W@ e gy U(g)Le_as.
on L on L

9rto 03Ha4yacT, 4TO BOIM3H Ka)KlIOfI TOYKM g MOBEPXHOCTH S CYLIECTBYCT [1Ba THUIIA
NCTOYHHUKOB, CAJIa KOTOPBIX IIPONIOPIAOHATIbHA COOTBETCTBECHHO

)
on

ny,

a BOJIHA B JF000W TOYKE BHYTpU oObeMa V SIBMSIETCS CYNepHo3uiueil aneMeHTap-
HBIX BOJIH, BBI3BaHHBIX JJAHHBIMH NOBEPXHOCTHBIMH MCTOUYHMKAMU. Mbl 00CyauM
9T0 GoJiee oPOOHO B OJHOM U3 MOCIENYIOIMX pa3ienoB. TeM He MeHee, CefyeT
MOSICHATH cnefiyromee. [10CKOMBKY paccMaTpUBAIOTCS CHHYCOMTANBHBIE BOIHBI,
KOJIeGaHISIM TTOfIBEPraeTCs KAkl SIEMEHTAPHBI 00'beM Kak BHYTPH, TaK M BHE
obbema V. DTO 03HAyaeT, 9To ACHCTBATENBHBIC NCTOUHUKY BOJHBI, BHI3BAHHOM
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NIBIDKEHUEM YacTUll 1 fiehopMalyeil cpefibl, paclonaratoTcsl noscofy. B To ke
BpeMs U3 BbIpaxkeHms (6.61) ciemyer, 4To, 3a7aB HEKOTOPOE pacIpeNeIeHAE HC-
TOYHMKOB TOJBKO Ha IIOBEPXHOCTH S, MOXKHO BBIYMCIATH COOTBETCTBYIOIIEE BOJI-
HOBOE TIoNe B JM1000# Touke o0bema V. I103TOMy yKasaHHbIE NMOBEPXHOCTHBIE
HCTOYHUKY €CTECTBEHHO TPAKTOBATh KaK (pUKTHBHbIE. UTOOBI MOHATbH 3HAYCHUE
39TOro (haKTa, MONE3HO BCIOMHUTD, YTO MOTEHIUANb! IPABUTALIMOHHOTO U 3JIEKT-
PUYECKOrO MOJIEN BbIPAXKAIOTCS aHAJIOTUYHBIM 00pa3oM, a HOBEPXHOCTb S MOXHO
Bcerfa BOOOpasuTh faxe B CBOOOHOM IPOCTPAHCTBE, IJie OTCYTCTBYIOT KaKue-
7100 Macchl UK 3apsfbl.

W3 TeopeMbl €IMHCTBEHHOCTH CIENYET, YTO BOJHOBBIE OIS ONPENETSIOTCS
OJJHO3HAYHO B 00'bEME IIPU YCIOBUH, YTO B KaXKMO#l TOYKE NMOBEPXHOCTU S U3BE-
CTHBI 3HaueHust offHolt u3 pynkuuit U unn dU/dn. OTciofa ciefyer, 4To BbIpa-
KeHue (6.59) MOXHO COOTBETCTBYIOLMM 00pa3oM IIpeoOpa3oBaTh. [IeiCTBUTEND-
HO, BbIOepeM ¢yukuuto I'puna G(p, ¢, k), YIOBIETBOPSIOLIYIO CIEAYIOLIIM YCIIO-
BHSIM.

a) BCIOly BHYTpH 00'beMa V, KpOME TOUKH p

VG #kKG=0
0) B OKPECTHOCTH TOUKH P
G — e /R
B) BO BCEX TOYKAX IIOBEPXHOCTH S
G=0 (6.62)

C y4eToM mociefiHero ycuoBysi, BIpaxkeHune (6.59) MOXKHO MPEJICTaBUTH B BIJIE
1 aG(p, g, k
U(p)= = fU () 258 ds (6.63)
4n an

Takum 06pa3oM, YTOOBI ONPEAEIUTH KOMIUIEKCHBI ToTeHnuan U BHYTpU 00be-
Ma, JIOCTaTOYHO 3HATh 3HAUeHWs 3ToM (DYHKUIMM Ha mnoBepxHocTH S. Tem He
MeHee, B 00IIEeM ciyyae CYLIeCTBYET OfiHA CIOXHAs IpoOieMa, a MMEHHO, ompe-
nenenne Gynkuyn ['punaa G cBS3aHO ¢ PEIeHNeM 3a1aull ¢ TPAHUIHBIMA YCIIOBH-
SIMH.

Ecnu BMecTo (6.62) Hcnmons30BaTh ycluoBre

9G/on =0 Ha S, (6.64)

TO HEOOXOIMMO OY/IET pernaTh APYTYI0 TPAaHMYHYIO 3a/1auy, TIPA 3TOM BBIPAKEHHE
(6.59) nepeiper B

U(p)=ifGﬂdS. (6.65)
4n on

B cootsercrum ¢ 3TuM, (hyHKIMS U(e) Oyner BbIpaxarhcs uepe3 3HAUCHHS ee
HOPMAaJILHOM NPOM3BOJIHON Ha moBepxHOCTH S. Takum o6pa3oMm, OfHY U Ty Xe
KOMHHeKCHy}O aMH.TII/ITley U MOXHO BI)Ipa?)I/ITI) paBJ'H/IIIHI)IMI/I CHOCO63.MI/I, nuc-
O3y pasHble (yHkuy ['prHa G. JTO eimie pa3 yKaspIBaeT Ha TO, YTO (PYHK-
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nuu U unu dU/dn B o0wweM ciiydae He XapakTEpHU3YIOT paclpefielieHue NelicTBu-
TENBHBIX HCTOYHNKOB Ha MMOBEPXHOCTH S.

B ornmume ot Beipaxkenuit (6.63) u (6.65), dynkmus ['puna B hopmyne
I'enpMromnblfa SBISETCS N3BECTHOM:

G =e*/L.

CnepoBatesbHO, €ClM Ha MOBEPXHOCTH S M3BECTHBb! 3HauyeHus: pyHkuui U unu
dU/dn, To onpenenenre U B MPOU3BONBHON TOYKE p ABISETCA 3afavyeil YiCIeH-
HOTO MHTETpUpOBaHms BeipaxkeHus (6.61). OpHako, ecim Ha TOBEPXHOCTH S U3BE-
CTHbI TOYHBIE 3HAYEHUS 3TUX (DYHKIMHA, 3TO OOBIYHO O3HAYaeT, YTO TpaHUYHAs
3afava 1 noteHnpana U yxe pemeHa. [IpyruMu cioBamu, 3TH (yHKIUU H3Be-
CTHBI BCIOTTy BHYTpU 00beMa V 1 IpuMeHTh popMyny [enbMronbla yxe He Tpe-
OyerTcsL.

B T0 e BpeMs BbIpaxeHue (6.61) MOXET OKa3aThCs MOJE3HBIM JUIST MHOTHX
neneil (B 4aCTHOCTHU, [JI M3Y4YeHHUs Nu(pakuuy) NpH YCIOBUU, YTO 3HAYCHHUS
¢ysknuit U uinu dU/dn npulbnukeHHO U3BECTHBI Ha 3aJaHHOI NMOBEPXHOCTH S,
OKpyXaroleit 00beM V.

Cremnaem eme ofHo 3amevanue. [Ipu BbiBofie BbIpaxkeHus (6.59) Mbl mpepro-
Jlarajy, 4TO CYLIECTBYET TONBKO OfHA MOBEPXHOCTb S (cM. puc. 6.3, a). Jlerko
3aMETHTb, YTO BbIpaKeHHE (6.59) He UI3MEHNTCS, €CIIM BMECTO OJJHOW ITOBEPXHOC-
TH IMEETCS Cpa3y HECKOIBbKO. B aToM ciydae

S=8,+8,+S;+...+8,

[Mpumep 00beMa, 3aKITIOUCHHOTO MEXK]Ty HECKOJBKUME MOBEPXHOCTSIMI, TPHBO-
IuTCs Ha puc. 6.3, 0.

Ciy4aii 2: 6ecKOHEUHbIl 00beM

[TpennonoxuM Tenepp, 4To 00beM V 3aKII0UeH MEXIY IBYMSI TOBEPXHOCTSIMU
S, 4 S, 1 B HEM TIO-TIPEXKHEMY HE COJEPXKHUTCS NEPBUYHBIX MCTOYHUKOB (CM. pHLC.
6.3, 6). Torna, hopmyna I'enbMrosbia mpeodpasyeTcs K BUY

L ikL
U(p)=Lf e Uy ie—}dS+
4J'LS| L on on L
ikL ikL
L [e_&_u ie_}dg_ (6.66)
4n J L on on L

PaccmoTpuM noBefieHre BTOPOro MHTErpana, Korja Bce TOYKM NMOBEPXHOCTH S,
cTpeMsTcs K OECKOHEYHOCTH. B aTOM cilyyae MOBEpXHOCTb S, MOXHO 3aMEHUTb
cthepoit S ¢ LIEHTPOM B TOUKE p U pajuycoM R = L, ypenumuuBarommmcs Ao Oec-
KOHEUHOCTH.

ITockomnbKy HalpaBleHUs HOPMAIK N 1 pajyc-BekTopa R coBmapator,

aU/on = dU/IR
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1 BTOPOU MHTETpajl B BbIpaxKeHuu (6.66) Nepexouur B

kR iR U ir
f[—— U——}dS f{———ku—+ e ds =

S| R R dR R R®
- f[ —ikU ] C S+ f " s, (6.67)
aR R®
S, S,
DNeMEHT MOBEPXHOCTH dS 3aNuChIBAETCA BHfE
ds = R*dQ,

re dQ — TenecHblil Yrol, moj KOTOPbIM 3NeMeHT dS BujieH u3 Touku p. CooT-
BETCTBEHHO, TIPABYIO YaCTh COOTHOIIEHNS (6.67) MOKHO MPEICTABATh KaK

§r [ﬁ —ikU ]e“RdQ +fU a0 (6.68)
5, LR S

CrnaraemMoe

fU e"*dQ

CTPEMHUTCS K HYIIO, €CM KOMIUIEKCHas: aMIuTyaa U HempepbIBHO CTPEMHUTCS K
Hymo (U — 0) no koopuunatam 0 u ¢. Tak, HanpuMmep, yKa3aHHbIH MHTErpa
HCYE3aeT, eCIIU

|RU| <N kak R — o (6.69)

rjie N — HEKOTOpPOE KOHEYHOE YUCIIO.
ITepsblit 13 HHTETpanoB (6.66) CTpeMATCS K HYJIIO IIPH YCIOBAN

U

R ——ku]—>0 KaK R —
oR

[ocnennuit npepien ABIAETCS MOHOTOHHBIM 110 KOOpAMHATAM 6 1 .

Takum 06pa3oM, ecnu yIoBIETBOPSIIOTCs yeiaoBus (6.69) u (6.70), BBeficHHbIE
3ommepdensiom, To dopmyny [embmromnbia (6.61) MOKHO TO-TIPEXKHEMY MPH-
MEHSTb, IaXKe B TOM ClIyyae, Korjaa 00'beM SBJeTCS OECKOHEUHbBIM.

PaccmatpuBast TeopeMy €JMHCTBEHHOCTH [/l CHHYCOMANbHBIX BOMH, Mbl NpH-
T K HECTPOrOMY BBIBOAY O TOM, YTO BOJHOBBIE TOJIS JOJKHBI CTPEMHUTCS K
HYJI0 Ha OECKOHEYHOCTH.

Tenepp MOXHO yTBEpKHATh, UTO ycinoBus (6.69) u (6.70) ICHO MOKa3bIBAIOT
CIIPaBEIMBOCTb 3TOTO BbIBOJA. B peanbHbIX CUTYaUMsX NEpBUYHbIE MCTOYHUKH
pacronararoTcsi BHyTpH 00'beMa KOHEUHBIX pa3MepoB. DTO 03HAaYaeT, uTo Ha Oec-
KOHEYHOCTH HaOJIOJat0TCSl TONBKO YXOJSIINE BOJHBI U

ikR
U~ eT,ecm/IR—> o,
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Iopcrasnsst aTo Belpaxkenue B (6.70), MbI BHJUM, YTO 3TO IMOCIENHEE YCIOBHE
yfoBiIeTBOpAeTCs. Eci Xe NpefnonoXnTh, YTO HAa OSCKOHEYHOCTH CYILECTBYET
NPHUXOMSAINAS BOJTHA

U ~e™/R

TO ycnosue (6.70) mepecraeTr BbIIOIHATHCA.

Takum oOpazoM, ycnosus (6.69) u (6.70), HazbIBaeMble OOBIYHO YCIOBUSIMU
u3inydenust 3ommepdenbia, 03HAYarT OTCYTCTBHE NEPBHYHBIX HMCTOUYHMKOB HA
0ECKOHEYHOCTH.

Ciyvait 3: HCTOYHHKH BHYTPH OJJHOPOJIHOM CpPefibI

[pennonoxuM Tenepb, YTO NEPBUYHBIH MCTOUYHUK PACIONAraeTcsi B OKpecT-
HOCTU To4Yku O BHYTpU o0beMa V, 3aHATOrO OJHOPOAHON cpefoil (puc. 6.3, 6).
Hanpumep, TakuM HCTOYHMKOM MOXET OBITH 3NEMEHTApHBIN CEpPUIECKUil Hc-
TOYHHK, WMEIONMiI O0COOEHHOCTh B 9ToM Touke. [lockonbKy opmyna
lenbMronbla nepecTacT BBINOMHATHCS, €CNU KOMIUIEKCHas ammmutya U mmeer
0c00EHHOCTb BHYTpU 00'beMa V, MpefcTaBuM 3Ty (DYHKIHIO B CIEYIOLIEM BHJE:

U(p, k) = Uy(p, k) + Us(p, k) (6.71)

3necs U, sSBAsIETCS KOMIUIEKCHOM aMILTUTY/IO MOTEHINANa, BbI3BAHHOTO TMep-
BUYHBIM HCTOYHUKOM B TOUYKe O B OECKOHEYHOM OO0BeMe OFHOPORHOH Cpefbl.
OTa cOCTABNAIOIIAs MO paccMaTpPUBAIACh B MPEAbIYIIEH TIaBe U, CIENOBATElb-
HO, TIPEITIONAraeTcs U3BECTHOM.

Bropoe crnaraemoe, U, MOXeT ObITh BbI3BAHO MEPBUYHBIM UCTOYHUKOM UITH
HaJIMIueM HEOHOPONHOCTEH 3a TMpefieNlaMi JaHHOTO 00beMa W, B OTJIIMYME OT
MEPBOTO CIAraeMOro, OHO HE UMEET CHHTYISIPHOCTH BHYTpH V.

B cootsercTBuu ¢ 3TUM, (hopmyny ['enbmronsia mpumenum K ¢pyakuud U, u
B pe3yJbTaTe MONYYMM CIEMyIoliee BbIpaskeHue NI TIOJTHOH KOMIIIEKCHOM amil-
JUTYIBL:
ikL ("JUS 9 eikL

-U, ——) ds. 6.72)

L) -Usm+ {4

4n < L on on L
be3ycnoBHO, 3TO BBIPAXKEHUE OCTACTCS CIPABEJIMBBIM U B TOM Cilydyae, KOIJa
MMeeTCs HECKONBKO NMEPBUYHBIX UCTOYHUKOB M HECKOJBKO IIOBEPXHOCTEN, Orpa-
HUYUBAIOIIUX 00beM V.

B 3axnmrouenue gaHHOrO pasfena 0OCYAUM OfIHO HHTEPECHOE CBOHCTBO HHTET-
pana (6.59). IIpegnonoxum, 4ro BHE 00beMa V cpefia SBIAETCS OHOPONHOU U
¢ynknus I'puna G umeer ocobeHHOCTh BHYTpH V. Torna, cornacHo BbIPaXXKEHHIO
(6.51), umeem

f/ G2 _y ) gs -, (6.73)
s\ on an)

€ NOABIHTETPATBbHOEC BbIPAKECHNE 66peT051 Ha BHEIIHEH CTOPOHE NTOBEPXHOCTH S.
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W3 cpaBHeHus popmyn (6.59) u (6.72) BUfHO, 4TO (hUKTUBHbIC HCTOUHUKY HA
MOBEPXHOCTH S “BO30YXJAOT” BOJHY BHYTpU o0beMa V, OfjHAKO BHE 00BbeMa
CYMMapHbIi 3(EKT OT 3THX UCTOYHNKOB PaBHSETCS HYIIIO.

OTOT (haKT UCIONB3YETCS MHOI/A B KAUECTBE I0KA3aTENBCTBA OHOTO U3 CaMBbIX
BaXXHBIX Tpefnosoxenuit [toiirenca, i Mbl IOPOOHO OOCYIM 3TO B AalbHEHIIIEM.

6.3. TEOPUS TUPPAKIINN KUPXTOPA

B artoM paspene Mbl NPOJOIKAM U3y4Y€HHE BOJIH, BBbI3BAHHBIX pPa3lMYHbIMU
HCTOYHIKAMHU, U MOKaXeM, Kak ¢hopMyia ['eIbMromnbia mpumensieTcst At u3yde-
HUSL {uppakiUyl B MPUCYTCTBUU XKECTKOro 3KpaHa. KoHewHo, Takas MOfielb cpe-
Jibl 0OBIYHO PACCMATPUBAETCS B ONTHKE U BPSI I MMEET KAKOEe-T100 MpaKTHdec-
Koe 3HaueHue B ceficMonornd. OfHAKO U3yYeHNE BONH B MPUCYTCTBUU XECTKOTO
9KpaHa T03BONSET HaOMOAaTh (POPMUPOBAHNE PA3TUYHBIX U(PAKIMOHHBIX Kap-
THH, a TakXe MEPEXof K BbICOKOYACTOTHOM YacTH CHEKTpa (JIy4eBoe IpUOmKe-
Hue). B To xe Bpems, Kak OyfeT II0Ka3aHO, CyLIECTBYIOT Clydal, KOIjla 3TOro
Tpefiena HeMb3s OCTUYb, aXe ATl CAMbIX MaJIbIX JIIMH BOIH.

B nanbHeiliem Bce IepevrCeHHblE CBOCTBA OyyT HAOMIOAAThCS MPH U3yde-
HUY aKyCTHYECKHX M YIPYTUX BOJH B OoJee pealMCTHYHbIX MOJENSX. Y UMThIBas,
yro Teopuss Kupxroda B cilyyae XKECTKOro 3KpaHa MaTEMATHYECKH [OBOJBHO
IpocTa, Mbl IOAPOOHO ONUILIEM AU(PPAKLUIO UMEHHO B 3TOI MOJEIH.

Y100HO pa3nuyaTh CIefyoWye 1Ba CIydasl.

1. Hempo3pauHblil 3KpaH ¢ OTBEPCTUEM (LIENbIO) (pHC. 6.4, a).

2. DKpaH KOHEUHbIX pa3MepoB (puc. 6.4, 6).

a 0

DKpan

Omeepcmue

Puc. 6.4. OxpaH c oTBepcTHEM (a); IKPAH KOHEUHBIX pasMepoB (6); WITIOCTpayst (hopMyIIbI
(6.74) (8); mmmtoctpanmst hopmyisl (6.83) (2)
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TPAHUYHBIE YCJI0OBUA

OKpaH (c oTBepcTHeM Wiu Oe3 Hero) MpefcTaBisieT co0oil HEOJHOPOTHOCTD,
napaMeTpbl KOTOPOIl OTIMYAIOTCS OT MapaMeTpoB OKpyskatomeli cpefbl. UToObI
ONpEJIENUTh BOIHOBBIE 1105, HEOOXONMMO PELIUTh 33724y C TPAHUYHBIMHA YCIOBH-
amu. [Ipyrumu coBamu, TpeOyeTcst HafiTi pelieHre BOJTHOBOTO YPaBHEHUs BHYTPU
1 BHe 9KpaHa. [ToMumo 3TOro, (hyHKUMH, SBISIOLHMECS PEIIEHUSIMHI 3TOTO Ypas-
HEHUs, HOJKHBI YIOBNETBOPSITH IPAHUYHBIM YCJIOBUSIM Ha IIOBEPXHOCTH 9KpaHa.
OTO 03HAyaeT, YTO MOBEfICHHE KOMIUIEKCHON aMmmuTyAbl U J0IKHO obecredn-
BATh PaBEHCTBO M30BITOYHOTO AABJICHUS U KOMIIOHEHT CKOPOCTH YacTUI| Ha o0enx
CTOpOHAX MOBEPXHOCTH 3KpaHa. Bomee Toro, BHe aKkpaHa ¢yHkuus U pmomx-
Ha BecTH ce0d COOTBETCTBYIOLMM 00pa3oM BOJM3KM MCTOYHMKA M Ha OecKOHed-
HOCTH.

CnenoBaresbHO, 71 TOro, YTOObI ONPEETUTh BOJIHOBBIE NONSI BHE 3KpaHa,
HEOOXOUMO MX 3HATh BHYTPH HETO, YTO B OOIIEM Clydyae SIBISIETCS] CIIOKHON BbI-
YUCAUTENbHON 3apaueil. TloaToMy Oonblloe 3HaueHWE HUMEIOT NPUOJIMKEHHbIE
MeTOfIbl pacyeTa. B aHHOM pasjienie paccMaTpUBAeTCs OAMH U3 TAKUX METOJOB,
npeoXeHHbli Kupxrogom.

I[TycTh nepBUYHbINA UCTOYHUK PACIIONOXKEH B OKPECTHOCTH TOUKHU P, U B Cpefie
MMEETCs XKECTKHI 3KpaH ¢ oTBepcTueM. Harma ek cocTouT B TOM, 4TOOBI HAWTH
BOJIHOBbIE NSt B 00 beMe V 3a akpaHoM (puc. 6.4, 6). B coorsercTBum ¢ op-
mynoil I'enbMrosbua, KoMiviekcHyro ammnutygy U B mro6oit Touke oO0bema V
03aJ]1 9KpaHa MOXKHO 3alucaTh KaK

ikr ikr
U<p>=Lf{U<g>ie——e—£}ds (6.74)
4n < on r r

B ornmume or mpeppiaymiero pasaena, 3Aech NPENNoNaraeTcs, YTo eMHUYHBIN
BEKTOD N HAMpaBlieH BHYTPh 00beMa 1

S=8,+S,+8,, (6.75)

e S, u S; 06003HAYAIOT, COOTBETCTBEHHO, TUIOMIAAb OTBEPCTHS M OCTAJBHON vac-
TH 3KpaHa, a S, — cdepuueckas NOBEPXHOCTh OeCKOHEUHOro papuyca. Cuurad,
YTO Ha OECKOHEYHOCTH HEPBUYHBIE UCTOYHMKYM OTCYTCTBYIOT, MHTEIPAIOM IIO
HOBEPXHOCTH S, MOXKHO IpeHeOpeus. Torga BMecTo (6.75) monyuum

S=S,+5, (6.76)

Takum 06pa3om, MIIOMAAb HHTETPUPOBAHKS COBIAMIAET C TIOBEPXHOCTHIO IKPaHA U
BKIIFOYaeT B ceOs Kak €ro Hempo3pavHble YacTd, TaK W IUIOMAfAb OTBEPCTHS.
[MpenmosnoxuM cHayasa, YTo HeMmpO3pavHbIil 9KpaH 3aHAMAET BCIO IIOCKOCTH JIO
6eckoneunoctu. Ilop meiicTBueM manaromier BoaHbl U, BbI3BAHHON NEPBUYHBIM
HCTOYHUKOM, YaCTHIbI 9KpaHa HAUMHAIOT KOJeOaThcs, U 3TH HOBbIE MCTOUHHKH
IPUBOAAT K MOSABIEHHIO BTOpHYHBbIX BOJMH Ujg. Takum o6pa3zoM, MmonHas KOM-
TUTEKCHAST AMIUTATY/A PABHSETCS

U=U,+U, (6.77)
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HOCKOIII)Ky 9KpaH SKECTKUI U UIMEET HEOrpaHUYCHHBIE pa3MEphbI, BOJIHbBI B 00be-
Me V mo3amu JKpaHa OTCYTCTBYIOT. MubiMun CIOBaMHU, BOJHBI, BbI3BAHHBIC IIEP-
BUYHBIMU U BTOPUYHBIMU UCTOYHUKAMHU, raciAT ApYyr Apyra, n

U=0s8V.

B wacTHOCTH, BOMM3Y NepefHeR yacTi 3kpaHa (yHKkius U U ee NpoU3BOfHAS
dU/on pasubl Hymto. IIpu Hanuumu B 9KpaHe oTBepcTus (cM. puc. 6.4, a) pac-
IpefeNeHne BTOPHYHBIX HCTOYHUKOB Ha 3KPAHE MEHSAETCS, U BCIENCTBUE 3TOrO B
o0beMe V nosBiIsioTCs BOMHbL. Kak oTMeuanoch paHee, 4ToObl ONPEENNTh BON-
HOBBIE 11011, HEOOXOAUMO, B OOIIEM CIy4ae, PEIINTh FPaHMUHYIO 3afauy. OnHako
TIIpU ONpEJENCHHBIX YCIOBUAX IOBE[JCHUE BOJNH BONM3U NEPENHEH 4yacTu 9KpaHa
MOXHO IIpeficka3aTb C JAOCTAaTOYHOM TOYHOCTBIO, MCHONBL3Ys ¢opmyny lenbm-
rojibla s BeruuciaeHus gyskuun U B o6beme V.

PaccMoTpuM BOJMHY B TOYKax, NpHHAMJIEXKAIMUX OTBEpCTHIO. KoHEYHO, BTO-
PUYHBIE MCTOYHUKH HA 9KPAHE BBI3BIBAIOT IOSBICHUE NOIOJHUTEIBHBIX BOJH B
KaXJI0il TOUKE OTBEPCTHS, U IIOITOMY NOJHOE BOJHOBOE IOJIE HEM3BECTHO. B TO
XKe BpeMs, NP YBEJINUCHUM Pa3MepPOB OTBEPCTHS, PACCTOSIHUE MEX]Y €ro LEHT-
PaNbHOIl YacTbIO ¥ BTOPUYHBIMYA UCTOYHUKAMHU BONU3U 3KpaHa CTAHOBUTCA OOJb-
1I€, a UX BJIUSHUE, COOTBETCTBEHHO, YMeHblIaeTcs. [1oaToMy NpuONMKEHHO MOX-
HO CYHMTaTh, YTO B TaKHX TOYKAX OTBEPCTHS MMEIOIIErO JOCTATOYHO OOIbIINE
pasMepbl, BOJHOBOE MOJIE COCTOMT TONBKO M3 NAJAIOLIEH BOIHBI. IJTO IPETIO-
JIOXKEHHUE HE BBINOJHACTCA B TOUKAX, HAXONAIMXCA BONU3M Kpas HEIPO3PauyHOro
9KpaHa, XOTs B 3TOJ 00JacTH BOJHBI MOTYT B3aMMHO TacHTb ApYr Apyra us-3a
pasHocTH (pa3. KoHeuHo, Takoe NOBEJIEHHE BOJIH MOXET HAOMIOAAThCs, TONBKO
€CIIH JJIMHA BOJHBI 3HAYUTENLHO MEHBIIE PA3MEPOB OTBEPCTHA.

OOPMYIJIA TUOPPAKIINA

PaccMoTpuM flasiee TOBe/IcHHE BOJTHBI BONM3H TEpENHEl 4acTh 9KpaHa, HO BHE
orBepcrusi. Kak Mbl yke 3HA€M, €CI OTBEPCTHE B 9KPaHE OTCYTCTBYET, (DYHKIHS
Uunee NPpOU3BOAHBIC PABHBI HYJIIO B o0beEME V, O[THAKO IpH €ro HaJn4uu BOJI-
HOBasl KapTuHa MCHACTCA, 1 BOJIHA TOSBJISICTCA BCIOY, BKJIIOYasl NMEPETHIO0 YaCTb
skpana. C (pu3MYeCcKOil TOUKM 3PEHHUs MIOYTH OYEBHMIHO, YTO B TOYKAX IKPaHa,
PacioI0XKEHHBIX OTHOCUTENIBHO TAJIEKO OT OTBEPCTHUS, BIIMSHUC 3TON BOJIHBI npe-
HEOPEKUMO MAJIO. A C YMEHbIIEHHEM [IMHBI BOJHBI TAKOE MOBEJIEHHE HAGIIO/IA-
eTcs Bee Oumke K orBeperuio. [looOHble paccykuenus mo3sonmmn Kupxrogy
OpENNOIOKNUTD CJIEAYIOLICE.

Ha moBepxHOCTH OTBepcTHst S, BOJNHA COBNANAET C TEPBUYHOM (TAAOLIEH)
BOJTHOWA, 1

U=Uyn - %oy, (6.78)

on on
B TO BpEMsI KaK Ha HepeHHeﬁ YaCTU HEMPO3PpavYHOTO IKpaHa BBITOJIHAKOTCA CIENy-
IOIIWE PAaBEHCTBA:
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U=Uyn X _-0ms, (6.79)
on

CootHomwenus (6.78), (6.79) Ha3biBaroTCs rpaHUyHbIMA ycnoBusMu Kupxroda u
UIPAOT OCHOBOIOJIATAIOLIYIO POJIb B MPEMNIOKEHHON UM TEOPUH U PaKIKHL.

3pech ceqyet cuemaTh 1Ba 3aMeyaHusl.

a) TlepBoe u3 ycnoBuii (6.78) 03HAYAET, UTO 371eCh IPEHEOPETIN B3aNMOJIEHCT-
BHMEM MEX]y BTOPUYHBIMI HCTOUHHKAMH.

6) MaHHBII MOAXO OYEHb TMOXOX Ha OOPHOBCKOE MpUOJMKEHHE, 4acTo HC-
T0JIB3yeMOE B MaTeMaTHUECKOI (pusnKe.

[Tpennonoxum Jiuist IPOCTOTHI, YTO TAAKOIIAs BOJHA BbI3BAHA SNIEMEHTAPHBIM
chepryecKUM UCTOUYHMKOM, PACIOTIOXEHHBIM B TOUKE p,. Torna

eikl',
U,=A , (6.80)

i

TJie 1, — PACCTOSHUE OT UCTOYHUKA, a KOI(P(UIMEHT A XapaKTepu3yeT ero Cuiy.
HucddepenuupoBanue U, 1o n gaet

Uy _ Y, an
on dry on
I
U thri a
20 2 AS (k- 1)L (6.81)
ar 2 an

W3 puc. 6.4, 2 BUHO, 4TO
9
il cos(m, ry)

on

3neck (n, r;) 0003HAYaET Yrod MKy BEKTOPAMH N 1 T',.
JleicTBUTENHLHO, UMEEM

ar
—L =gradr,-n=r-n=cos(n, r,),
on
TaK KaK
gradr, =1/
SABJIAETCA EIMHUYHBIM BEKTOPOM B HAIIPABJIECHNN T,
CnenyeT 3aMeTHTD, 4TO
n- rl n- rl

cos(n, ) = =—,
I’Z)‘l I‘l

TIOCKOIIBKY
In| =1.
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Ilo ananorun noJIyYuM

ikr ikr
de _© (ikr-1)cos(n, ), (6.82)
on r r2
TJie 7' — paccTOsIHAE MEXy MPOU3BOJIBHOI TOUKOH OTBEpCTHSl B 9KpaHe M TOUKOH
HaOIOfICHUS p.
IMopcranoBka BoipaxkeHuit (6.81), (6.82) B popmyny ['enbmronbua faet
A eikq eik/' . eikr eikq .
U(p)= —f == (itkr =1)cos(n, r)— =——=——(ikr, —1)cos(n, r,)|dS
4 noor? Foop2

n

SU
nim

ik(r+r

U(p)= 41 fe—) [%(ikr ~1cos(n, r)-L(ikr, - )cos(n, 1, )] ds,  (6.83)
JT 1 7 n

Sy

r7ie (n, r) o603HayvaeT yroi MexX/y BEKTOpaMu n U r (puc. 6.4, 2).

Takum o6pa3oM, ucnonb3ys opMyay (6.83), OCHOBaHHYIO Ha NMPUOIMKEH-
HBIX TPaHAYHBIX YCIOBHAX, MOXHO OLECHATH BOJHOBBIE MONS B 00BeEME V, IpH
YCIIOBUM, YTO JIMHA BOJHBI MEHBIIE PAa3MEPOB OTBEPCTHS, & TOUKM HAONIONCHMS
JieKaT BAAJM OT €ro Kpasl.

[MopbiaTerpanbHoe BbIpakeHue B (6.83) cOEPKUT TOMBKO 3JIE€MEHTapHbIE
(OYHKIMM, W YUCICHHOE WHTETPUPOBAHME JOBOJIBHO MPOCTO BBIMOJNHSAETCS HA
KOMIIBIOTEPE, HECMOTPS Ha MPUCYTCTBHE OCHAIINPYIOIIETO MHOKHUTENS

eik(r+rI )

OpHaxo B IIPOILIOM BBIIIOIHUTD NIPOLEAYPY MHTETPUPOBAHUS ObIIO OYEHb CIIOX-
HO, ¥ [O3TOMY OBbLIM IpPEJIOXEHbI pa3InyHble NPUONMKEHHbIE CIOCOOBI
BbIpaXeHUs! uHTerpana (6.83) uepes u3BecTHble (pyHKUMU. B janbHeiieM Mbl
PaccMOTPUM HEKOTOPBIE M3 3THX METOJIOB, a IIOKA MOKHO 3aMETHUTBH CIIEYIOLIEE.

1. 3HayeHue unrerpana (6.83) He U3MEHHUTCS, €CIU B HEM 7' U 7, TIOMEHSTb
MecTaMi. JTO 03HAYAET, YTO UCTOYHHUK B TOUKE p, MPUBOUT K TOMY Xe 3pdek-
Ty B TOUKE p, KaK eciu Obl OH HAXOAWJICSA B TOUKE p, a HAOJIOfiEHUE BEJIOCH B
TOYKE py. DTOT PE3YAbTAT ObLN YCTAHOBIEH I'€lbMIOJbLEM U Ha3bIBAaeTCA TEOPE-
MOH B3aMMHOCTH.

2. OnyiueM Tenephb €lie OfHO MHTEPECHOE CBOKCTBO BONH, KOTOPOE TaKxke
cnenyet U3 opmydbl I'enbmronbiia. OHO OTHOCHTCS K JICHCTBHIO JIBYX JOMOJHS-
IOIKX PYT APYra 3KPAHOB, YCTAHOBJIECHHBIX TAK, YTO OTBEPCTHE B ONHOM M3 HUX B
TOYHOCTH COOTBETCTBYET HENPO3pa4yHOl YacTu Apyroro (puc. 6.5, a).

IMycrs U, 1 U, 0003HaYat0T KOMIUIEKCHbIE aMIUTUTY/bI HOTEHIUANIOB, KOTMa
MEXJ[y UCTOYHAKOM M TOYKOW HAOMIONEHMsI PacIoJararTcsd, COOTBETCTBEHHO,
9KpaH C OTBEPCTHEM U JIOMONHSIOINI ero 9KpaH. Toraa, B COOTBETCTBHH € (hoOp-
MyJoit ['enbMronbna, nMeeM

Ui(p)= - flU) ) - 20 as

5, on\ r

47 r on
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Puc. 6.5. DkpaHbl, TonomHsOmKE APYr Apyra (a); wutoctpauus Gopmyist (6.89) (6); wi-
mocTpanust opmyinsl (6.92) (8); BbIBoj hopmyabl (6.96) (2)

" (6.84)

Uz(l7)=L
47:.S£

rfie So; ¥ Sy, — IUIOLIAN OTBEPCTHI 0OOUX 3KPAHOB.
OueBuaHO, YTO

S=S80 +Sn

PaBHAETCH IIOLIAAM BCEl MOBEPXHOCTH 3KPaHA.
W3 dopmynsl (6.61) cnenyet, uro

Up)=-f
N

rie U(p) — KOMILIEKCHAs! aMILTATY/a B TOUKE p IIPH OTCYTCTBUM 3KPAHOB.
CrnenoBatelbHO, BIpaxkeHus (6.84), (6.85) IpUBOAST K BaXKHOMY pe3ylb- Ta-

[ V)
U(g)anL r J r on ]dS

U(g)i(ﬂ\ _e™ U
on

r r on

ds (6.85)

Ty:
U@p) =U,(p) +U,(p) (6.86)

T.€. CyMMa BOJIH B IIPHCYTCTBUH JIBYX HOTOMHSIONIX APYT Apyra 9KPaHOB PaBHSIET-
csl BOJIHE, KOTOpasi PaclpoCTpaHsAeTCs, KOTfa 3TH 3KPaHbl OTCYTCTBYIOT. ITOT
pe3ynbTaT u3BecTeH Kak npuHoun babuwe. Mcmonb3ys Beipakenue (6.86) nerko
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TMOKA3aTh, YTO TOT MPUHIWII COPABEIIIHUB TS JIEOOOH KyCOYHO-OTHOPOJTHOM cpe-
TbI.

YToObl MPOMIITIOCTPUPOBATEL CKazaHHOe, ToTokum U, = 0. IT0 o3Hauvaer,
yro U, = U # BO BceX TOYKaX, Ijie HHTEHCHBHOCTh PABHSETCS HYJIO M3-3a TPH-
CYTCTBHUSI OFTHOTO U3 9KPAHOB, B MPUCYTCTBHH JOMOJHUTENBHOTO 9KpaHa OHA CTa-
HOBHTCS PaBHOW TOH MHTEHCUBHOCTH, KOTOpas o0pa3yeTcs, KOrjla 9KpaH MOJIHO-
CTBIO OTCYTCTBYET.

BepHemcs Teneps K BbIpakeHuto (6.83) 1 pacCMOTPHAM OJIWH YACTHBIN CITydaii.
[peanonoxuM, 9To paccTOSHAS OT OTBEPCTHS IO MCTOYHHUKA 7/, M 10 TOYKHM Ha-
OJIIOJIEHHUST 1 MHOTO OOJIBbIIIE NJIMHBI BOJIHBI:

ri>>ANar>>A

1001
kry>>1ukr >> 1. (6.87)

Torna, npenedperas B (6.83) euHULEN IO CPAaBHEHUIO C k7 U kr, TONYIUM

N
Up)=2-

So

M [cos(n, 1) = cos(n, r)]dS (6.88)

rn

T.€. U3BECTHYIO popmyny aupakuun Ppenens—Kupxroa.

W3 BbiBoma opmynsl [enbMronbua ciefyeT, 4TO BMECTO MOBEPXHOCTH S
MOXHO B3SITh IPOM3BONIBHYIO TOBEPXHOCTb W, TIpaHHIla KOTOpPOH COBMNAjaeT ¢
KpaeM oTBepcTusl (puc. 6.5, 6). Hanpumep, 3Ta NOBEPXHOCTb MOXKET COCTOSITH W3
JIBYX YacTeil: YacTu cpepriecKoil MOBEPXHOCTH S, HAa KOTOPOH Mafatomasi BOJIHA
HMEET NOCTOSHHBIE aMIUIUTYRY U (pa3y, U CerMEHTa KOHMYECKOH IOBEPXHOCTH S,
C BEPIINHOM B TOUKE p,. C yBeNMYEHUEM pacCTOSHUA 1| BKIaj| UHTErpana Mo Ko-
HIYECKOJ TOBEPXHOCTH CTAHOBHUTCSI MEHBIIE, U TIOBEPXHOCTh S MOUTH COBMAfACT
C BOJTHOBOJ OBEPXHOCTBIO S. IIOCKONBKY Ha 3TO! MOBEPXHOCTH OTHOIICHHAE

eik(r+r1 ) / I‘,

OCTa€TCA NOCTOAHHBIM N

a7
—L =cos(n, 1) =1,
on

HOJTy4aeM
. ik, .

U(p)= %er— fe”" (1+cosa)dS, (6.89)
1 5,
e

cosa. = —cos(n, 1)
Ecnu, noMuMo 3TOro, paccTOsIHUE 7 JOCTATOYHO BEJMKO 110 CPAaBHEHHIO C pa3Me-
paMu OTBEPCTHS, TO KOMIIIEKCHAS aMILTATY/AA (6.89) Ha MOBEPXHOCTH S, MEHSETCH
MaJo, X BMECTO 3TOTO BBIPaKECHMUSI Mbl MOXEM 3aIACATh
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. ikn X
U(p)= %C'T !e”‘"(l +cosa)dS

Jines

U(p)= %% f e cos? %dS (6.90)
S(!

Jlo HacTosiIero MOMEHTa BBIBOJIbI BCEX BbIPaXKEHHMII OCHOBBIBANUCH Ha (hop-
MmyJie ['enbMromnbiia, OTHAKO Tereph Mbl UCIOJNb3YeM COOTHOIIEeHHe (6.63), momy-
YEHHOE B IIPEMIbIAYILEM pa3fee:

U(p)=ﬁfu<g>";—fds (6.91)
So

3peck G = G(p, g, k) — pynkuus ['puna, paBHast HYJII0 Ha OBEPXHOCTH 3KPaHa.

Kax orMevanoch paHee, [ 3KpaHa INPOU3BONBHONR (POPMBI 3Ty (DYHKIHIO
ONpEENUTh JOCTATOUHO TpyAHO. OfHAKO IIOCKUE 3KpaH SBISETCS OfHUM U3
HEMHOTOYHCIIEHHBIX MCKIIIOUCHHI, X B 3TOM ciydyae (pyHkuus ['puHa 3ammchbiBact-
s Kak

ikr,

G(p.gk)= e (6.92)
r %

TJie 7', — PACCTOSHIE MEXY 9KPaHOM U TOUKOI p,, KOTOpast SIBISIETCS 3epKalbHbIM
oTobpaxkeHneM TO4KH HaOmiofeHust (puc. 6.5, ). JleficTBUTENbHO, yKa3zaHHAs
(byHK1MSA yROBIETBOpSET (hopMyiie I'enbmronblia B 00beMe V, IMEET 0COOEHHOCTD
B TOUKE HAOMIOACHUS, MOAUYMHSETCS YCIOBHSIM HAa OECKOHEUHOCTH M DAaBHSETCS
HYJIIO BO BCEX TOUYKAX OTBEPCTHS, KOT/Ia I = r,. BBefieM Terepb AeKapTOBy NMPsSMO-
YTONBHYIO CHCTEMY KOOPAMHAT C HAyajJoM B TOUYKe O, PacHOI0XEHHBIM B Ipefie-
nax otBeperus (puc. 6.5, 2). Ocb z py 3TOM HanpaBieHa BHyTps o0beMa V, a E,
M u G, SBISAIOTCA KOOPAUHATAMU TOYKM g OTBepcTHs. Torpga paccrosiHus r u 7,
OIIPENETISOTCS CIIEAYOIUMY PaBEHCTBAMM:

=G-8+ -n)'+(E-L)
" (6.93)

rP=x-8+0-n)+(E-0),

7€ X, Y ¥ Z — KOOP/IMHATBI TOUKU HAOMIOJICHNUS.
HopmanbHble NMpOM3BOAHbIE OT NEPBOTO U BTOPOrO YlIEHAa B BbIPAXKEHHH
(6.92) paBastroTcs

9 (eikl‘\ _ eikr . or _ eikr .
EL’—} —r—z(lkl —I)E—r—z(lk} —l)COS(n, l‘)

u (6.94)

kr, ikr, - ikr,
w5 & Gikr, - 1)%’; = £ (ikr, ~1)cos(n, x.).

T I
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YuurkiBas, 4yTo
cos(n, r) = —cosa. 1 cos(n, r,) = —COsaL

UMEEM

%Ze—;kr(ikr “1)cosa Ha S, (6.95)
p

IMopcrapnsist nmocnefHee BbIpaxeHue B popmyny (6.91) u HMCHONB3ys YCIOBUS
Kupxroca, 0KOHUaTENbHO TOTY4UM
_ A ei/((r+rl) i
U(p)——af ——(tkr —)cosouds. (6.96)

rn

0

B yacTHOCTH, B BOJTHOBOII 30HE, TJIE

kr>> 1,
AMEEM
_ _ﬂ eik(r+r])
U(p)= - f . cosads. (6.97)

S()

MPUBIVNXEHNA ®PEHEISA U ®PAYHIODPEPA

Ianee, BBIIONHSAS MHTETPUPOBAHKE B (6.97), MIPEANONOXAM, YTO WIEHBI 1/rr,
M COSO. OCTAIOTCS TIPAKTHYECKN MOCTOSHHBIMA. B 3TOM mpuOMKeHNN BbIpaxe-
Hue (6.97) 3amuchIBaeTCs B BUJIE

U(p)= -2l [ferrdgdn, (6.98)
ARR,
SU
rae R u R, — paccTosiHus OT Havana KoopauHaT O [0 TOYKH HAaOJIONEHWS W Mep-
BUYHOT'O UCTOYHHMKA, COOTBETCTBEHHO, a O — YT0JI, 00pa30BaHHbII HOPMAIIBIO N U
papuyc-BekTopoM R;. UTo BhIpaxkenus (6.88) u (6.97) coBnajaror, eciu mpeprmo-
JIOXKUTb, 4TO cos(n, r;) = —cos(n, r) = COosd.
CornacHo cfienaHHbIM TPEANONOXKEHUSIM, Pa3Mep OTBEPCTUS 3HAYUTENBHO
MeHbIIE PACCTOSIHUI R ¥ R, 4TO NMO3BOJSET ympocTuTh copmyny (6.98). Ilo-
ckonmbky C = 0, nmeeM

PF=x-82+(y-n)’+72

= =B+ (o) + 20
n (6.99)
R* =x*+y*> +z7%, R12 =x3 +y§ +Z§.
Tenepb npeficTaBASETCS €CTECTBEHHBIM PA3NOXKUTh 7" U 1y B PSI MO CTerneHsM &/R,
/R n &/R,, m/R,.
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W3 pagencts (6.99) cnenyer, 4to
1/2

| —pXeE+yon , E2+n?) ~ R, - RoEryon €+’ _@Ery?
R} R} J R, 2R, 2R}

- (6.100)

7 =R1(

R_X§+yn+§2+n2 _(E+ym)’ ‘.
R 2R R3

r=

ITopcranoBka Beipaxenuit (6.100) B (6.98) paer

Up)= —%e”{(’“& )femf'@,n>d§dn (6.101)
1
SU
e
__XoE+yom _xE+m 2 +m’  EP4m?
fEm) R, R ok TR
2 2
_(x0’§+y30n) _(XE"'Y:W) . (6.102)
2R; 2R3

3aMeTHM, 4TO B 3TOM BbIPAXKEHUU OTOPOLIEHbI WIEHBI CO CTENEHSMU § U 1)
OoJIbIIE ABYX.
Y00HO TaKXe BBECTH HAPABJISIOIINE KOCHHYCBI:

ly = xo/R,, my = yo/R,

n (6.103)
I=x/R,m=y/R.9

Hanpuwmep, / u [, XapakTepu3yroT YIJIbl MEXy OCblo x 1 BekTopamu R u R, co-

OTBETCTBCHHO.
CnepoBatenbHO, (PYHKIMIO f(E, 1)) MOXHO 3aMUcaTh B CIEAYIOLIEM BHfE:

JE ) = o= DE + (mg—mm +

oL
2

1 12 2y (GE+mom)® (E+mm)° 6.104
(R1+R)<§ w25 ) (6.104)

[Tpepnmonoxum, uto B copmyne (6.104) MOXHO TpeHeOpeub KBafpaTUUHBIMU
4jieHaMH, T.€.

A&, m) = Iy~ DE + (my—m)m, (6.105)

B arom ciyuae, Kak yxke ObIIIO OTMEUEHO B pasfiene 6.2, TOBOPST O AU(pPaKIuH
®paynrocpepa. IIpu coxpaHeHUM 3THX WIEHOB Mbl MMEEM [IENO C Audpakuueit
dpenens. Ito o3HavaeT, yTo npubmmKkenne PpayHrodepa crpaBefsIBO, €ciu
TOYKa HAOJIONIeHNs ¥ MEPBUYHbIA UCTOYHUK HAXOMATCA Jlajieko oT akpaHa. Crtpo-
'O TOBOp4, BeIpaxkeHue (6.105) cOOTBETCTBYET cydaro, KOrja
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R—>®uR, — o (6.106)

B 10 xe Bpemsd HpI/IGJ'II/DKCHI/Ie <I)peHeJ151 TOBOJIbHO XOpOMIO ONMUCBHIBACT BOJTHOBLIE
noJs Ha 6onee OIM3KNIX PacCTOsIHUAX, XOT U HE BOIM3M cCaMOro 9KpaHa.

6.4. IM®PAKIINA PPAYHI'OPEPA U TNOPAKIINA OPEHEIA

PaccmoTpuM Teneps HEKOTOPBIE HHTEPECHBIE YEPTHI NOBEECHNUS BOMH 32 9Kpa-
HOM (puc. 6.5, 2). CornacHo Teopun Kupxroga, KOMIJIEKCHYIO aMILTUTYAy CKa-
AspHOro moTeHmana U MOXHO 3amucaTh B CIEAyroleM Buje (cM. opMyiy
6.98):

Upp)=C, f eMEMdE dn, (6.107)

So

e ¢ynkuus f(E, ) onpenensiercs BeipakeHueM (6.104).

Kommekcuplit MHOXHUTENL C; TPSIMO TPOTNIOPLMOHAJIEH CHJIE MCTOYHWKA U
3aBUCHT OT BOJHOBOTO UMCJIA, & TAKXKe OT TOTO, HA KaKOM PACCTOSHUU OT OTBEp-
CTHSI B 9KpaHe HaXOfATCs IEPBUYHbIA UCTOYHUK M TOYKA HAOMIOfEHUS.

[Tpu BeIBOTIE hopmyIthI (6.107) MCIOMB30BANICH CIIEAYIONIAE TPENMOIOKEHHS.

1. IToBenieHne BOJHBI HA MOBEPXHOCTH 3KpaHa OMKMCHIBAETCS TPAHWYHBIMH YC-
noBusimu Kupxrocga. 3To 03HauaeT, B YaCTHOCTH, UTO pa3Mep OTBEPCTHs AOJKEH
OBITH OOJNBIIIE IIMHBI BOJHBI.

2. PaccrosiHHe OT 3KpaHa [0 TOYKU HAOJIOEHWS ¥ MCTOYHHKA IPEBBIIIACT
JUTMHY BOJIHBI:

R>ANuR, >\

3. PaccrosiHusg R u R, fOMXHBI ObITH TakKe OONBILIE Pa3MEPOB OTBEPCTHSL
OTO NpeAnoNoKeHUue NO3BOISIET 3aMEHUTh (PyHKUMN 1/rr; B BblpaxeHuu (6.97)
Ha NIOCTOSIHHBII MHOXHUTEND 1/RR,, M BBIHECTH €T0, @ TAKKE COSOL, U3-IIOJ| 3HaKa
nHTerpana. IToMumo 3TOro Mbl npefcTaBuIn (OYHKIMIO 7 + 7, Ha MOBEPXHOCTH
VIHTETPUPOBAHUS B BHJIE MOJMHOMA BTOPOW CTENEHH MO KOOpAMHATaM & U 1, H
IpeHeOperny ieHamu 00J1ee BbICOKOTO MOPSIKa.

C y4eToM CAENaHHBIX IPEANONOXEHUI TPYAHO OXUAATh, UYTO BBIPAXKEHNUE
(6.107) MoxeT 0OecneunTh JOCTaTOYHYIO TOYHOCTh BOJM3W OTBEPCTHS WM He-
Ipo3payHoil yacTu 3KpaHa. M3 ¢opmynsl (6.107) cnepyer, 4To BOMAHY B T1000#
TOUKE HaOMIOIEHNs] MOXKHO TPaKTOBATh KaK CYNEPIO3HIHIO MIOCKUX BOJH C Of-
HAKOBOI aMmnTygoil | Cod€ dn |, HO ¢ pasHbIME (asamu

k(R +R])—§+kf(§,n). (6.108)

Jlpyrumu cnosamu, Bce BBITTIAAUT Tak, KaK €ClMU Obl KaX[bIid 3JIEMEHT TIOBEPXHO-
cTi S, BO30yX/ial IIIOCKYIO BOJIHY, aMIUIUTYAa KOTOPOI, B OTIMYKME OT (ha3bl, He
3apucena Obl OT KOOpAMHAT § M 7). 3aMETHM, 4YTO IEpBblEe JiBa CJaracMbIX B
(6.108) mosBmstorcst m3-3a MHoxutenss C,, KaK 3TO CIefyeT U3 (hOpMYJbI
(6.101).
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Panee MblI nokasanu, yTo HHTEpEPEHIMS IIOCKUX BOIH MOXET OBbITh KOHCT-
PYKTHBHO! WM NECTPYKTHBHON. Hampumep, ecnu BOJHBI IPUXOAAT B TOUKY Ha-
6mropienns ¢ 6m3KIMH (pazamu, TO HAOMIOAETCS YBENMUECHAE aMIUTUTY/AbI BOJHBI.
U, nHaobopor, B cnyyae, Korfa ¢a3bl BOJIH 3aMETHO Pa3IMYalOTCI MEXIy co00M,
9TO NPUBOAUT K B3aMMHOMY TallleHHIO BOJH M  PE3yJIbTHPYIONIAs BOJNHA MMEET
OTHOCHUTEIIHHO HEOONBIYIO aAMIUTUTYY.

IToaToMy, paccMaTpuBasi IOBEAICHNE BOJIH B PAa3MYHbIX TOYKAX MO3afd 9Kpa-
Ha, Mbl MOXEM OXHJaTh, YTO OYAYT HAOMIOAATHCA 30HbI OTHOCHUTENLHO BBICOKHX
1 OTHOCHUTEIHHO HU3KUX aMILTATY], KOTOPBIE, TIO CYIIECTBY, MPEACTABISIOT COOOM
MupaKIMOHHYIO KaPTHHY.

[Tpexpe yeM NPUCTYNUTD K U3YYEHUIO ITOTO SIBIEHNS, PACCMOTPUM (DaKTOpBI,
BIUSIIOLINE Ha (pa3y KaxKao# M3 IUIOCKMX BOJH B TOYKe HaOmrofieHus. [t aToro
npepcraBuM pyHKumo f(E, 1)), 3a1aHHYI0 BblpaxkeHueM (6.104), B Busie

f(g’ 7]) =f1(§’ 7]) +f2(§’ 1’]), (6109)
e
fi€&m) =y - DE + (my—m)n (6.110)
n
2 2
f:Em=1 (R%%)(EZ +m?)- Lo +R”l’°”> _E ) 6.111)

Kak cnenyer u3 hopmymnet (6.101), haza BOTHBI, BEI3BAHHO 3IEMEHTOM dS B
OKpEeCTHOCTH Havana koopauHat § = 0, ) = 0, paBHsieTcs

k(R+R])—%.

OHa 3aBUCHT OT JIIMHBI BOJIHBI M PACCTOSHUS OT Hauajla KOOP/IMHAT JI0 MEPBIYHO-
O MICTOYHHKA M TOUYKH HAOIOfCHUSL.

B o xxe Bpems ¢a3a II0CKOi BOJHBI, BbI3BAHHON IPOU3BOIBHBIM 31IEMEHTOM
dS, onpepensaeTcs CIeNyOIUMI TapaMeTPaMHu:

1) nIMHOM BOJIHBI A}

2) KOOpAMHATAMH & U 1] 37IeMEHTa dS;

3) KOOpAMHATaMH UCTOYHIKA U TOYKU HAOIIONCHYSI.

Hanpumep, ¢ yBenm4eHMEM DacCTOsSHMA R, BIMSHME 3TOrO IapamMeTpa Ha
¢yrkumio f5(€, 1) yMeHbluaeTcs. ITO O3HAYyaeT, YTO MNajaroliasi BOJIHA BONU3H
TIOBEPXHOCTH 3KpaHa S, BefieT ce0s Kak IUIOCKast, 1 OpPUEHTALNs e (PPOHTa OTHO-
CUTEJIbHO IIOCKOCTH S, OIpENENIAeTCA HAIpPaBJISIOMMME KOCHHYCaMu [, U mi,.
Hanpumep, ecnu HCTOYHUK pacIonaraeTcs Ha OCH z, TO

ly=my,=0.
B atom cnyyae ¢hpoHT majaromiein BOMHLI MapajliesieH IOCKOCTH 9KpaHa M,
CIEeOBATENbHO, BTOPHYHbIE MCTOUYHUKM MMEIOT OJMHAKOBYIO (pady. OpHAKO B

06HI6M ciryqyac cpa31)1 9TUX UCTOYHUKOB 3aBUCAT TaKXKE OT KOOPAUHAT % n m ane-
MCHTA MOBEPXHOCTH. B6mu3n Havana KOOpAMHAT pa3HOCTb (ba3 MEXNYy BOJIHAMHU B
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HCKOTOpOfI TOYKE U B HaYajl€ KOOPJIUHAT ONUCBIBACTCA C Xopomeﬁ TOYHOCTBIO

nuHeinoi dynkumei f,(€, n). ONHAKO ¢ YBEIMYEHHEM PACCTOSHHUS &> +n>
HEOOXOMMO TakXke YYUThIBaTh (PYHKIHMIO f5(E, M).

OueBufHO, YTO KOraa 00a paccTosHUA R M R, CTaHOBATCA 3HAUUTEIHLHO OOJIb-
1e pa3MepoB oTBepcTHsl, nosefieHne PyHKuK f(E, 1)) B OCHOBHOM OIpENENsIeTCs
nepBbIM cnaraeMbIM: fi(§, 1). B aToM ciydae Mbl IMeeM J1eN0 ¢ TpUOIIKEHHEM,
KoTopoe HasbiBaeTca auppakumeit Ppayrrodepa. [Ipexnue, yeM MpUCTYmUTH K
PACCMOTPEHUIO MPUMEPOB, WUTIOCTPUPYIOIMX 3TOT TUN JU(paKIud, CIeyeT
chopMyJIHpPOBATh YCIOBHU, IPU KOTOPBIX MOXKHO IipeHeOpeus (pyHkuuei f5(E, 1)
U CUMTaTh, UTO (ha3a 3JIEMEHTAPHBIX BOJH M3MEHseTcs JuHeiHo. W3 ¢hopMybl
(6.107) cnenyert, 4TO YKa3aHHAs (DYHKIKS 3aaeT MOBEJICHUE YIeHa

eikfg(E,n)

Ero ammiutyna Beeria paBHsieTcs enuHAIE, HO haza k f>(E, ) MOXeT o4YeHb Obl-
CTPO M3MEHSTHCS OT TOUYKM K TOUKE HA TIOBEPXHOCTH S, MPH OONBIINX 3HAYECHHSIX
BOJIHOBOTO yucna. TeM He MeHee, eciu ¢a3a Majia, 3Ha4eHUs 3TOrO wieHa Om3-
kn K efuHune. COOTBETCTBEHHO, YCIOBHE, TIO3BOMSIOIEE PACCMATPUBATD TOJBKO
NUHERHbIH wieH (yHkiun f(E, 1) , MOXHO 3anucaTh KaK

kf,(E,m) << 2n

nimn

L

2 2
; (LJ,RL)(gzmz)_(’oE“"o“) B o, 6.112)
1

R R, R

Bocnonbiyemes Takxke cIeytonyM HepaBeHCTBOM:
(ab + cd)* = (@® + ) + dP). (6.113)
JeficTBUTENBHO, UMEEM
2abcd < b*a* + a*d®
U
(ad - bc)* = 0.
CremoBaTelnbHo,

(LE+mm)’ < (g +my)E* +1°)

(E+mm)’ = (I* + m*)(E® +m?).
Tax Kak 3Ha4eHUS TAPAMETPOB [, [, M, 1 m HE NPEBBIIAIOT EUHULBI, HEPA-
BeHCTBO (6.112) OyAeT BHIMOMHSTHCS, €CITH

2 2

2 2
R, > —HR>>§%. (6.114)

257



OTH YCIOBHSI ONPEJENIOT Te pacCTOsSHUA R U R, a Takxe pasMep IUIOMafKu
VHTETPUPOBaHUs S, A7 KOTOPBIX MOXHO MCIOJB30BaTh NMpuOnmxkenue Ppays-
rocepa. [JaHHBIE YCIOBHS CXOXHU C YCIOBUSIMH, IONYYEHHBIMY B pasfiene 1.

PaccmoTpuM Teneps jiBa IIpuMepa, MILTFOCTPUPYIOIME TU(PaKLUIO B YKa3aH-
HOM NpUONIKECHUH.

IIpumep 1: qudppaxiuonnas KapTHHA IS MPSMOYTOJILHOTO OTBEPCTHS

[Tycts oTBepeTre UMeeT (hopMy NPSIMOYTOJIbHUKA CO CTOPOHAMU 2a 1 2b, Kak
I0Ka3aHo Ha puc. 6.6, a. Ocu x U y NPIMOYTOJbHON CUCTEMbl KOOPAMHAT Mapaj-
JIeNbHBl CTOPOHAM IPSIMOYTOJIbHUKA, a €€ Hadano O paclolOXKEHO B LEHTpe
npsiMoyronbsHuKa. COOTBETCTBEHHO, OCh z MEPNEHUKYISIPHA 9KpaHy M HampasJie-
Ha BHYTpb 00beMa V. IIpefmonoxkuM Takke, 4TO MEPBUYHBIA HCTOUYHUK PacIo-
JIOXEH Ha OCH Z, T.e.

ly=x/R,=0umy=y,/R,=0.
Torna BMecTo BbIpaxeHus (6.107) nmeeM

U(p) = CyN, (6.115)
e
a b
N = [dE fe"'“’%”"“’dn (6.116)
-a -b
a 0
Yy Fw
A\ x
o op
; :
8
e | o | o ¢ . o | o
° o | o [ ) ° o | o
° o | @® . [ . °
—oro— @)oo
d (J ‘ @ | o | o
. ° . R

Puc. 6.6. OTBepcrre MpIMOYToIbHOH (hOpMBI (a); (YHKIMS MHTEHCUBHOCTH F(0); MudpaKii-
OHHAsI KapTHHA IS IPSIMOYTOBHOTO OTBEPCTHS (6); IKPAH C KPYIJIBIM OTBEPCTHEM (2)
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A
a b
N = (e ™EdE e ™ am.
:I; e !; e m

3nech

I=x/Rum=y/R, (6.117)
Xny 0003Ha4aroT KOOpJII/IHaTI)I TOYKHA Haﬁﬂ}OlIeHI/ISI, n

R=Ax>+y>+2°. (6.118)

Wurerpans! (B BbIpakeHusix) (6.116) sBIsOTCA TaOINYHBIMA U

a

. 1 i 2 .
fezk[‘édg =— (™" - e ™My = Zsinkla.
J ik k

AHanoruyHo,
b

feik'”’]dn = 2 Sinkmb.

v, km

Takum o6pazom,

N = (T (), (6.119)
e
Se=dab (6.120)

SIBISIETCS TUTOMIATBIO TPSIMOYTOILHIKA.
[TOCKOMbKY MHTEHCHBHOCTH BOJIHBI TIponopionaibia U2, BBeieM, Kak U pa-
Hee, pyHKImIO /:

[=U?=1,F, 6.121)
e

I,=CSy, Cy= —A}f;;sl“ (6.122)
n

F=N2(%)2(%)2. (6.123)

PaccmoTpum cHavana, Kak BefieT cebs pyHKus / B TOUKaX Ha ocu z. B atom cny-
yae x = 0, y = 0 1, CleoBaTeIbHO,

[=0um=0.
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HpI/IHI/IMaﬂ BO BHUMAHHE, YTO

. sinx
lim =1,
x—=0 Xx

HOJIyYuM
F=1ul=I, (6.124)

Takum 06pa3om, u3 Boipakenus (6.122) cnefyeT, 4To (PYHKIUS UHTEHCUBHOCTH [
BefleT ce0s1 00paTHO MPONOPLUOHATBLHO KBAipaTy paccTOsHUS OT Hayajla KOOpHH-
Har O.

W3yunm Tenepb, Kak BefeT ce0s (pyHKIus F' Ha MI0CKOCTH

z=d,

HapanienbHOl 3KpaHy.
Pacemotpum cHauana npoguns y = 0, m = 0. B aTom cinydae

o2
F=N2sinKa (6.125)
(kla)

[=—2 (6.126)
Vx? +d?
[pu w3yyeHnn uHTEpEPEHINNA BOJH, BHI3BAHHLIX NMEPBUYHBIMA MCTOYHUKAMH,
Mbl UMEEM JIeNIo C TO Xe camoll (pyHKuued F(U), YTO CHOBa OTOOpaskKeHO (CM.
puc. 6.6, 6).
C yBenMYEHNEM PaCcCTOSIHUS OT OCH z MHTEHCUBHOCTh CHAYANA TaflaeT, a 3aTeM
obparaeTcs B HyJIb P 3HAUCHIH apTyMeHTa

kila==mnn, (6.127)

TJie 71 — LeNoe YHCIO.

Taxum 06pa3oM, CyIIECTBYET TaKOE MHOXECTBO TOUEK X, X,, X3,... B KOTOPBIX
VHTEp(EPEHIUs BTOPUYHBIX BONH MMEET AECTPYKTHUBHBIA XapakTep M pe3ylbTU-
pyIollas BOJHA OTCYTCTBYeT. MeX[y 3THMU TOYKAaMH PACIOJIAratoTCs MAKCUMYMbI
(yHKIMHA F, TONOXEHNE KOTOPBIX ONPENENAETCS yPABHEHIEM

'

F,=(sin2u\ -0

u? } -
I
U=tanu (6.128)
3nech
u=kla.

Kax nokaszano B Tabm. / , C YBEJIMYCHUEM U KOPHH 9TOr0 YpaBHCHHUA aCUMIITOTH-
YECKHU CTPEMSTCAI K

260



Tasnuga 1

u sin? u/u?
0 1
1,430m = 4,493 0,04718
2,459 = 7,725 0,01648
3,470x = 10,90 0,00834
4,479 = 14,07 0,00503
- 2”; Ln. (6.129)

[opcrasnas (6.129) B (6.125), noaydaeM NpuOIMKEHHOE 3HAUYEHHE MAKCUMYMOB

Foom— 4 (6.130)

max .
72 (2n+1)?
IToxoxkee moBeneHne HaOMIOAETCS BIOJb OCH Y, TTe

I = 10 sin”kmb
(kmb)2

OueBuAHO, YTO YEPENOBAaHME MAKCUMYMOB M MHHHMYMOB IPOMCXONHUT TaKXe
BIOJb NPSIMBIX, HAMpaBIEHHBIX MOJ YIJIOM K OCAM KOOPAMHAT, OJJHAKO TaKHe
MaKCUMyMbI ropasfo cnabee, YeM Te, YTO PAcCIONararoTcsl BAOMb OCed X H Y.
[Ipuyunoii aTOrO SABMISETC TO, YTO 3HA4YeHHE (pyHKIMM F ompepensiercs B ¢op-
myJe (6.123) npon3BeieHIEM [IBYX MANIbIX COMHOXKHUTENEH.

Cnenyet 3aMeTUTD, UTO C YBETMUEHUEM KOOPAMHATHI X MO0 y MapaMeTpsl [ 1
M CTPEMSATCS K E[INHNILIE U, COOTBETCTBEHHO, Mbl IMEEM

F_>sin2ka WIH F_>sin2kb
(ka)® (kb)*

W3 Boipaxkenus (6.123) BUAHO, YTO BAOIb MPSIMbIX
kla=nnuklb=mnn,

rfie n — Lesoe 4ucno, ¢pyHkuus / oOparaeTcs B Hyllb. JTU IBa MHOXECTBA MHpsi-
MBIX 00pa3yloT CICTEMY IOBEPXHOCTHBIX 3IEMEHTOB, B IIPefieNax KOTOPoil HaOMo-
JJAIOTCS. MAKCUMYMBI Pa3IM4HON MHTEHCHBHOCTH (puc. 6.6, 6). CnegoBaTelnbHoO, B
CHITy KOHCTPYKTHBHOI M JECTPYKTHBHOH MHTEp(EpEHIH OTOOpaXKeHue NpsMo-
YTOJNIBHOTO OTBEPCTHS Ha IIIOCKOCTb z = d MMEET PETYNSAPHBII, XOTS U [JOBOJIBHO
CIIOXHBII XapaKTep, KOTOPbIIl SBISETCS IPKOH MIMIOCTpauyeil sBIeHus Auppax-
UM,

PaccmoTtpuM Teneps, Kak Ha AU(PaKLIUOHHYIO KapTHHY BIHUSIOT pa3Mephbl OT-
BepcCTHs 1 TMHA BOJHBL. Kak cnegyeT u3 opmya (6.126) — (6.127), monoxeHne
HyJIell HHTEHCHBHOCTH ONPEJENSIETCS BEIPAKEHUEM
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inee

vy d
VE2a?a*n® -1

[Nonaras, yto ANMHA BOMHBI YIOBIETBOPSIET YCIOBHIO
ka>mnn,

MbI NPUOJIMKEHHO MOTYYUM

x,==xmnndfka,ecmny=0. (6.131)
AHanornyso,
y,==xmn ndfkb, ecmunx=0. (6.132)

Takum 00pa3oM, C YMEHBIIEHHEM Pa3MEpOB OTBEPCTHS ILIOIIAAb, HA KOTOPOH
HabmonaeTcs AupakuoHHas KapTHHA, YBeIMunBaeTcs. To ke camoe MpOHCXO-
AT C YBEINYEHUEM PACCTOSHUA d OT 3KpaHa.

B TO XK€ Bperl, C yMeHbIHeHI/ICM TJIMHBI BOJIHBI BTOpI/I‘IHLIC MB.KCI/IMYMLI
cTpemsTcd K raaBHoMy. OfHaKo, Kak clefyeT u3 cooTHomeHus (6.114), B npu-
Onmxenun PpayHrodepa 4acToTy HeJb3sl YBETMUMBATH 10 OECKOHEYHOCTH. JTO
00CTOSITENbCTBO MbI 00CYJUM MO3KeE.

WHTepecHo OLEHUTh pa3Mep 3MEMEHTapHON MOBEPXHOCTH, 3aHSTON MEPBBIM
MakcuMymoM. U3 (6.131) — (6.132) umeeMm

X, = ndlka v y, = nd/kb

W
X, =MNdf2a ny, =\d/2b. (6.133)
IMockoneky

AN<<2auh <2b,
pa3Mep paCCManI/IBaeMOfI IIomagKu ropaauo MCHBIIIC paCCTOHHI/ISI d, OJIHAaKO OH

MOXKET 3HAYATEIBHO MPEBLIIIATh Pa3MEpbl OTBEPCTHUS.

IIpumep 2: pudppakunonnas KapTuHa
WIS oTBEpCTHS B hopMe Kpyra

Paccmotpum Teneps ciyyaii, Korja oTBepeTue umeeT opMy Kpyra paguyca a
(puc. 6.6, 2). B aToM cnyuae ynoOHO BBECTH LMIMHAPUYECKYIO CHCTEMY KOOPJH-
HaT:

E=pcosOum=psin6. (6.134)

HapaMeprI Iu m, XapaKTEPU3YIOIINUE ITOJTOKEHUE TOYKHN Ha6III'OJIeHI/ISI P, TaKXKe
3alACBIBAIOTCA B BUNIC

l=5scosum=s sin @,
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YuutsiBag (6.110), BMecro (6.107) nonydaem

a?lm

U (p) - C() e—ikpscos(ﬁ—q))pdpde.
i

W3 teopun ynkuumit beccenst u3BeCTHO ciefyroliee paBeHCTBO:

.—n 27

Jn(x) _ ! fe—ixcome—inad(x.
2

0
B yacrHOCTH,

| 2n | on

JO('X) = _Refe—’xcosada - _Refe—lxcosa d(l_
21 b e )

CpasHenue Bbipaxenuii (6.135) u (6.136) naet
U@p) =2n CofJO(ksp)pdp
0

nim

ksa
2nC,
U(p) === [¥/,()dy.
(ks)™ <%

(6.135)

(6.136)

(6.137)

Jlns fanbHeAero yNpoleHus 3TOr0 BbIPAXKEHNS HCTIONb3YeM PeKypPEHTHOE CO-

OTHOILIEHNE
d
—[xJ,(x)]=xJy(x).
dx
WuTerpupyst 06e 4acTi 3TOro paBeHCTBA, TOTYINM

xJI(X)=nyo(y)dy-
0

CooTBeTCTBEHHO, BMECTO (6.137), uMeeM

Up) =20 ks alksa)

(ks)

U(p) _ C()So 2J(ksa) ’

ksa

e S, = T @’ — WIoWab Kpyra.
Ortctofa (hYHKIMEO MHTEHCUBHOCTH MOXKHO 3aIiCaTh KaK

(6.138)

(6.139)
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(6.140)

2
I=1F =1, [—2’ 1(’“")] :
sa

Ime

I,=C2S2u F= [Mr
ksa
Boipaxenne (6.140) mpencraBiser co0oii U3BECTHYIO (POPMYNY, HOTYYEHHYIO
Oilpu B IEBATHA/IATOM BEKE.
[MoBenenne dynkunm F(ksa) nmokazano Ha puc. 6.7, a. O4eBHAHO, YTO OHO
II0XOXe Ha NOoBeficHue (PYHKIUU F', COOTBETCTBYIOLIEH Cilydar0 MPsIMOYLOJBLHOTO
orsepcrus. ITo onpepenenuto,

3ona menu

Puc. 6.7. Tlosenenue cynkipm F(a); mucpakumonHas KapTuHA VIl KPYTOBOTO OTBEPCTHUS
(6); reomeTpHsI JTyUei B IpefieNibHOM ciydae A — 0 (8); mmmroctpanust audpakipm Openenst
(@)
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s=I>+m* =r/R. (6.141)

B xaxpoit Touke Ha ocu z (pyHKIUS F MMEET TIaBHBIA MAKCHMYM, PaBHBIN ey-
Huue. JJanee, Ha MIOCKOCTSX NapajlIeNbHbIX 3KpaHy, (pyHKIuA / ObICTPO yMEHb-
IIAeTCA C YBEJIUYECHUEM PAcCTOSHUS 7, a 3aTeM HAOJIOfAIOTCA KOJBLEBbIE 30HBI
Pa3HOH MHTEHCHBHOCTH.

[Nonoxenue HyJei GyHKUMK [ ONpefenseTcs U3 paBeHCTBA

Jy(ksa) = 0. (6.142)

3HaveHns] HECKONBKUX TEPBbIX MAKCUMYMOB U MUHUMYMOB (DYHKIUH F TpHUBO-
TCs B TaOM. 2.
ITockomnbky

Lka= ksa,
R

13 Ta0I. 2 CIEAyeT, 4TO PagryChl KOJIELL C HYJIEBbIMU 3HAUEHUSIMHI HHTEHCHBHOCTH
PaBHBI

U _o61r, r2 116k, 2 _1 619k, (6.143)
R a R a R a

C yBennueHneM apryMeHTa ksa, mopeieHne (pyHkumii beccenst cTaHOBUTCS ackMII-
TOTHYECKHM U OIHUCBIBAETCS CHHYCOMAAMU C 3aTyXaroluMu amiuuTygamu. Ilosro-
My OTHOLIEHHUE 3THX PajuycoB 7/R ctpemutcd K A/2a. Kak 1 B npeabItyIeM Ipy-
Mepe, pasMmep AU(PaKIUOHHOH KapTHHBI OOpaTHO MPONOPLHOHANEH pajuycy
OTBEPCTHSL.

B cootBerctBum ¢ (6.143), ¢ YMEHBIICHAEM JJIMHBI BOJNHBI INMPHAHA 30HBI
[JIaBHOTO M BTOPHYHBIX MAKCUMYMOB CTAHOBUTCSI MEHBIIE, 1 OHU MPUOTIKAIOTCS
Ipyr K Apyry. B npenene, mpu A — 0, u3 paBeHcTB (6.143) cnepyeT, 4TO MHTEH-
CHBHOCTb BOJIHBI BCIO[y, 32 MCKJIIOYEHHEM OCH z, paBHsieTcs Hyno. KoneuHo,
9TOT Pe3yabTaT IIPOTUBOPEUUT IKCIEPUMEHTAIbHBIM JAHHBIM, KOTOPBIE MOKA3bl-
BAIOT, B OOLIEM CJyyae, YTO B pPaccCMaTPUBAEMOM BBICOKOYACTOTHOM IIpEfiENe
(M — 0) BOIHBI CYIIECTBYIOT TONBKO B IIpEfie]ax KOHYCa, BEPIIMHA KOTOPOrO
HAXO[UTCS B UCTOYHKKE, @ €r0 TOPM3OHTAJIBHBIE NMOBEPXHOCTH IIPOXOJAT 4EPE3
Kpaii orBepcTus (puc. 6.7, 6).

Hamre paccmoTpenne npepnosnaraet, uto npubmnmkenue ®payHrodepa npume-

TApnuUIA 2

ksa F

0 1 max

1,220m = 3,833 0 min

1,635m = 5,136 0,0175 max

2,223 =17,016 0 min
2,679t = 8,417 0,0042 max

3,238n = 10,174 0 min
3,699 = 11,620 0,0016 max
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HUMO TOJIbKO B ONpPEJIETIEHHOM fiuana3one 4acToT. C OHOH CTOPOHbI, TPaHNYHbIE
ycnoBud Kupxroa MOXHO HMCIOJNB30BATh, TOJIBKO KOTJA JJIMHA BONHBI MEHBLIE
Pa3MepoB OTBEPCTHS. DTO OMpefeNsieT BEPXHUI Mpefied fisl BOTHOBBIX uncen. C
IPYroil CTOPOHBI, HUXKHIOK IPAHNIY AJIMHBI BOJHBI MOKHO OLICHUTH M3 BbIpaXKe-
Hus (6.114), xapakrepusytomero npubmoexenue ®paysrodepa. Ilonaras, Hanpu-
Mep, YTO MCTOYHMK HAXOAUTCS Ha OECKOHEUHOCTH, BbIpaxkeHus (6.114) MOXHO
3ammMcaTh Kak

R >a*/\ wma R/a >>a/\. (6.144)
KomOunupys 3T HepaBEHCTBa C IEPBbIM U3 paBeHCTB (6.143), nonyuum
rY%a > 1, (6.145)

T.e. TIPW JUTMHAX BOIH YIOBIETBOpsIOImMX Tpubnmkenuto Ppayrrodepa, pamuyc
IJIaBHOTO MAaKCHMyMa 3HAYMTEIHHO MPEBBIMIAET PaiuyC AMCKA @. 3aMEeTHM, TaK-
e, YTO MOCKONbKY MCTOYHMK HAXOAUTCS Ha OECKOHEUHOCTH, KOHMYecKas Io-
BEPXHOCTb (puc. 6.7, 6) BBIPOXKAAETCA B LIAIUHPUUECKYIO IOBEPXHOCThL pajuyca
a. CoOTBETCTBEHHO, TpaHMIa TJIaBHOI 30HbI HAXOAUTCA JANEKO 3a Mpefienamu
9TOM IOBEPXHOCTH 1 MPEfebHbIA cinydail (A — 0) He HabmogaeTcs.

Yro6b! M3y4nTh TOBEEHNE MU(PPAKIMOHHON KApTHHBI HA MEHBIINX JJTMHAX
BOJIH, HEOOXO[IIMO HCIIONB30BaTh O0Jiee TOUHOE MPUOMIKEHne, MO0 YHCICHHO
MHTETPUPOBATh HEMOCPEACTBEHHO BbIpaxkeHue (6.97).

TUOPAKIINSA ®PEHEA

PaccmoTpuM Teneps npuOnukeHue, KOTopoe HasbiBaeTcs Aucppakuuein $pe-
Hels U IpU KOTOPOM, B OTIMUYME OT NpPEAbIAYIIEro cydas, dynkuus f(E, 1) 3a-
MEHSETCsl IEPBLIMU [BYMs WIEHaMHU B pa3noxenuu (6.109). 3To o3HayaeT, 4TO
MBI TpeAmnoNaracM KBajjpaTHYHOE M3MEHEHHE (ha3bl BTOPUUHBIX BOMH BOIb IO-
BEPXHOCTH S, KOHEUHO, TaKoil NOXON TaKXe ABIACTCS NPUOIIKEHHBIM, OJHAKO
OH MO03BOJISET U3y4aTh Aupakuuio B Oonee OMM3KUX K 3KpaHy TOUKAX M IpHU
MEHBIIHUX JUTMHAX BOJIH.

[Tepemvmem Boipaxenue (6.107) B Bupe

U@p) =B(C +1iS), (6.146)
e
B=-A ic;sa e”;(::R') (6.147)
1

C =f008[kf(2m)]d§dﬂ,
SQ

(6.148)
S =fsin[kf(§m)]d§dn-

So
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Kak u panee, Mbl IpefnonaraeM, 4To MOBEPXHOCTb S, IIIOCKAsl, @ TOUKU p U P,
HaxopsaTcs Ha ofHo#l mpsMoil. IlycTh Takke OCh X pacrmoioxkeHa B IIIOCKOCTH,
00pa3oBaHHOI MPAMOH pp, 1 ockio z (puc. 6.7, 2). Torma, KaKk 3To ClIefyeT u3
topmyasl (6.103),

ly=lamy=m

W, CIIeJIOBaTENbHO, JIMHEHHbIE YleHbl (pyHKIuN f(E, 1) obpamatorcs B Hyab. Kak
BUJIHO 13 puc. 6.7, 2,

I=1,sind,m=my,=0,n=n,cos d, (6.149)

r7ie O — Yol MEXJy IPSIMOM pp, A OCBIO Z.
CoOTBETCTBEHHO, IS (PYHKIMK

f(E’ "'1) =f2(§3 "'1),

onpefiessitoIeiicst BipaxkenueM (6.111), nomyunm

fEM) = é [(Ril + %)(EZ +n’)- (RLI + %)Ezsinzé]

fE, )——(—+ )(E cos’d + ). (6.150)
2\ R R

1

Jines

Taxum 06pa3zoM, B paccMaTpUBaeMOM NpUOIMKeHH MHTerpanbl C U S 3auchl-
BAKOTCS KaK

C= fcos[ ( ) (E*cos’d +m’ )]d‘?g‘dn
S(‘
. (6.151)
= (sinl B + L) (e2cos? 2
S—!;s1n[k(Rl + R)(E cos’d + 1 )}d&dn.

Yro0Obl yIpoCTUTh U3ydeHHE AUGPAKUUA B OJHOM OTHOCUTENIBHO HPOCTOM, HO
MHTEPECHOM CIIy4Yae, Mbl BBEJIEM HOBbIE IEPEMEHHBIE

Ty = E(l+i)§200s26

2 MR, R
u (6.152)
_V2 = E L + _) 2
)\(Rl R N
Orcrona
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Ecosé

(6.153)
- [2(L, 1
B \}k(Rl +R)n'
Brinonnsst onepanuto ucdepeHIupoBaHus, oYUM
= %(RL+%> cosd dE,
1
- (2,1
dv = k<Rl +R)dn
u
dEdn=t v (6.154)
2(1 1
(— +—) cosd
R, R
[MopcranoBka Beipaxkenuii (6.153) — (6.154) B hopmyay (6.151) paer
C= bfcos[ﬁ(u2 +Vv?)|dudv
S, 2
u (6.155)
S = bfsin[ﬁ(u2 +Vv?)|dudv,
S, 2
e
A
b=— N (6.156)
2(L + i) cosd
R, R

a S, 00603HayaeT HOBYIO IUIOLIA/Ib MHTETPUPOBAHUS B IJIOCKOCTH KOOPAMHAT U U
V.

JlanbHeme ynpoIeHns BO3MOXHbBI B TOM ClIyyae, KOrjia IIOBEPXHOCTh S, sB-
JIAETCA NIPSIMOYTOJIBHUKOM CO CTOPOHaMM NapalJICIbHbIMUA KOOPANHATHBIM OCIM u
u V. [Ins atoro cnydast Mbl 6yfieM HCTIONB30BaTh TOXKECTBA

cos| Z(u? +v?)| = cos{E uz\‘cos(zvz\ —sin(£ uz\sin(ﬁvz\,
2 \27) \2" )

\27 ) \27 )

—sinf Zu ) cos! Ev2) 4 sinl v cos! Eu?)
STl e S A S b Pl

sin[ (u* +v?)
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HUHTEI'PAJIBI ®PEHEIIA

‘Yxa3aHHble COOTHOIICHUS MO3BOJISAIOT BbIpasuTh ¢yHKImE C 1 S B (6.155)
yepe3 unTerpansl Ppenens

Y

- (
L(y)=[cos;—
[
u (6.157)
v
N(y)= dr,
fonts

KOTOpbIE MOKHO YacTO BCTPETUThb B Pa3NMYHbIX 3ajlauax, CBSI3aHHBIX C AM(ppak-
ei.

O6e mpuBeaeHHble (PYHKIMH, Takxke Kak 1 (yukuun beccens u Jlexanppa,
SBISFOTCS TIPUMEPAMHU CTIeNMANbHBIX (QyHKImA. OmnuieM KpaTKO HEKOTOpbIE W3
HX CBOWMCTB.

HpC)KJIC BCErO, pa3naraﬂ nx HO)ILIHTGI‘pEUIbeIe Bblpa)KeHI/Iﬂ B CTCIICHHBIC pH—
M6l ¥ MHTETPHUPYS 3aTeM KaX[blil U3 WICHOB pAfia, MOJTyIAM

L(y)=y[1— e 2\ ! /£Y2\4+”W

2s\2 ) Tl )

I SN WL A N L
N(Y)_Y[m\zY) Tar\2!) 5'“\2Y} ]

Jlerko yBUAETD, YTO JaHHbIE PSAbI CXOAATCS NPH JIOOOM 3HAUEHUHU Y, OfHAKO VIS
BBIYMCIUTENbHBIX LNl UX YIOOHO UCIONb30BaTh, KOIMa Y OTHOCUTENBHO MAaJIo.
Ecnu 3Hauenne y Benuko, 06a HHTErpaia MOXHO Pa3IOXUTh B Psif| 1O CTele-
HSIM BEJIMUYMHBI, 0OPaTHOI Y.
Hnst aToro npepcraBuM (PyHKIMIO L Kak

L(y) = L() ~ L,, (6.158)
e
L = fidsm(%rz). (6.159)
Y

HHTer‘pHpOBaHIer 110 9aCTdaM JacT

©

/ (E ) "(57)
sin T © sin Y *®
L= + ]f 12 sm( ) dt=-—2 L 1 ldcos(%tz).
. E
v

T
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Takum o6pa3zom,
— L(0)+ Lgin/ Ty2) (72
L(y)=L( )+m{sm\2y) \zt).

CHOBa BBITIOJTHSIS Onepalvu pa3jioKCHUs B pAl 1 UHTETPUPOBAHUA, ITOJTYINM

L(y)= L(w)——{P(y)cos/ v2) — Gy )sinf Zy2) (6.160)
2" ) SR
e
P m{_z_ (:cv32)53 * 1.(;52‘)75.9 )
u 6.161)
oy)=1-—12 137

W (m?

Ilo anamorun nmeem

N =N -+ [P(Y)sm<—y2\ +0(y)cos! Zy2) 6.162)

) 2" )

Tenepb HEOOXOAMMO HANTH 3HAYEHNST WHTETPATOB L(o0) n N(). UToObI penmrsh
3Ty 3a/ja4yy, COCTABUM CYMMY

L(o0)+iN () ={cos(§t2) dt+ l[sin(%tz) dt

NN
L(0) +iN () =fel(2t )ar. (6.163)
0
[Tomaras

a=i

D |a

)

MbI IIPUXOJIUM K XOPOLLO U3BECTHOMY UHTerpainy Jlamnaca

0

—ot? 1 -
fe o dr=—\/£,
2 Va

0
Orcrona

l/n 19“2 i

LEY+IN ) =y = 5 oy
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ITockonbky

=S (1+i),
V2

Hony4aeM
L(®)+iN(®)=(1+1)/2.

Takum 06pa3om, B IpefieIbHOM clyyae MHTerpaibl Pyphe paBHIOTCS
L() = 1/2 1 N() = 1/2. (6.164)

a IIpU JOCTaTOYHO OONBIINX 3HAYEHUSIX Y 3TH MHTErpalibl MOXHO OLEHHUTb, BOC-
nonb30BaBIKch opmyiamu (6.160) — (6.161). Boipakenus (6.161) sBrstoTcs
THIUYHBIMA IPUMEPAMU PACXOMSIUXCS (ACUMITOTHIECKUX) PSAJIOB, OrpaHMYEHHOE
YHCIIO YWIEHOB KOTOPBIX O0ECHEUMBAET JOCTATOUHYIO TOYHOCTDh, OHAKO NAJbHEN-
ImIee YBEJIMYEHUE YHCIA MCMONB3YEMBIX WIEHOB psfia IPUBOJUT K YBENTMYECHUIO
OIIMOKY aNIpOKCUMALNH.

Ha npakTuke pas3noxeHue Kak B CTENEHHON, TaK U B aCUMITOTHYECKUI P
TI03BOJISIET OLEHUTh MHTErpaibl Pyphe ¢ XOpolLIel TOUHOCTBIO.

OTMETHM €lle OHO HHTEPECHOE CBOWCTBO 3THX (DYHKIMH, CIEAYIOLIEE U3 UX
onpepenenus (6.157), a UMEHHO

L(y) = -L(=y) 1 N(y) = -N(-). (6.165)
IU®PAKIINA ®PEHEIA HA NPAMOJUHENHOM KPAE

ITpennonoxuM, 4YTO SKPaHOM SIBISIETCS NONYOECKOHEYHast IIOCKOCTb M OCH X
¥ Z CHCTEMBI KOOP/JUHAT HANpAaBJIEHbI MEPNECHAUKYISIPHO Kpato aKkpaHa. [lepBuy-
HbIIl HCTOYHUK ¥ TOYKA HAOJIOfEHUs HAXONATCA HA OCH z, a MOJIOXEHHE Havana
KooppuHaT O XapaKTepU3yeTcsl PacCTOSHUEM X OT Kpast 3kpaHa (puc. 6.8, a). Ha-
IIa 1{eTb COCTOUT B TOM, YTOOBI H3YUUTh, KaK BefieT ce0sl (DYHKIMS UHTEHCHBHOC-
TH [ IpY pa3/IMYHbIX 3HAYECHUAX X.

OueBufiHO, UTO 00€ KOOPAUHATEI § U 1| TOYEK, PACIONOXEHHBIX B 00IacTH
VIHTETPUPOBAHNS, U3MEHSIIOTCS B IpefieNax

—0<E<SXU—0 <N <o
1, Kak cnepyet u3 (6.153),
—0 <U<Y, -0 <V <o,

Ime

y = %(Rl+%>xcosé (6.166)
1

a O 0003HaYaeT yrom Mexpiy OpsMol pp, U Ocblo z. B JaHHOM YacTHOM cilyuae
d=0.
Wuterpanst C 1 S 3alUCbIBAIOTCS KaK
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—> " Oceemennan
— 1 30Ha
— | Bmopuunvie A
—> | ucmouHuku
............ P
——
— 3ona
— meHu P,
—
—_
¢ Ikpan
Vi,
1,2 (\
' [\ AN
08 ARVA'AL
0,6 //
04
02 1/ Puc. 6.8. Tlonoxenne nomybeckoHed-
HOTO 9KpaHa (a); OCBELIEHHas 30HA M
0 pz/ ) fj[ 30Ha TEHHU; BTOPUYHbIE WCTOYHKKH (0);

mucpakuust PpeHens Ha IpSMOM yrie

(8
Y o
_ (702 cosl v —sinl 02 cos! T2 )
C—b:’;du:’;{cosbu }cos\ZV) sm\2 / \ V/ dv (6.167)
u
Y
- il 02 cos/ Ty2) (7 2) cosl Ey?)
S—bidui[sm\zu} \ZV/+cos\2u }cos\zv} dv
B cootBeTcTBUE C q)opMyJIaMM (6.164) — (6.165), umeem
Y
z\ 1
fcos dt = :[,‘{ 2+L(y) (6.168)



Takum xxe 00pa3oM nomyyaeM

fsm 2\d17——+N(Y)

CnenoBarenbHo, BbIpaskeHus (6.167) 3aMUCHIBAIOTCS TeNeph Kak

pll L V(1 \
h e L) - {2 +wa]

(1 V(1 \
S-= bh e L))+ {2 +wa}

Takum 00pa3oM, HHTETPUPOBAHKE BJOJb MOMYINIOCKOCTH CBOJUTCS K BBbIYHCIE-
Huto pyukumil Ppenend. Kak cinenyer u3 popmyist (6.146), pyHKIMSI MHTEHCHB-
HOCTH PaBHSIETCS

1=BXC*+ 5%

il
I=1F,
e
I, = 4b°B*
u
= /l+L(y)\2+(l+N(\()\2 . (6.170)
\2 ) \2 )

IMocnennsist hopMyna OMUCHIBAET, MO CYLIECTBY, PE3YIbTUPYIOIIYIO BOJHY, Bbl-
3BAHHYIO NIEPBIYHBIMU HCTOUHUKAMH, PACIOJIOKEHHBIMA HA OECKOHEUHOCTH, KaK
N0Ka3aHo Ha puc. 6.8, 6. B aToM cnydyae BTOpUUHBIE HCTOYHAKM UMEIOT OfIMHA-
KOBBIE aMIUTATY/BI 1 (pa3bl.

IToBenenue pynkunu //1, noka3ano Ha puc. 6.8, 6 U SBIAETCS SIPKONl AEMOH-
cTpanueil aghexra JII/I(bpaKHI/II/I 3ameTuM, IpexXae BCEro, YTO €CU TOYKA Ha-
OnMIojieHus p, HAXOJUTCS B “OCBEILICHHON” 30HE, TO C YBENTHYEHUEM PACCTOSIHUS OT
Kpas 9KpaHa OTHOIIEeHNE ///; aCHMITOTHYECKH CTPEMHUTCS K EUHUIE, XOTS 1 OC-
LWITHPYOMUM 00pa3oM.

B Touke p,, oTHOCAIENICS K Kparo 3KpaHa, HHTEHCHUBHOCTb PABHSAETCS

I, = 0,25.
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CoBeplLeHHO [pyrast KapTUHA HaOJIOfaeTcsd B 30He “TeHH”, TJie 0 Mepe yBeJye-
HUS PAcCTOSHUSI MEXAY TOYKOW P; M KpaeM 3KkpaHa (pyHkiud I/l, mocreneHHO
y™meHblaercs. Kak cinegyer u3 hopmyisl (6.166), ¢ yMEHbIIEHUEM JATAHbBI BOIHBI
NIEPEXOMIHAS 30HA MEXNY “OCBEICHHON” U “TEHEBOU” 30HAMHU CTAHOBUTCS BCE yXKeE,
U B IIpefielie ee IUpUHa CTpeMUTCs K Hy 0. ClieflyeT 3aMeTHUTb, YTO, HECMOTPSI Ha
TO uTO Teopus Kupxroga chpaseqmBa TONBKO B Ciyyae OTBEPCTHSI KOHEUHBIX
pa3sMepoB, NPE/ICTABIEHHbIE 3/leCh PE3Y/bTaThl HAXOMATCS B XOPOLIEM COOTBETCT-
BUHU C 3KCIEPHMEHTAIbHBIMY JAHHBIMIL.

6.5. ©OPMY/JIA T'EJIbMI'OJIBIA - KUPXTO®A

Panee mbl BbiBemu opmyny [enbMroibua, KOTOpas YCTaHABIMBAET CBSA3b
MeX[y KOMIUIEKCHO aMIUIMTYAO! MOTeHIaa CTAiOHAPHOH BOJIHBI B HEKOTO-
poii Touke o6beMa V 1 3HaueHusME 370l (pyrkmu U u ee mpomsBopHon dU/dn
Ha nosepkiiocty S ranHOro o6seMa (puc. 6.3, @). CormacHo (6.61) 3TO BbIpaxe-
HUE 3aMMChIBAETCS Kak

_ 1 [e"® U@ o) _ 9 (™)

U(p)—‘mZ - P u(g, w)ank - J ds, (6.171)
e R - paccrostare MekIy TOYKOH HAOMIOAEHNSI P M TOYKON (J, PACMONOKECHHOM
Ha NOBEPXHOCTH S, a €IUHUYHBIN BEKTOP N HAIpPaBIeH BO BHELIHIOIO CTOPOHY OT
o0beMa.

3ameTHuM, 4TO, €CIIi TOYKA P JIEKUT BHE NMOBEPXHOCTH S, TO BHYTPH oObeMa

V 0cO0EHHOCTH OTCYTCTBYIOT, M UHTErpall B IpaBoli yacty (6.171) obpamaercs B
HyJIb:

U(p) =0. (6.172)

Kak mbI yke 3HaeM, BbipaxeHue (6.171) urpaeT ype3BbIYaiiHO BAXXHYIO POJb B
U3y4EHUH OCHOBHBIX CBOVCTB JU(PPAKIUU BONH.

B nanHOM paspmene Mbl mokaxkeM, uTo opmynbl (6.171) — (6.172) MOXHO
TaKXe UCMONB30BaTh, BO-NEPBBIX, /ISl TOMYYEHUS aHAIOTUYHBIX COOTHOLICHUH B
cllydyae HECTAIMOHAPHBIX BOJH M, BO-BTOPBIX, KaK TEOPETHUECKOE OOOCHOBAHUE
npuHuyna ['roiireHca — @penens.

OOPMYJIA KHPXTO®A
JInst pelieHyst IepBOi U3 MOCTABIECHHBIX 3a/ja4 UCIOJb3yeM HHTerpal Pypoe:

U(p, t)= ;—n}U(p, w)e tdo . (6.173)

IIpexne Beero, npopudepeHIpyeM BTOPOI WieH, CTOSIKA B CKOOKaX MOMbIH-
TErpanbHOro BbIpaxkeHus (6.171). B pesynbrate nonyunm
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U — 1L g[eMRVU@ @) _y T
(P, ®) 47:536[ R an (g, w)e! an R

_U(g, w)%e”‘R Z—ﬂds. (6.174)

Hanee, npumenss npeoOpasoBanue Pypbe U MeHsisl NOPSAAOK UHTETPUPOBAHUS B
NpaBoii 4acTu BelpaxeHus (6.174) , umeeM

an

—o0

P Ciotg ey L el 10U ©) int-R/c)d
_wa(P, w)e dw—MﬂRf e 9dw

7 cina-r/e) 0 L g _ LR Lo -i(-R/c)
LU (g, m)e po dw o LI . U(g, w)e dw|dS. (6.175)

W3 dopmynsl (6.173) cnepyet, uto

oU 1 2 —iwt

& = (iU (p, w)edw.

2 [P )
CnenoBaTenbHO, cooTHOMIEHNE (6.175) Mocne yMHOXeHnsI Ha Koadduiment 1/27w
3alULIeTCs] KaK

_ 1 f1eu@t) 91,1 0U@t) oR 1
U(p. b 4n£ R an U, tl)an R * cR ot  on ds, (6.176)

e
t, =t-R/c. (6.177)

Beipaxenne (6.176) naszbiBaeTcs dopmymnoil Kupxroda n mokasbIBaeT, 4To To-
ternuan U(p, t) B MpOM3BOIBHBIN MOMEHT BPEMEHH t 1 J171s J1t000i TOUKH P 00b-
eMa V ompeyiensieTcsl 3HaUCHUSIME 3TOH ke (DYHKIMM Ha MOBEPXHOCTH S, a Takxe
ee mpon3BofHbIMI dU/dn u dU/dt B mpenpIaylme MOMEHTHI BpEMEHH. 3anasfibl-
BaHMeE 10 BpeMeHH At = t-t; = R/C 3aBUCHT Ipy 3TOM OT paccTosiHusl R 1 cKopo-
CTH C.

Boipaxenust (6.173) u (6.176) SBISIOTCS, MO CYIIECTBY, hOpMynaMu, Tpef-
CTABJISIFOLIMMH, COOTBETCTBEHHO, CHHYCOMJAJBHBIC M HECTAAOHAPHBIE  BOJHBI.
OHH ONMCHIBAIOT COOTHOIIEHUE MEXJY BOJHOBBIM IOJNEM B HEKOTOPOH TOUKe
BHYTpH 00'beMa 1 3HAUEHUSIMH 3TOTO MOJISl HA TOBEPXHOCTH JAHHOTO 00'beMa.

VIMeHHO MO3TOMy 3TH BBIPAKEHMSI UIPAIOT TAaKyKO BaXKHYIO pONb B TEOPHH
BOJH. B yacTHOCTH, 3TH (DOPMYJIBI JIEXKAT B OCHOBE HEKOTOPBIX METOJIOB CEHCMHU-
Yeckolt Murpanui. iHTepecHo OTMETHTh, 4TO BhIpaxkenue (6.171) ObuI0 TIEpBO-
HavyanbHO BbiBefieHO [enbmrombiem. Ilocie atoro Kupxrod cHoBa mnomyumn
copmyny (6.171), a Takke BbIpaxenue (6.17, 6), omuchIBaroliee HecTalloOHAP-
HbIE BOJIHBI, ¥ CTIOIb30BAI UX [T U3yYeHUs AUPaKIHK CBETA.
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OG6cyuM Tenepb CMbICH MOJbIHTErPaTbHBIX BbIPAXKEHHH, CTOSLIMX B yKa3aH-
HbIX (popMynax. DT BbIpaXeHHs IPUHATO HHTEPIPETHPOBAThH KAK CYMMY 3JIEMeH-
TapHbIX Cc(hepUUECKUX BONH, BbI3BAHHBIX MCTOYHMKAMH, PACIONOXEHHbIMH Ha
noBepxHocty S. Tak, Hanmpumep, 13 hopmynbsl Kupxroga cnenyet, 4To 3HaueHHS
BOJIHOBOT'O 110711 BHYTpU 00beMa V B MOMEHT BpeMEHH ! OIpENeNstoTcs CUIION
HCTOYHUKOB B NIPEMbIAYIME MOMEHTBI BPEMEHH.

COEPUYECKMUE 3JJEMEHTAPHBIE BO/JTHbI

Paccmorpum reomerpuio u (pu3MUECKUHl CMBICT BOJH, BBI3BAHHBIX 3JIEMEH-
TapHbIM HCTOYHUKOM. JIJIs1 3TOr0 MOXKHO BOCIIONB30BaThes Kak opmynoit Kupx-
roga, Tak u opmynoil ['eTbMronbua, OfHAKO 371€Ch Mbl PACCMOTPUM TONBKO
ciy4Jalil CTaMOHAPHBIX BOJH.

[MoppiaTerpanbHoe Boipakenne B (6.171) mpencTapisieT coboit CyMMY JIBYX
YWICHOB:

_ U e®
A = PR (6.178)
u
ikR
A, =_U () 1
,=-U anL = } (6.179)
[MocnenHee BbIpaXkeHWe MOXKHO 3aMACATH KaK
ikR
A, =U 2 1
) UaRL = Jcosw, (6.180)
e
cosy = dR/an, (6.181)

a1 — Yrolx Mexpay paguyc-BeKTopoM R ¥ eMHMYHBIM BEKTOPOM N (CM. pHC.
6.9, a).

CornacHo (6.178) — (6.179) KaxIbIil 31eMEHT NOBEpPXHOCTH dS BbI3bIBAET I1O-
siBiieHUe B 00beMe V [1ByX cpepuyeckux BoaH. OnHa U3 HUX, omucbiBaeMast (hyHK-
e A, saBisieTcs cheprueckoil BOMHOM, aMIUIMTYAA U (ha3a KOTOPOH OCTarOTCS
NOCTOSIHHBIMHU Ha chepe S, ¢ IEHTPOM B Touke . B To e Bpems BTOpasi BOIHa,
3afaBaeMasi BbIpaxxeHueM (6.179), sisiercst cepuyeckoil BOJIHON JPYroro TUIA.
Ee ¢azoBas IOBEPXHOCTb, KaK U B IPEABIIYILEM CITyuae, sBseTcs cepoil, ofHa-
KO aMIUIUTYJ}A BOJHBI HA STOH MOBEPXHOCTH U3MEHSETCA B 3aBUCAMOCTH OT YINa
. ITockonbKy IOBEPXHOCTH O0EUX BOJIH SBJIAIOTCA chepaMul, UMEIOIMME OOt
LIEHTP B TOYKE §, CyMMa 3THX 3JIEMEHTapHBIX BOJIH TaKXKe SBISETCS CPepruIecKoit
BonHoil. HakoHnen, xak cnefyer u3 (6.171), nonHas BOJHA SBISETCS PE3yIbTATOM
CYNEPIO3HIIH 3NEMEHTAPHBIX C(hEPUIECKUX BOJIH.

CyMMHpYs, MOXKHO CKa3aTb, YTO MCTOUHHMKH DACIpEfENSIOTCS TaKUM 00pa-
30M, YTO OKa3bIBAOTCS BHITOJHEHHBIMY CIIEYIOLIME YCIOBHUS.
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1. Kaxplii 37IeMEHT IOBEPXHOCTH S MOPOXKAAET chepUUEcKYIO BOJHY.

2. IlonHyro BONMHY BHYTPH 00BbeMa V MOXHO paccMaTpuBaTh KaK pe3yJbTaT
nHTep(epeHLIH 3JIeMEHTApHbIX BOIH.

3. Kak cnegyer u3 Bblpaxenus (6.172), pe3yabTHPYIOIMI NOTEHUHMAN, IMO-
POKIEHHBI UCTOYHUKAMU HA IIOBEPXHOCTH S, PaBHETCS HYIIO BHE oObeMa V.
OTOT (haKT MOXKET CYKUTh OKA3aTENbCTBOM TOTO, YTO BOJHBI B OJHOPOIHOM
Cpefie He pacnpOCTPAHSIOTCS B CTOPOHY NIEPBUYHOIO HCTOYHHKA.

Ham ananu3 ocHoBbIBasics Ha Ucnmonb3oBanud Gopmya (6.171)—(6.172), on-
HAKO, KaK YK€ OTMEYAllOCh PaHEe, aHAJOTHYHBIA PE3YIbTaT MOXHO IOJYYHTb,
ucxops u3 opmyist Kupxrodga (6.176).

BTOPUYHBIE UCTOYHUKHN

B o0enx paccMaTpuBaeMbIx (hopMynax MPENoNaraeTcsl, YTo CYLIECTBYIOT BTO-
pUYHbIE UCTOYHUKY ABYX TUIOB. VX MOSBIEHHE CBSI3aHO C TEM, YTO PaclpocTpa-
HEHMe BOIIH CONMPOBOXKAaeTcs Aehopmanyeil U ABIXKEHUEM cpefibl. Teneps, ocHO-
BbIBASICh HA MOHSATHU MCTOUHMKOB, MBI CHOBA BbIBefieM popMyiy [erpmroibia.
Bocnonb3yemcst A7 9TOr0 COOTHOIIEHHUSIMU ME3K/Y BOJTHOBBIMU MOJISIMH M TIOTCH-
LUANOM, T.€.

Wy

at

u (6.182)
P

0=divs=LY ymm 0=-__,
o2 at oc?

v=grad U, P=—p

T7Ie V — CKOPOCTh YacTHIIbL, O — Amiatamysi, P — BEI3BAHHOE BOMHOH M30BITOTHOE
JIABJICHAE.

Kak 0b110 mOKa3aHo B IJaBe 5, MOTEHIHANl 3JEMEHTApPHOrO chepruyecKoro
MCTOYHHKA OTpefeNseTcs KaK

u(p, t)=%f(t—%). (6.183)

3peck f(t - R/C) = cosw(t — R/c). CoOTBETCTBEHHO, CKOPOCTD YACTHI]

Vg = dU/OR

paBHsieTCs
LUefi RY_ 1 efi R)
_ LRV Ll R
Ve RZ U ¢/ re U ¢)
win
- anflf_ RV _ 4R o R)
4nR vy 4J'l:f\t :) ; f\t o) (6.184)
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JleBasi 4acTb 3TOr0 paBEHCTBA OIMUCHIBAET CKOPOCTb, C KOTOPOWl CpEfa ABUXKETCS
4yepe3 MOBEPXHOCTb, OKPYKAIOLIYI0 HCTOYHHK.
B mpepene R — 0 umeem

47 R*vg — — 4z f(1). (6.185)

ITo aroit npuuune pysKumto f(t) ecrecTBeHHO Ha3BaTh CHIOH MCTOYHMKA, TO-
CKOJIBKY C TOYHOCTBIO 10 MHOXKHTEIS — 47T OHA PaBHAETCA KOMMIECTBY KHUAKOCTH,
TIPOXOMAIIEH Yepe3 MOBEPXHOCTD 3a CAMHUIYY BPEMEHN, NP YCIOBHH, YTO IUIOT-
HOCTb P paBHa efuHuIe. OYeBUAHO, YTO TAKOH THI HCTOYHNKA MOPOXKAET OfHO-
PORHYIO chEPUUECKYIO BOIHY.

B Hamem ciyyae, Korja cpefia IBIKETCA BHYTPb 00beMa V depes aleMeHTap-
HYIO IIOBEPXHOCTH S, CHiTa NCTOYHMKA CTAaHOBUTCS PABHOM

v,dS

f(t)= - 4x

wm f(t)=-19Ygs, (6.186)
47 an

Cpasuenne BeIpaxennit (6.184) u (6.186) moKa3bIBaeT, YTO KOMIIOHEHTA Vi 3a-

MEHSIETCS HOPMaNbHOI KOMIIOHEHTOH V,, , @ TOBEPXHOCTH C(Hephl — NEMEHTapHOM

noBepxHOCTBIO dS. CrefoBaTenbHo, NSl CHHYCOMAANBHBIX KONeOaHui KOMILIEKC-

Hasl aMIIIATYy/Aa cepIIecKoil BOIHBI, BHI3BAHHON 3TAM 3JIEMEHTApPHBIM UCTOYHH-

KoM (puc. 6.9, a), ecTb

Loy (6.187)

4w on R’ '
YTO COBIAJAET CO BTOPHIM WIEHOM, CTOSIIAM B CKOOKax BbIpaxkeHud (6.74).

Panee 66110 OTMEUEHO, YTO BOJIHA, PACIPOCTPAHSIONIASICS Yepe3 MOBEPXHOCTh
S, IPUBONT K MOSIBIEHUIO CIEAYIOMINX ABYX 3(pheKTOoB:

a) TIOSIBJICHHIO MIOTOKA BEIECTBA Yepe3 OBEPXHOCTh dS;

0) U3MEHEHUIO TaBICHMUSI.

B cuny nepBoro agpekTta npocrefimme MCTOYHAKY TOSIBISIFOTCS BOMU3U 1O-
BEPXHOCTH S.

PaccmoTpum Teneps, Kak 3apoKAaroTCcS W AEHCTBYIOT HCTOYHUKH BTOPOTO TH-
na. Cornacuo (6.182), KOMIUIEKCHAs aMIUTUTY/Ia W30BITOUHOTO JIABIECHUS ONpEfie-
JIIeTCS U3 PABEHCTBA

P=—p% P =iwp U. (6.1838)

Ortcrofa KOMIUIEKCHAs aMILTATY/IA CUJTbI, ISUCTBYIONIEH Ha aeMeHT dS, ecTh

dF =iwp U ds, (6.189)
¥ Hallla [[eJTb COCTOUT B TOM, UTOOBI ONPEICTUTD BOJIHY, BEI3BAHHYIO CHIION

dF =Re(i U e™Yo p dS. (6.190)

YroOsl uccnenoBaTh 3¢ppekT AeACTBHS 3TOH CHIIbI, PACCMOTPUM CIEMYIOLIYIO 3a-
nauy. [Ipegnonoxum, 4To, B OTIMYUE OT HPEABIIYIUX CIy4aeB, 3ajaHHas BHEL-
Has cuwna F pacnpenenena BHyTpu o6bema V). Tora, Kak 910 cIefiyeT u3 BTOpPOro
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Puc. 6.9. Wnmocrpanust opmyi (6.179) — (6.181) (@); akycTHdecKuil AUMOIE (6); TPUHIIIT
Troiirerca iyist ITOCKOH, ChepUIeCKOit i MPOU3BONLHOI BOJHEI (8, 2, 0)



3aKOHa HI)IOTOHH, YPaBHCHUC IBUKCHUSA YaCTHULbI, HAIIPUMED, BIOJIb OCH X 3allu-
CbIBACTCs CIIEAYIOLIINM 06pa30M:

m& _ _PAV L F, pAV, (6.191)
ot X

e AV — anemeHTapHblil 00beM; p F, AV — X-KoMnoHeHTa cuibl F:
F=Fi+F,j+F,k. (6.192)

3necsh F — cuna, fieiicTByIomas Ha eJUHAUIY MacChl.
YuutbiBast ypaBHeHue (6.182), BMecto (popmyisl (6.191) nmeem

IVy 2 90
<X ="+ F. 6.193
at ax X ( )
AHanornyso,
6Vy 590
Y == +F 6.194
p ay+ Y (6.194)
u
V. 2 00
—z=c*Z+F,. 6.195
at P (6.195)

Hucdepenmmpys kaxmaoe u3 ypaBaennit (6.193)—(6.195) coOTBETCTBEHHO MO
X, Y ¥ Z, a 3aTE€M CKIaJbIBas MOJIYYMBIIUECS BbIpAXKEHUSI, UMEEM

220 _ cov20 4 div F,
ot2
e
divF=%+%+%. (6.196)

COOTBCTCTB@HHO, TIIA CHHYCOHHEHBHOﬁ BOJIHBI HOJIy'-H/IM
V2®+k2®=-l2div F. (6.197)
C

3pech © u F — KoMIIeKCHbIE aMIIUTY/bI AUIaTanuy U cuibl F.

Takum o6pa3oM, pyHKIHESA © SBNSETCS PELIEHHEM HEOTHOPOTHOTO YpaBHEHUS
l'ensMmroneia B o6beme V. IlpucyTcrBue mpaBoil yacTd B ypaBHeHuu (6.197)
IIPENMIONAraeT HaJmdre BHemHel cubl div F/C? B KaXI0# TOYKe BHYTPH JAHHOTO
o0bema. Kak Obu1o mokasaHo B IVIaBe 5, KOMIUIEKCHYIO aMIUIUTYAY AUJIaTaluH,
BbI3BAHHOI TaKUM MCTOYHUKOM, MOXKHO 3aIUCaTh KaK

. ikR
do=9F ¢ gy,
4:(02 R

CIIelIOBaTeJH:HO, HCﬁCTBHe cuibl F MoxHO TNIPEICTaBUTL KaK CYNIEPIO3UINIO BOJIH,
BbI3BAHHBIX JIEMCHTAPHLIMUA UCTOYHUKAMMU. 1o acT
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e- 4;02 [divF (%) dv,, (6.198)
Wi

e

dv, = dx,dy,dz,.
O06beM HHTErpUpPOBaHNS IMEET KOHEUHble pa3Mepsl, a dx,, dy, u dz, o6o3Haya-
10T KOOPJIUHATHI TOUEK BHYTPH 00'beMa. [{pyruMu CIIOBaMH, MbI TOJTYIHIN pellie-
Hue ypaBHeHus (6.197).

ITpuMerUM Teneps CIERyIoIee N3BECTHOE COOTHOLIEHNE M3 BEKTOPHOIO aHa-
nu3a (mpunoxenue 3):

div(pF)=F-grad g+ @ div F, (6.199)
Ime

Q= eikR/R.
Iopcrasnss (6.199) B (6.198), nonyuum

Q=_1

4nc?

. (6.200)

[div(eF )av, -[F “VedV,
Y Vi

Cormnacao opmyne I'aycea — Octporpajckoro,

fdiv(ch )dv, =fch -dS
M S

U, CIIE0BAaTENBHO, BMECTO BbIpakeHus (6.200) Mbl UMeeM

eikR eikR

L\ as)- F -%—dvl}, (6.201)
1 Vi

4qc? S R

r7ie g o003HayaeT Touky oobema V,, u onepamun AucepeHINPOBAHNS U MHTET-
PUPOBaHUS BBINOMHIAIOTCS OTHOCUTENBHO KOOpPAMHAT TOYKU. Ha 3TO ykasbiBaeT
g
HCIIOJb3YEMOE HaMi 0003HaYeHHE V.
Bre ykaszanHoro o0beMa cunbl F OTCYTCTBYIOT, Clie0BaTENbHO, IOBEPXHOCT-
HbIIl uHTErpan B (6.201) oOpamaercs B HyJIb, U Mbl IMEEM

g _ikR
0=--—L_ (F -v&_dv, (6.202)
4J'c02 \{ R :

IMpennonoxuM Temneps, uto cuita F HampasieHa BOMb OCH X U KOHIEHTPUPYETCS
B OKPECTHOCTH Havana KoopauHaT (R — 0) B HEKOTOpoM 00beMe, pa3Mepsl Ko-
TOPOTO Malbl 110 CPABHEHHIO C PACCTOSHUEM [I0 TOUKM HaOmrofieHus. Torma Bmec-
TO 4I€Ha
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MBI MO2KEM HCIOJIB30BATh TOJIBKO €TI0 X-KOMIIOHCHTY
eikR

0
R ox; R~

g
\%

ITockonbKy 00bEM Majl, 3TOT WIEH MOXHO BBIHECTH M3-IIOJ| 3HaKa MHTErpaia.
Takum 00pa3zoMm, MONyInM

ikR
O=--—-LcrF.dv,
4.TITC2 axl R Vi
u F, aBnsieTcs X-KOMIIOHEHTO! noTeHuana F.
B cuny onpepenenust (6.192),
@=-__F 0% (6.203)
4mc?p % R

e F o6o3Havaet cuiy, [edcTBYIONIYIO Ha Maccy o0beMa V.
Yuureisas, uTo

R=\(X-X,+(y-y,) +@-2,),

nMeeM
. eikR o ikR
ax, R ox R ’

0. _oe (6.204)

[NocnenHee BbIpaxKeHue MO3BONSAET ONMPENETUTD MOTEHIMAT BOIHBI, HCTOUHIKOM
KOTOPO¥ CITYXUT CHJIA, CKOHIICHTPUPOBAHHAS B MaJIOM 00'beMe. [IeficTBUTENRHO,
u3 (6.182) cnenyet, 4To

im
0=-2U.

[TopcranoBka aToro BelpaxkeHus B opmyay (6.204) naer

iF 9 R
U= 2e | (6.205)
wé4np X R

B JaCTHOCTH, €CJIN CWJIa HallpaBJIEHA BIOJIb HOPMAJIN N, KOMIIJIEKCHASL aMILTUTYy/1a
NOTCHIMAJIa paBHACTCS
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u-+Foe (6.206)

CpaBuenne ¢ BbIpakeHneM (6.171) mokas3bIBaeT, 9TO BTOPOM WIEH B CKOOKax
OIHKCBIBAET BOJIHY, BBI3BAHHYIO 3JEMEHTAPHON CUIIOH, JCHCTBYIOLIEH HA 3JEMEHT
dS ¥ OpHEHTHPOBAHHON B HANIPABICHUN HOPMAJH M.

Jlerko nokasats, 4To noteHyuan U, 3ajaBaeMblil BbpaskeHueM (6.206), cos-
HafaeT ¢ MOTEHIMATIOM, BbI3BAaHHBIM JIBYMS 3IEMEHTAPHbIMU MCTOYHUKAMH, pac-
MOJIOXKEHHBIMH BIOJb HOpMaId (puc. 6.9, 6), a ciBuUT (ha3 MEXITY HUMH PaBHSET-
cs . CylecTBEHHO NPH 3TOM, YTO PACCTOSHHUE OT 3TOH CHCTEMBI IO TOYKH Ha-
OnrofieHus ropasfo 0OJIbILE PacCTOSHUS MEXAy UcTOuHMKamu. Takasi mapa UCToy-
HUKOB Ha3bIBACTCSA aKYCTUIECCKUM JTUIIOJTIEM.

Cnepnyet 3aMeTHTb, UTO MPHUBEJICHHBIE (DOPMYJIBI CIENYIOT HEMOCPENICTBEHHO 13
BOJIHOBOTO YPABHEHHUS, T.€. OHM OCHOBBIBAIOTCSA Ha (DM3MYECKMX 3aKOHAX M HE
TpeOyIOT HUKAKHUX JONONHUTEbHBIX MPENONoXeHnid. B To e BpeMsl OCHOBHbIE
TOJIOKEHuUs], BbITeKatomme 13 opmyn 'ensmronsina — Kupxroda, Obumi u3Bect-
HbI paHee u3 pesyabratos [roiirenca (1690) u ®penens (1818). K takum momno-
JKEHUSIM OTHOCSITCS CYIIECTBOBAHHE 3NIEMEHTApHBIX ChepuuecKix BOMH C LEHTpa-
MH B KaXJI0i TOYKE BOJHOBOW MOBEPXHOCTH M MHTEp(EpeHIrs] TaKhX BOJH, B
pe3yabTaTe KOTOpo¥ 00pa3yeTcs MOMHas BOJIHA.

YuuTBIBas OCHOBOIOJIATAOIIYIO POJIb, KOTOPYIO MTPArOT NpUHIMIEI [tofireHca
1 $peHenst B TeOpuH BOJH, Mbl NMOAPOOHO OCTAHOBUMCA Ha HUX B CIERYIOLIEM
paspene.

6.6. IPUHITATIBI TIOMITEHCA - ®PEHEJISA

Jnst Toro 4ToObl OMUCaTh MOBEEHUE BOJH, ['TOATEHC BBEN HECKOJBKO MpEN-
TIOJIOXKEHNH, U3BECTHBIX Terepb kak npuHiun [roirenca. Ilpeamonoxum, 4To
HaM M3BECTHO NOJIOKEHNE BOJHOBOW MOBEPXHOCTH B HEKOTODPBI MOMEHT BpeMe-
Hu. Torpa, cornmacHo npuHIuny I'roireHca, KaXjplil 3JEMEHT 3TOH MOBEPXHOCTH
MOXHO paccMaTpHBaTh KaK MCTOYHUK BTOPUYHON cchepuueckoil BonHbl. bBonee
TOTO, B HEKOTOPBIH NMOCIENYIOIMIA MOMEHT BPEMEHU OrMOAroIasi TAKUX JJIEMEH-
TapHBIX BOIIH XapaKTepu3yeT HOBOe MOJOoXeHue (ha3oBbIxX moBepxHocted. [lo cy-
1ecTBy, npuHUuN [roiireHca sBnsieTcs MPaBUIOM, KOTOPOE MO3BOJNSET CTPOUThH
BOJIHOBbIE IIOBEPXHOCTH B pa3iMyHble MOMEHTHI BpeMeHH. B Toil 4actu cpenpl,
KOTOpas SIBISETCS ONHOPOAHOM, pajiychl yKa3aHHbIX BOJNHOBBIX IOBEPXHOCTEN
MOL'YT MMETb NIPOM3BONIBHOE 3HAUYEHHE, TaK KaK CKOPOCTb PaclpOCTPAHEHUs IO-
crosHHas. Ecnm ke cpefia HEOJHOPOJHA, TO PajidyChbl BONHOBBIX IIOBEPXHOCTEN
MOTYT pa3NuyaThcd M YacTO OKa3bIBAOTCA BecbMa ManbiMH. [loMuMO 3TOrO,
toiireHc mpeanonoXun, YTo BO3MYLIEHUS, BbI3BAHHbIE KaxKIbIM M3 3JIEMEHTOB
TIOBEPXHOCTH BOJIHBI, PACIPOCTPAHSAOTCS TONBKO B CTOPOHY OT NEPBUYHOTO HC-
TOYHHMKA. DTO NPENTIONOKEHUE OUEHb BaXKHOE, IOCKONBKY BCEI/ia CYILECTBYIOT JIBE
orubarolue, 1o 06e CTOPOHbI OT BOTHOBOYW MOBEPXHOCTH.
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Takum oOpa3oM, NpuHOMI ['fofir€HCa OCHOBBIBAETCS Ha CIEAYIOLMX TpeX
NPEANONOXEHUSX.

1. Kaxpasi Touka BOJTHOBOH MOBEPXHOCTH SIBISETCS UCTOYHUKOM BTOPUYHON
BOJIHBL.

2. OTH BOJIHBI SBISIOTCS C(HEPUUYECKUMH, a UX OrHOAroLIasl ONpeenseT HOBoe
nojoxeHue (a3oBoil IOBEPXHOCTH.

3. Cynepnos3uius 3MeMEHTapHbIX BOJH B OJHOPOJHOM cpefie He HPUBORHUT K
TNOSIBJICHUIO BOJHBI, IPUXOfSIIEH K IEPBUYHOMY HCTOUHUKY.

Cpasuenne Boipaxkennit (6.171) u (6.176) moka3biBaeT, 4To NMpUHIUN [Foii-
reHca corsacyetcs ¢ popmyamu ['enbmrombia — Kupxroda.

PaccMoTpuM Tenephb HECKOJBKO IPUMEPOB, UILNIOCTPUPYIOIMX 3TOT IPHHIKIL

ITpumep 1: npunnun Croiirenca 1 nockKue BOJIHBI

[Ipepnonoxum, 4To MIOCKas BOIHA PACIPOCTPAHSIETCS BAOIb OCH X (puc. 6.9,
6). Kax Mbl 3HaeM, CKaJpHbIl IOTEHIUAN CKOPOCTH ONUChIBAETCs (hOpPMyYJION

UGx, t) = Aof[a(t—xz)}, (6.207)

a (pa3oBble IOBEPXHOCTH SABJISIOTCS IUIOCKOCTSIMM IApaiielbHbIMU IUIOCKOCTH
YOZ.

[Tycts B MOMEHT BpeMeHH t = t, (YpOHT BOJIHBI XapaKTEPU3yeTcsd KOOPAUHATOM
X = X, UTOOBI ONpeNeuTh ero MonoXkeHne B MOMEHT BpeMeHd t = t,(t > t),
UCIONb3Ys NpuHIUN [fofirenca, ocTpouM B KaxIoi Touke (pa30BOii NOBEpXHOC-
TH (X = X,) cepy pagnyca

R = c(t,-t).
W3 puc. 6.9, ¢ BuHO, uTO Ormbarolas 3TUX BTOPUYHBIX BONH 0OpasyeT ILIOC-
KOCTb X = X;, TJie

X; =X + C(t—1),
4YTO, KOHEYHO, CIEyeT U3 BbipaxkeHus (6.207).

ITo onmpepnenenuto, ha3bl BOTHOBOrO (PpOHTA B OOOUX MOJOKEHUAX NOJIKHbI
coBmayaTh. [IefcTBUTENBHO,

5oty +At-
C C C

XO+CAt—t _X_(J
—=1, .

t -

IIpumep 2: npunnun I'oiirenca u crepuyeckue BOIHbI

ITpeanonoxum Tenepb, YTO BONHA SIBISIETCS C(hepUIECKO:

U, t) = % f[a/t _R) (6.209)

e/

nB HCKOTOpLIﬁ MOMCHT BPpEMCHU t= t() HaM HM3BCCTHO IIOJIOKCHHUC (1)3301301?1 I1o-
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BEPXHOCTU S, U, B YACTHOCTHU, NONOXEHUE BOJHOBOrO (ppoHTa (pHC. 6.9, 2).
YToO0b! ONpeAENUTh €ro KOH(UIYpaLiio B MPOU3BOJbHbI MOMEHT BpeMeHH t, >
> 1, UCIOIB3ysl NpUHIKN ['IOfTeHca, HAPUCYEM CHOBA SJIEMEHTAPHBIC BOJIHBI C
TEM XK€ PaflyCcoM

R =c(tty,

TaK, YTOOBI UX LEHTPbI HAXOAMIKUChH HA MOBEPXHOCTH S,. ITOCKONMBKY cpefia ofHO-
pOfHasi, MOXKHO 3aJiaTh NPOU3BOINbHBIA pajuyc R u mony4uTh nosnoxeHue ¢aso-
BOH TOBEPXHOCTH Ha JIF0OOM PACCTOSIHUH OT TOM, UTO ObliIa BHAYAIE.

O‘{GBI/IHHO, 4TO B CHJY CHUMMETPHUU q)a303a51 MOBEPXHOCTb BCIONY SBIISACTCA
ctheprueckoit. OHAKO hopMa ITON MOBEPXHOCTH MOXKET M3MEHSATHCS, €CIH Tia-
paMeTpbl Cpefibl HE OCTalOTCs MOCTOSHHbIMU. Hampumep, ecnu cKOpocTh UMeeT
pa3InyHble 3HAUYEHKS Ha MOBEPXHOCTH S, TO cO BpeMeHeM (pa30Basi HOBEPXHOCTb
necopmupyetcst 1 OyAeT BBITSHYTA BHOJNb HAlPaBIeHKs], COOTBETCTBYIOLIETO MaK-
CUMANBHOI CKOPOCTH.

IIpumep 3: npunuun I'rofirenca u NPou3BOJIbHbIE BOTHBI

PaccmoTpiM crywait, kora ¢a3oBasi OBEPXHOCTh S, NMEET B MOMEHT BpeMe-
Hi t = t, npousBoIIbHYIO hopmy (puc. 6.9, 0). CHOBa paccMaTpuBasi TOUKH ITOH
MIOBEPXHOCTH KaK LIEHTPbl BTOPHYHBIX c(hepUUECKUX BOJH C PALyCOM

R =c(tt,),

MbI OIIpEfieNIuM HOBOE TOJIOKEHUE 3TON NOBEPXHOCTH B MOMEHT BpeMenH t = t;.
OueBUAHO, YTO, €CIM yKA3aHHBIA pajjlyc Mal 10 CPAaBHEHHIO C MaKCHMAaJbHbIM
00BeMoM V, OKPY>KEHHBIM TIOBEPXHOCTBIO S, TO 00€e MOBEPXHOCTH S, U S; MMe-
0T IPaKTHYECKN OMHAKOBYIO (popMy. OHAKO C YBEIMUECHUEM BPEMEHH PaccTosi-
HUS OT TOYEK TeKYyIel (pa30Boil MOBEPXHOCTH IO COOTBETCTBYIOLIMX TOYEK HCXOfI-
HOWl TIOBEPXHOCTH, PACHOJOXEHHbIX HAa OJHOM M TOW e NPAMOM, CTaHOBSTCH
IPAaKTHYECKH OfIMHAKOBBIMU. JTO O3HAYaeT, YTO HA JOCTATOYHO OOJBIIMX pac-
CTOSTHUSIX OT S, hopMa (ha30BbIX MOBEPXHOCTEH CTAHOBHUTCH TMOUYTH c(HEePUUECKON.
I[Mponenypa noctpoenust (ha30BbIX MOBEPXHOCTEN MOJCKA3bIBAET TaKKe TO, UTO B
o0IIeM ciyJae aMITuTyaa BOJHBI Ha TaKUX MOBEpPXHOCTAX (1 >> t;) u3MeHseTcs
MeflJIeHHee TI0 CPABHEHUIO C aMIUTUTYO! Ha UCXOIHON IOBEPXHOCTH.

Kax BugHO 113 puc. 6.9, 0, BBINONHIS paccMaTPUBAEMYIO TIPOLEAYPY, MOKHO
CTOJIKHYTbCS C CUTYaluell, KOria Bce BTOPUYHbIE BOJHBI NEPECEKAIOTCS B OHOM
TOYKE, KOTOpas Ha3bIBaeTcs (POKYyCOM. TO IPOUCXOAUT TOIMA, KOIJa Ha HOBEpPX-
HOCTHU S, UIMEETCS] BOTHYTOCTb MM €CIH CPefia SIBNSIETCS HEOTHOPOIHOM.

Mbl paccMOTpen HECKONbKO MPUMEPOB, MOKA3bIBAMOIIMX, KaK MPUHIUI
[toiireHca Mo3BoJISET CTPOUTH BOTHOBbIE MOBEPXHOCTH B OHOPOAHO Cpefie B TOM
ciydae, KOrjla B HEKOTOPbIil MOMEHT BpeMeHH t = t, u3BecTHa uUcxofHas a3oBast
MIOBEPXHOCTb. JTOT PE3YJbTaT OCTAETCSl CIPABEIMBBIM U I MHOTUX CIy4aeB
HEOJJTHOPORHOM Cpefibl, P YCIOBUM, YTO PAJUyC 3NEMEHTAPHBIX BONH [OCTATOY-
HO MaJ. CnenyeT OTMETUTDH, YTO NPUHLUIT Ioiirenca o4eHb 4acTo TacT MpaBUIb-
HBII PE3yNbTaT, HE3aBUCKMO OT JIIMHbI BONHBL. [lanee Mbl paccMOTPUM MOJIETb, B
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KOTOpOfI NPUMEHCHUE I3TOr0 MpUHIUIIA 00BIYHO HE JaeT NMPaKTU1CCKU HHKAKOI
I/IH(bOpMaIII/II/I O BOJIHOBOM IIOJIE.

ITpumep 4: ucnonpsopanne npunnuna loiirenca
103211 OTBEPCTHs B IKPaHe

I[Tpennonoxum, 4To NepBUYHas BOJIHA — IIOCKas, @ €€ (pa30Bble MOBEPXHOCTHU
MapaJuIeNbHbI IIOCKOCTH 9KpaHa ¢ oTBepcTueM (puc. 6.10, a@). [Ins Toro 4tobsl,
UCIIONb3ysl NpUHIKN ['fofirenca, onpefenuTh NONOXKEHNE NMOBEPXHOCTEN BONH 3a
9KPAHOM, MbI JJOJKHBI HCXOIUTh U3 (ha30BOH MOBEPXHOCTU S, KOTOpasl COBIAja-
€T C OTBEpPCTUEM. BBINONHAA IIpOLERYpy IOCTPOEHUS BONIH M COOTBETCTBYIOLIUX
Oru0aroIUX, Mbl BUIUM, YTO BOIHOBbIE IOBEPXHOCTH HE SIBISIOTCS INIOCKIMH, A €
YBEIMYEHUEM PACCTOSHUS OT OTBEPCTHSI OHM CTAHOBSITCS NMPAKTHYECKH chepriec-
kumu. [Tomumo sToro, U3 camoli IPOLEAYPBI CIENYET, YTO PACHpPENEICHHE BOIH
HE 3aBMCHT OT JJMHbI BonHbl. OpHako, u3yyas mucppakuuo Ppaynrodepa u
®penens, Mbl BUJIENM, YTO NOBECHHUE BOJH TOPasfo CIOXHEE M CYLIECTBEHHO
3aBUCHUT OT [IMHB] BOJNHBL. [IpyruMu cioBaMu, IpyHUUD [foireHca HE Y4UTbIBAET
BIIMSHYE MHTEP(EPEHIUN BOJH Ha MX aMIUTUTY/AY. 37ech ClefyeT BCIOMHUTD, Kak,

A

Puc. 6.10. Hcnonp3oBanue npunimna 'rofirenca B o0macTi mo3aju OTBepCTHs (@); 30HBI
dpenens i71s cheprIecKux BOIH (0); 30HbI PpeHens Ji7is INOCKUX BOMH (6); TOUKH HaOIkOfie-
HUSI 033/ KPYTIIOrO OTBEPCTHS (6); TOUKH HAOMEOAEHHS 033l KPYIIIOro aKpaHa (0)
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paccMaTpuBasi JaHHbII IPUMEP U UCTIONb3Ys NpuHIMN [foiireHca s 3ByKa U CBe-
Ta, HpIOTOH OTBEpT NpeficTaBAeHNe O BOTHOBOH IIPUPOJIE CBETA.

CymMMupYsI CKa3aHHOE, CTOUT OTMETHTD CIEMyIOIIee.

1. Cornacuo opmyine I'enbmronbia — Kupxroda, kaxpplit aneMeHT hazoBoit
TIOBEPXHOCTH NOPOXAAET cpepuyeckyro BouHy. CTpos B KaxK[oil Takoil Touke
3JIEMEHTapHYIO BOJHY pafnyca R = CAt, MbI BUIUM, YTO HOBOE TOJIOXEHUE (hazo-
BOJ1 TOBEPXHOCTH ONPEENseTCs OrUOAOIEdl 3TUX BOMH. TakuM 00pa3oM, OCHOB-
HbIe TIPENONOXKEHNS], 3a/0XKEHHbIE B IPUHIKIE ['tofireHca, clefyloT HenocpencT-
BeHHO n3 hopmy (6.171) u (6.176).

2. I1pu BBIBOAE 3THX POPMYIT MBI TOKA3aJIM TaKXke, YTO MCTOYHUKHU, pacIpe-
neneHHble Ha noBepkiioctu S (puc. 6.9, @) He MOPOXIAIOT BOJHBI BHE 00bemMa V
OJTHOPOJIHOM Cpefibl U, B YaCTHOCTH, TMO3aJji BOJHOBOrO (ppoHTa. Takum oOpa-
30M, OBLIO MOATBEPKIEHO TPEThE NPEANOTIOKEHUE, CieTaHHOe [ToAreHCoM.

3. PaccmartpuBaeMblil IPUHIMN ABNSETCS OONBIINM BKJIAJIOM B TEOPHUIO BOIH.
OH MO3BOJISIET CTPOUTH BOJTHOBBIE TOBEPXHOCTH B PA3JIMYHBIX CPEflax M, B YaCTHO-
CTH, €70 MOXKHO MCTIOJB30BATh ISl M3YUYEHHUSI TIPETIOMIICHNS ¥ OTPasKeHHS BOJH Ha
TpaHUIax pasfesa cpef ¢ Pa3NnuYHbIMU TapaMeTPaMH.

4. B To ke BpeMs mpuHIuN [fofireHca He TO3BONSIET OLEHUTH paclpefieieHne
AMIUTATY/bI BONHBI U, CIEOBATENbHO, €r0 HEellb3s MPUMEHUTH [Nl U3YYECHUS [IH-
(hpakuu.

NIPHHIINII TIOUTEHCA - ®PEHEJISA

Crnenyrompii mar B pa3pabOTKe TEOPHH BOJIH, TO3BOJSIONMI YIUTHIBATH TaK-
ke auppakuuto, o611 cienan PpeneneM. OH UCXOAMI U3 OCHOBHBIX IOJOXKEHHUI
npuniuna [rofireHca, a IMEHHO U3 TOTO, YTO KaXJIblil 3IeMEHT (ha30BOi MOBEPX-
HOCTHU B I00OH TOUKe cpefibl MOopoxkpaaeT cpepuyeckyto BoaHy. ITomumo 3atoro
Dpenenb NpenoNoXu CleyoLee.

1. BropuuHast BonHa B NMPOW3BOJIBHOI TOUKE P MPOMOPIMOHANBHA CIETYO-
VM BETMYNHAM:

a) aieMeHTy dS B OKpecTHOCTH TOYKHM ( (pa30BOH MOBEPXHOCTH;

0) aMIIIATY/E BOJHBI B 3TOM TOUKE, T.€. MHTEHCUBHOCTH NEPBUYHOIO UCTOY-
HUKa;

B) HEKOTOPOMY MHOXUTENIO K((p), 3aBACIIEMY OT YIiia ¢ MEXTY HOPMAIbIO K
aNeMeHTy TioBepxHocTH dS(Q) 1 MpsAMOi, coenHstome Toukn  u p (puc. 6.10,
6); 3TOT MHOXHTENb YMEHBIIAETCS C POCTOM (.

2. B Touke HaOmIofieHWs P BONHA SBISETCS PE3YNBLTATOM HMHTEp(epeHIun
chepruecKuX BOJH, BOSHUKAIOIIUX HA BCEX dNeMEHTaX (pa30BOil MOBEPXHOCTH.

3. Ecnu Mexxny dS 1 TOUKOH HaOJIOfIEHUS] MMEETCS SKeCTKOE TIPEMNsITCTBHE, TO
BIMSIHAE BOJHBI, BBI3BAHHON MCTOYHMKOM Ha 3eMente dS, mcuesaer. B To ke
BpeMsl TIPUCYTCTBUE TAKOTO MPEMSTCTBUS HE MEHSET aMIUTUTYAbl APYTUX BTOPHY-
HBIX UCTOYHUKOB. OUYEBHUJHO, YTO [JAHHOE HPENIONOKEHUE COBIANAET C YCIOBH-
mu Kupxroda.

4. [InuHa BOJHBI A TOpa3fo MeHbIIe paccTosHus R MexX[Iy TOUKOW Habmiofe-
HUA P U TOYKaMu J pa30BOIi TOBEPXHOCTH:
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A << R. (6.210)

pyrumu cioBaMu, Halle pacCMOTPEHHE OrPAaHMYMBAETCSl BONHOBOI 30HOI,
OIpefeNseMOl [Nl HICTOYHUKOB Ha TIOBEPXHOCTH S.

B ornmume ot npunumna rofireHca, yKa3aHHbIE TPENIONOKEHHS TO3BONSIOT
BBIBECTH BBIPAXEHUE [JI PE3YJbTUPYIOLEH BOJHBI M, CIIEOBATENbHO, M3Y4YUTh
pacIpefieieHUe €€ aMIUIATYAbL. PaccMOTpMM CHHYCOMJATbHYIO 3aBHCHMOCTb OT
BpeMeHu. B atom cyuyae kommnekcHas ammnutyga dU(p) ceprueckoil BOMHBI €
HayaJioM B TOUKE ( 1aeTCsl BbIpakeHHEeM

dU(p) = K(@)U(q) %ds, 6211)

rie U(p) — KoMIueKcHasi aMIUTUTYfia BOJIHBI B TOUKax (pa3oBoil moBepxHocTu S. B
BONHOBOM 30He (KR >> 1) BTOpOIi WieH B NOJbIHTETPATILHOM BblpaxkeHun (6.171)
ABISIETCS JOMUHUPYIOLIUM H, CIIEJOBATEIbHO, MbI IPUXOAUM K (popmyie (6.211).

3atem, mpuMensis moctynat Ppewenst o6 WHTEp(EPEHINN 3TEMEHTapPHBIX
BOJIH, Mbl IIOJYYMM OKOHYATEJIBbHOE BBIPAKEHHUE AJIsI KOMIUIEKCHON aMIUTATY/bI
U (p) moIHON BOJIHBI:

U(p)= f K(pJ (q)%ds. 6.212)
S

PazpabarbiBad fanHyro Teoputo mupaxuuu, PpeHens He ompenesnan (YHKLUIO
K(¢), Ha3bIBaeMyt0 0ObIYHO (pakTOpoM HakiIoHa. OfHAKO OH Ipefnonarai, 4ro
9Ta (DYHKIWS JIOCTUTaeT CBOETO MAaKCHMAlIbHOTO 3HAYeHHs B HANpaBIEHHH pac-
npocrpaneHus ¢ = 0, 3aTeM ObICTPO YObIBAET MO Mepe YBETMUEHHS yIiIa ¢ 1 00-
parmaercs B HyJIb, KOT/Ia IpsiMasi P CTaHOBUTCS KacaTelbHOH K (Da30BOH MOBEpX-
HOCTH.

OLEHKA MHTEIPAIJIA (6.212) B 30HAX ®PEHEJIA

Hecmotps Ha To uTO sBHBIN BAf MHOXHUTENS K(¢p) ObuT He m3BecTeH, PpeHe-
JIO YAAJIOCh OMNCAaTh MHOXKECTBO CYIECTBEHHBIX CBOWCTB AU(paKUUU. ITO ObLIO
cfienano Oiarofapst Ype3BbIYaiiHO SNIETaHTHOMY METOlY OLIEHKH MHTErpana B Ipa-
BO 4acTH BbIpaxkeHus (6.212).

JInst Toro 4yTo0bI NIPOUIIIFOCTPUPOBATh 3TOT OAXOM, Ha3bIBAEMBI IIOCTPOEHHU-
eM 30H PpeHens, IPeANoNoXIM CHavala, YTo NMEepPBUYHAS BOJHA, PACIPOCTpaHs-
IOIasics BIOMb OCH X, SIBSIETCS MIOCKOI, T.€.

u(g) = A " (6.213)

CooTBeTCTBEHHO, (pa3oBble NMOBEPXHOCTH SBILSIOTCS IIOCKOCTAMHU IEpIEHUKY-
nsplibiMu ocl X (puc. 6.10, 6).
ITpexne Beero, yuuThiBast BeIpaxeHue (6.213), Mbl IMEeEM

U(p)=Ae™o f K(Cp)%d& (6.214)
S
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3pech X, XapaKTepusyeT MOJOXKEHHe AaHHOH (ha30BOil MoBepxHOCTH S, a R 06o0-
3HAYaeT pacCTOSHUE MEXY TOUKaMH P 1 d.

Yro06b! OLEHUTH TIPUBEAICHHBIN BBINIE WHTETPAT B HEKOTOPOH TOUYKE [, OMyC-
THM U3 3TO¥ TOYKW MEPIEHIUKYISP Ha TIOCKOCTh X = X, U 0003HAUNM TOUKY WX
nepeceyenus kak O (puc. 6.10, ¢). OueBuHO, YTO chpepuvecKue BOJHBI, BO3-
Oyk/eHHble dneMeHTaMu dS, pacrnoioKeHHBIMA Ha OMHAKOBOM DPACCTOSHHM OT
touky O, JaroT OfMHaKOBbIH BKIaA B noteHuuan U. IToatomy ¢a3oByro moBepx-
HOCTb X = X, MOXHO TNpEJCTaBUTh KaK CHCTeMY KOIbLEBBbIX 30H, Ha3bIBAEMbIX
30Hamu Ppenens, ¢ nentpom B Touke O (puc. 6.10, 6), Tak 9TO

A

R1=b+_> Rz =b+2&’ R3=b+3&""
2 2 2

, B O0IIEM cryyae,

R, =b+ n%, (6.215)

e b - paccrostane mMexny Toukamu O 1 p.

Yro0b! BHIIOJIHUTE 3TO IOCTPOEHUE, HAPUCYEM C(PepUUECKUE MOBEPXHOCTH C
HayajJoM B TOYKE P M pajuycaMu, yAOBIETBOPSIOIMME COOTHOLIEHHIO (6.215).
INepecedenne aTHX NOBEPXHOCTEN C IIIOCKOCTBIO X = X, 1a€T HAOOP OKPYXKHOCTEN.
Kaxpast napa coceflHuX OKpY:KHOCTe#l 00pasyeT Iph 3TOM Konblo (30Hy PpeHe-
ns). KoHeuHo, iyt Kakmodl TOYKHM HAOJMIONEHHS ) MMEETCS CBOE COOCTBEHHOE
MHOXeCTBO 30H OpeHers.

Takum 00pa3oM, pe3ynbTUpPYIOLIast BOJIHA PEJCTABIAET COOOI CyMMy 3/1EMEH-
TapHbIX BOJH U, TOPOXKAEHHBIX NCTOYHAKAMH, PACIOJIOXEHHBIMA B KaX/IOM U3
KOJIel:

U(p)= iUn(p)- (6.216)
n=1

ITpexne ueM paccMOTpeTh 3(P(eKT OT eUHIYHOI 30HbI, OOCYIUM €€ Mapame-
Tphl. U3 puc. 6.10, 6 BHAHO, YTO 30HA C HHICKCOM N OrPAHMYMBACTCS [BYMS OK-
PYXHOCTSIMH C PaflycaMu I, U I, IpHYeM

r’ =R.,-b>ur’=R>-b* ecmn=l. (6.217)

Tloncranoska (6.215) B (6.217) gaer

r’ =/b+n&\2 —-b* um r? =Anb+ n’ )
"o 2) " 4
[Monaras
b > nA, (6.218)
Oy IIM
r> = bin wm r, =+/bAn. (6.219)
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KoneuHo, ¢ yBenuuenreM HoMepa N HEpaBeHCTBO (6.218) mepecTaeT BbIIONHATH-
Cs1, OJHAKO 3TO OTHOCUTCSI K HACTOJIBKO NANIEKUM 30HAM, YTO UX BKJIAJ B IIOTEH-
nuan U(p) mpakTuyecku paBeH Hy 0. IInomans paccMaTprBacMbIX KOJEL, OIpe-
JIETSETCS KK

S, =mnr’ —mr., =xbA[n-(n-1)]

nin
S, = ntbA. (6.220)
Takum 06p330M, BC€ 30HbI UMCIOT OIII/IHaKOByIO Imomansb, KOTOpaH HpSIMO HpO-

TOPIMOHANBHA PAacCTOSTHIIO b 1 aymHe BomHb! A. W3 Bipaskewwmit (6.219) crepy-
€T, YTOo

2
rI'\

- rn2—1 =(Fy = Fo (M + 1) = 25, Arg = b
nim
Ar, =l\]b_}‘
2V n

Tax, nanpumep, npu n = 1

1
= “ I/I___\
b 2Vb A 2V

=3

>1,

OJIHAKO C POCTOM N IMPHHA 30HbI Ar,, CTAHOBUTCSI CPAaBHIMOI C JIIMHON BOJIHBI.
CornacHo (6.214) noTeHuuan, cCoOTBETCTBYIOLIM 30He C HOMEPOM N, ompejie-
JSeTCd KaK

Un(p)= Ae”*“fK(cp)ﬁds. (6.221)
d R
ITockombky
dS = 2xrdr,
nmeeM
Un(p)=2nAe‘kX°fK(cp)¥rdr. (6.222)
sI'\

Yr006BI yIPOCTHTL 3TOT MHTETpAJ, IPOM3BENIEM B HEM 3aMeHy NepeMeHHbIX. [y
9TOro0 NpopudhepeHIpyeM paBeHCTBO

R*=b*+r%
3710 Maer
RdR = rdr.

Hanee BMecTo (6.222) nony4nm
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. Rn )
U,(p) = 2tAe"™ [K(p)e dR. (6.223)
R,

n-1

YureM Tenepb TOT (hakT, 4yTo paccrosHus R, u R, 3HauuTenbHO Ooublie
JUIMHBI BOJHBI (BbIpaxkeHue (6.210)), a mmpuHa Kaxjgoél 30HBI Ar, Mana IIo
CPaBHEHHIO C 3TUMU PACCTOSHUSAMHU:

Ar, < R, uAr, < R,.

HOCJICIIHI/IC HEpaBEHCTBA O3HA4arOT, YTO (baKTOp HakKJIO0HA K MOYTH NOCTOSIHEH
B IIp€ACJIaxX 30HbI U, CJICNOBATECIILHO, €0 MOXKHO BBIHECTH W3-IIOJ 3HAKa MHTETpPA-
na. OKOHYATENEHO OJIy4YuM

. Rﬂ .
U,(p) = 2tAK e"* [e"*dR. (6.224)
R

n-1

B ormrune ot MEoXutens K, gpyrkuas e*® MoxkeT GbICTPO M3MEHSTHCA B TpeEfe-
J1aX 30HbI ¥ IO3TOMY OHa JIOJKHA OCTaBAThCS IO UHTETPasIOM.
Brmmonusis uaTerpuposanue B (6.224) u ucnons3sys (6.215), noayyum

2mA

ike, kR ikR
U, ="—K_ e @Ee"™ -e"")
n |k n
WIn
2wA ik(x, +by_iknZ ik(n-1)%
Un=_'k K, e ™™ e 7.
i

[Mockonbky k = 27t/A, nocneHee BblpaskeHue MOXKHO MepenucaTh Kak
U, (p) = —iAAK e" e (1 - e™™).
YuurkiBas, 4yTo
e =(-1)'ul-e"=2,
NMEEM
U, (p) = 2IM=D™ K, A" (6.225)

B cBs3u ¢ 3TUM mose3Ho 3ameTuth crefyromiee. [lo onpenenennto, Konebanus B
HCTOYHUKAX, PACTIONOXKEHHBIX Ha (Da30BOMl MOBEPXHOCTH M, B YACTHOCTH, B TIpe-
fienax Kaxaoi U3 30H, IPOUCKXOAAT CHHXPOHHO, OJHAKO BOJIHBI, BbI3BAHHbBIE 3THU-
MM HCTOYHAKAMU, HMEIOT PA3IMIHbIe (Da3bl B TOUKE HAOMIONCHUS .

ITopcranoBka (6.225) B (6.216) maeT crefyrolee BbIPaKeHUE I KOMIUIEKC-
HOY aMINIUTY/b] PE3YIbTUPYIOLIECH BOMHBL:

U(p) = 2inAe* L, (6.226)
e

L=SD"K, =K, - K, + Ky =K, + Ky = K¢ + ... (6.227)
n=1
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Takum 06pa3oM, BbIYKCIEHHE PE3YNbTUPYIOLIEH BONHBI, BOSHUKILEH B Pe3yJbTaTe
HHTepepeHK BOTH OT BCEX 30H, CBOIUTCS B BOJIHOBOM 30HE (b >> A) K olleHKe
psna L. ITOT psij nMeeT HECKONbKO BasKHBIX CBOKCTB, KOTOPBIE CIEAYIOT W3 Clle-
JIaHHBIX PaHee MPETIOTOXKEHUI:

a) pAf ABIAETCS 3HAKONEPEMEHHBIM;

0) ¢ yBeIMUEHHUEM MHJIEKCA N WIEHBI Psiia YMEHBIIAIOTCS B CHITY CBOMCTB K ;

B) a0COJIOTHBIE BENIMYKHBI IBYX MOCIIE0BATENbHBIX YWIEHOB psiia OIU3KH JpyT
K pyry.

B cmiy 3THX CBOWCTB OTHOCHTENBHO JIETKO OIEHATH CYyMMY psifia L.

[Ipexne Beero, npencraBum (6.227) B BufE

L=ﬁ+(ﬁ—K2+ﬁ) +(ﬁ—K4+ﬁ)+(ﬁ—K6+ﬁ)+... (6.228)
2 2 2 2 2 2 2

[peanonoxum cHavana, 4To Kaxpblil U3 WwieHoB K, Goublie Wik paBeH cpef-
HeMmy apudmeTnaeckomy 3Hauennit K, n K,

K = Knoi + Knyi
" 2

Torna BbIpakeHns, CTOAIIE B CKOOKax (6.228) OTpULATENbHBI U, COOTBETCTBEH-
HO,

L = K,/2. (6.229)
Takum xe o0pasoM psif (6.228) MOXKHO 3aUcaTh KaK

L=KI—K—;—(K—;—K3+K—2“)—(KT“—K5+%)—... (6.230)

Bpra)KeHI/IH B CKO6KaX CHOBaA SABJIAIOTCA OTpI/IHaTeJIBH])IMI/I H, CJIEJOBATECIILHO,
L=K, - K,/2. (6.231)

YuutsiBast, uTo 3HaueHus K, 1 K, MOYTH OfMHAKOBbI, BMECTO NPENbIAYIIETO He-
PaBEHCTBA NOy4YNM

L = K,/2. (6.232)

CpaBHenue BbIpaxkeHuit (6.229) u (6.232) no3BoIsIeT caenaTh BbIBOL O TOM, YTO
MPUOIN3ATETHEHO

L =K,/2. (6.233)

OueBHIHO, YTO TIPH YMEHbIIEHAHN JITUHbBI BOIHBI OTHOCHTENBHO paccTosiHus R
pa3HuIa Mexy (pakTopamu HaKJIOHA, OTHOCSIIUMHUCS K COCEHUM 30HAaM, CTaHo-
BHUTCS MEHBINIE W, CIEIOBaTENbHO, BhIpaskeHne (6.233) BBITONHSAETCS ¢ OOMbIIEH
TOYHOCTBIO.

Ecnn npennonoxurs, 4ro

K < Kno1 + Knai

n= bl

2
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TO MbI CHOBa IIpufieM K ¢opmyne (6.223) [leiicrButensHo, 13 (6.228) u (6.230)
NOJYYUM, COOTBETCTBEHHO,

LSy LzKl—ﬁ>ﬁ,
2 2 2

Kak u paHee, 9TO O3HAYaAET, 4TO
L =K,/2.

W3 aToro paBeHcTBa ClefiyeT, YTO aMIUTUTY/A BOJHBI, BbI3BAaHHON MEpBOH 30HOM,
B 2 pa3a TpEBbIIAET aMILTUTYAY PE3YIbTHPYIOLIEH BOIHBI. JTOT HMHTEPECHBIN
(hakT MBI HCIIOIb3YEM TO3JIHEE.

Ianee, mogcranoBka (6.233) B (6.226) gaet

U(p) = irKAe %™, (6.234)

IMocnenHee BblpaxeHue NpeACTaBiseT co00i KOMIUIEKCHYO aMmuTyly U mioc-
KOl BOJHBI B OJHOPOJHOH cpefie, NONYYEHHYI0 KaK PEe3ymbTaT CyNepHo3ULUH
BTOPHYHBIX 3JIEMEHTAPHBIX BOJIH.

C npyroil CTOpPOHBI, KaK U3BECTHO, INOCKas BOJHA B PacCMAaTPUBAEMON CpEfie
OTIpefieNIseTcs BhIpaskKeHHEM

U(p) = Ae %™, (6.235)

CpaBHeHye NOCTEHUX ABYX PABEHCTB II03BOJLIET ONPENEIUTh (DaKTOP HAKIIOHA IS
HEPBOIi 30HBL:
1 i
Ki=—=-—. (6.236)
in A

IToxkaxeM Temepb, YTO aHAJIOTMYHBIE PE3YJIbTaThl MONYYAOTCS, KOIAA Iep-
BUYHAsI BONTHA BO30YXJA€TCs 3NIEMEHTApHbIM MCTOUHUKOM, a (Da30Bble MOBEPXHO-
CTH SIBIISIFOTCSI, COOTBETCTBEHHO, cpeprueckum (puc. 6.10, 6).

[Tocrpoum cHOBa 30HbI PpeHens, pucys ceprueckie MOBEPXHOCTH C Haya-
JOM B TOYKE HAONIOfIEHMS M PajUyCaMH, YOBIECTBOPSIOIMMA COOTHOLIEHUIO
(6.215). Kak u panee, Ipepnonaraercsi, 4To paguyc I, $a3oBoii MOBEPXHOCTH, a
TaKXke paccTOsHUE D 3HAUUTETHHO PEBBIMIAOT ATIMHY BOMHBI A.

KommnnekcHas aMInuTyjia NOTeHNMANA IEPBIYHON BOJIHBI XOPOLIO M3BECTHA U
PaBHAETCS

U(q)= Ae"/r,. (6.237)

CornacHo copmyne (6.212), noTeHuan B TOYKe P, COOTBETCTBYIOLIUI 30HE C
HOMEPOM N, OLPENeNAETCS KaK

To

_ Ko IR
U.(p)=A an?dS. (6.238)
Sn

U3 puc. 6.10, 6 BUgHO, YTO
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R? =1, +(r, + b)* = 2r,(r, + b)cosb. (6.639)
HucdepenuppoBanme 3TOro BbIpaXKEHHS JAET
R dR = r(r, + b) sin6 d6. (6.240)

[1nomwanb 37eMEHTApHOTO KONbLIA C PAJUYCOM I;sinf 1 mUpUHON 0O paBHs-
ercst

dS =2 r;sin® dO
un, ¢ yuetoM (6.240),

ds = 2nrp RdR )
rh+b

CnenoBarenbHo, BoipakeHne (6.238) 3anuchiBaeTcs Kak

ikr R,
2xAe

n .
Un(p)= 22K, fe'™dR.
I'O + Roi
I/IHTCI‘paJI, CTOSIHH/IfI B 9TOM Bblpa}KeHI/II/I, paCCManI/IBEUICSI paHee, " MbI HonyqaeM
Acikfo+b)

U,(p)=2iM-D"'K,
h+b

COOTBETCTBEHHO, PE3YIBTUPYIOLIAst BOJIHA OMPENENSETcs Kak
kR +b)
U,(p)=2ihAS—1L,, (6.241)
r,+b

0

e

Ly = SCDK,. (6.242)
n=1

B ornmuue ot ciyydast ocko BOJHBI, cyMMa Ly COlep>XUT KOHEYHOE YHCIO
yneHoB. Ee oljeHKa cnerka OTIM4yaeTcss OT paccMOTPEHHOrO paHee ciydas, Io-
CKOJIBKY 3/1eCh HEOOXO[IUMO yUecThb MPUCYTCTBHE MOCIEHETO WieHa Ky.

[Tpepmonoxkum cHavama, 9To cymMa Ly COTEpKUT HEUeTHOE YHMCIO UICHOB.
Torma ee MOKXHO 3ammcaTh Kak

LN=ﬁ+(ﬁ—K2+&)+(ﬁ—K4+ﬁ)+”.+K—N
2 2 2 2 2 2
WIN (6.242)
K K K K K K
Ly =K, -2 2-K,+2| - | 2 -K,+—&| - .- L4 K.
N (2 } 2) (2 ’ 2) 2 N
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Ecnu MBI cHOBa OpEANnoIOXKUM, YTO

K = K- + Knsi
" 2

i

TO Torpa (6.243) mact

Ly =Ktk g < KK
2 2
CremoBaTenbsHo,

_ K +Ky

Ly 5

(6.244)

Jlerxo MOKas3aTh, YTO 3TO BBIPAXKECHUE OCTAETCs BEPHBIM, KOTr'la
K < Kn—l + Kn+l
" 2

Pacemorpum Teneps fpyroii cayyait, korga N sBrsieTcd 4eTHbIM dnciaoMm. Kak
U B IIpeABbIAyLIEM cydae, cyMMy Ly MOXXHO NpEACTaBUTh ABYMs Pa3HBIMU CIIOCO-
Oamu:

Ly =ﬁ+(ﬁ—K2+ﬁ) +(ﬁ—K4+ﬁ)+...+M—KN

110 04 (6.245)

Ecnm, nanpumep, Ky mpeBbimaeT cpefHee apuhMeTHIeCKOe COCE/IHAX C HAM dJie-
HOB, TO BbIpaXeHue (6.245) maet
K, K K, K
Ly>—t+-Nl_KymLy<K -=2-2N
N ) 2 N N 1 2 )
110011
K,-K K,-K
Ly >ITN n Ly <ITN, (6.246)

IOCKOJILKY COCENJHUE YIEHBI IOYTH PaBHbI IPYT Apyry. Takum oGpa3oM, B ciiydae
YETHOTO YKCIa YIEHOB Mbl IMEEM
K - Ky

Ly =K (6.247)

OTOT pe3ynbTaT He U3MEHUTCS, eClIH

K < Koot + Knyi .
" 2

ITopcranoBka (6.244) u (6.247) B (6.241) paeT
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U, (p) = iA(K, = Ky )AS (6.248)

rh+b

W3 puc. 6.10, - BUHO, 4TO MpsiMast gp SBISETCS KacaTelbHON K 30He ¢ = 7t/2 W,
B COOTBETCTBHH C TipefnonoxenneM Ppenens, Ky = 0.
Taxkum 00pa3oM, MbI CHOBa MOJTy4aeM
ik(t, +b)

U,(p)=irKAS—, (6.249)

rh+b

B TO BpEMsI KaK MNOTEHIHAI, COOTBCTCTBy}OHII/IfI HepBOﬁ 30HE, UMEET B 2 pasa
0O0JIBIINE 3HAYCHUS:

U,(p) =2U(p). (6.250)

[MoTeHuuan B TouKe HaOMIOEHNS], BLI3BAHHBIN 3JIEMEHTAPHBIM UCTOUYHHKOM B
OJTHOPOJIHOI cpefie,
ik(t, +b)

U(p)=As—r-o

r+b
U, CIIEAOBATEbHO, KaK U B ClIy4ac IIOCKON BOJIHbI,

PaccmoTtpuM Teneps fBa MpuMepa, WINOCTPUPYIOIINE IpUMEHeHHe 30H Ppe-
HellsL.

IIpumep 1: 3aBHCHMOCTH HHTEHCHBHOCTH OT PACCTOSHUS
1033 KPYrOBOro OTBEPCTHSI

ITpennosnoxuM, 4TO OTBEPCTHE B 3KpaHe IPEACTaBisieT cO00i Kpyr, a UCTOY-
HHK P, ¥ TOYKa HaOJIONICHUS P pacrojiararoTcsl Ha MPsIMOM, MPOXOAsIIel depe3
ero nentp (puc. 6.10, 2). Cornacto Beipdxenuto (6.219), pajguyc 30HbI ®peHens
MPONOPUMOHAJIEH PACcCTOSHUIO D OT ToukM HaOmofeHus 70 3KpaHa. [loatomy
pa3Mep OTBEPCTHSI MOXET ObITh FOPa3a0 MEHbLIE MEPBOi 30HbI, ECITH 3TO PaccTo-
SHUE JIOCTATOYHO BeNMKO. COOTBETCTBEHHO, AMIUIUTYA BOJIHBI 3HAUMTENBHO
MEHBIIE AMIUIATY/BI B OJJHOPOJHON CPEfe, KOIia 3KpaH MONHOCTBI0 OTCYTCTBYET.
ITo Mepe npuOIMKEHUS K 3KpaHy CYLECTBYET TaKOe PaccTOsSHHUE, IPU KOTOPOM
pajuyc epBoil 30HbI PaBHAETCA pajuycy OTBepcTUs. B aToM ciydae, coriacHo
(6.250), amnuTyNa BOMHLL B 2 pa3a 0OJIbIIE, YEM B CIIy4ae OJHOPOJHOMU CPEfbl.
Koneuno, 31oT 3pdpekT ObLIO TOBOMBHO TPYRHO Mpeficka3aTh, TaK KakK 3KpaH
pacronaraercs Mexjy TOYKOW HaOMIOfeHus M NpakTHyecku Bcei ¢a3oBoil mo-
BepxHOCThIO. [0 Mepe HpuOMMXKeHWs K 9KpaHy aMIUIMTYAa BOJIHbI Ha4yMHAET
YMEHBILIAThCSl, TOCKOJIBKY BMECTE C IEPBOM 30HON OTBEPCTHE YACTHYHO 3AHATO
BTOpOI 30HOI PpeHens. ITo TakkKe JOBOIBHO YIUBUTEIBHO, IOTOMY YTO TOYKA P
CTaHOBHUTCS OJMKE K OTBEPCTUIO, Of]HAKO AMIUIMTYAAa IIPA 3TOM YMEHBIIAETCS.
Kpowme Toro, cymecTByeT Takoe paccTOsIHUE, TIPA KOTOPOM BHELIHAH KOHTYP BTO-
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pOIl 30HBI COBIANAET C KpaeM OTBepcTud. B aTOM ciydyae MHTEHCHMBHOCTH BOJIHBI
TNajaeT MOYTH O HYJNS, MOCKONBKY BOJHBI, BbI3BaHHbIE OOEUMH 30HAMH, UMEIOT
MPAKTHIECKN OIMHAKOBBIE aMIATYbI K, = K|, a caBur a3 Mexiny HUMA paBeH
w. Korpa paccrosiaue b cranosutcst eme mMenbie (puc. 6.10, 2), HaGmromaroTcs
LeJbIC cepI/m MaKCI/IMyMOB " MI/IHI/IMyMOB. MaKCI/IMyMbI IIOABJIAIOTCA TOrga, Korjga
B OTBEPCTHH YKIAJ[bIBAETCA HEYETHOE UHCIIO 30H, & MUHUMYMBI, KOTJ]a UHCIO 30H
B IpefieNiax OTBEpPCTHS OKa3bIBAeTCS YETHBIM. M, HaKOHel, KOrja TOuKa P Haxo-
IUTCS COBCEM ONM3KO OT OTBEPCTHSl, aMIUTMTYAA BOJHBI JOCTUIAET HEKOTOPOTO
TIOCTOSTHHOTO 3HAUEHMSI, COOTBETCTBYIOIIETO BOIHE B OJHOPOIHOM CpEfe.

AHanornyHoe ToBeficHue HAOMIOAeTCs, KOrfa ToUKa P (pUKCHpOBaHa, a W3-
MCHACTCA pa;myc OT BCpCTI/Iﬂ.

IIpumep 2: 3aBHCHMOCTE HHTEHCHBHOCTH OT PACCTOSTHHS
103a][H KPYrOBOr0 3KPaHa

ITpennonoxuM Teneph, 4TO MeXJy UCTOYHAKOM M TOYKOH HaOMIOfEHHS pac-
TIOJIOXEH 9KpaH B hopMe Kpyra (puc. 6.10, 0) 1 Bce paccTOSHUS OCTAIOTCS HEM3-
MEHHBIMU.

Ecmm paamyc a3kpana 0cTaTOYHO GOINBIION MO OTHOMIEHHIO K b, TO cymectsy-
€T MHOXKECTBO 30H PpeHes, pacloIoKEeHHbIX B IPEeNax IIIOIAAM Kpyra, OfHa-
KO OHM HE BHOCAT BKJIajla B aMILTUTYAy BONHBI. B TO ke Bpemst adhekT OT 30H,
PacIOJIOKEHHBIX BHE 3KpaHa, IPEHEOPEXUMO Mall, IIOCKOJIbKY Mallbl COOTBETCT-
BYIOIIUE UM (DaKTOPbl HAKJIOHA (¢ —> 71/2). VIHTEHCUBHOCTD BONHBI OUYEHb cabast
(tenb). C yMeHbIIEHNEM Pa3MepOB 3KpaHa MHTEHCUBHOCTb HAUMHAET BO3PACTarTh.
Tax, HampuMep, KOrjja ¢ KpyroBbIM OTBEPCTHEM COBIMAfAET NepBast 30Ha, HaOMHo-
laeTCs IOYTH TaKasl XKe aMIUINTY/a BOJIHBI, KaK U B CIyYae, KOrja 9KpaH OTCYTCT-
ByeT. [leficTBUTENBHO, B 3TOM Ciydae, Kak ciefyeT u3 (6.255), BoJHA B TOUKe
HaOIIOJIEHUs ONUCBIBAETCS KAK

U =2in e K, + K,y = K, + K. — 6.251
p)=2i ﬁ[ , + Ky 4+ Ky =, (6.251)
0

MIOCKOIBKY 3(h(heKT OT NePBOil 30HbI OTCYTCTBYET.
HMcnonb3yst TOT Xe HOAXOf, YTO U paHee, Mbl IPUXOAUM K BBIBOY, YTO CyMMa

(6.251) npuOIMKEHHO PaBHSIETCS BETMINHE —% K,. Tak xak K, = K,, umeem

U (p)= - 22K gikre),
r+b

Taxkum 00pa3oM, Mo3aju 3KpaHa MMEETCS FeOMETPUYECKask TEHb, OJHAKO CYILECT-
BYET TaKas TOUKa, B KOTOPO aMIUTATY/a BOJHBI TaKasl e, KaK U B CIy4ae OTCyT-
CTBHS 9KpaHa.

OTO OTKpBITUE UMEET OUEHb MHTEPECHYO ucroputo. B 1818 ropy Ppenens
npepcrapisin nepep ®paniy3ckoii Akajemueil cBoro pabOTy, B KOTOpO#l ObLIH
W3J103KEHbl NPUHIMIBI MHTEP(EPEHINE BOMH U MOCTPOEHUs 30H. OTy paboTy
npoananusuposan IlyaccoH, KOTOpBIil NPHUIIET K BBIBOAY, YTO B HEKOTOPOIl TOU-
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K€ 03311 3KpaHa MHTEHCUBHOCTb BOJIHBI MOXKET ObITh TaKO! Xe€, KaK 1 B ClIydae
€ro OTCYTCTBHsL. DTOT Pe3yabTaT OH paccMaTpyBal Kak JJ0Ka3aTeIbCTBO TOTO, 4TO
Teopust He BepHa. OJJHAKO SKCIEpUMEHTBI, TpoBeficHHble Aparo u PpeHenew,
NOATBEPAUIM IpaBoTy PpeHens.

Konuennus 301 ®peHens B MPUCYTCTBUYM TaKUX HEORHOPORHOCTEH, KaK 3Kpa-
HbI, OCHOBBIBAETCS HA IPEAINONOXEHUAX, KOTOPbIE BIOCIEACTBUN ObLIM HCIO/b-
30BaHbl B Teopun fudpakuuu Kupxroda. [IeficTBUTENBHO, BKIAK KaX0id U3 30H
®peHens ocTaeTcsl IOCTOSHHBIM U HE 3aBUCHT OT TOTO, HAXONSTCS JU OCTalbHbIE
30HBI HAIPOTHB OTBEPCTHS MM HAIPOTUB HENPO3PAYHON YACTH 3KPaHa.

B 3akiroueHne cnefyeT ckaszaTh, yTo padoTa ®peHess Oblia BaxKHbIM LIATOM B
pa3BuTuy Teopuy BoJH. CyLIHOCTBIO 3TOH pabOThI ABSETCS NPUHLMI CYLEPIO3H-
I[U¥ BTOPUYHBIX BOJH, MOJHOCTBIO coTyacytomuiics ¢ oopmynamu I'eabpmronsna —
Kupxroca. Kax MbI yXe 3HaeM, 3T BbIPaXXEHUS! NOATBEPAUIA MHOTUE MONIOXKeE-
HUSl, JIEXalye B OCHOBe NpUHIMNOB [tolireHca u ®peHens, HO, B OTIAUYUE OT
HUX, 3TH (DOPMYINbI TO3BONSIOT TOYHO ONPENETUTh BONHY BHYTpPH OObEMa, NPH
YCIIOBHH, YTO OHA U3BECTHA HA IIOBEPXHOCTH, OKPYXAIOLIEH aHHBIA 00bEM.

6.7. CBA3b MEXY IOTEHIINA/IOM
N HAYAJTBHBIMHA Y CTIOBUSAMMU.
OOPMYJIA ITYACCOHA

Panee Mbl TMOJy4unM COOTHOIIEHHS MeXpy noTeHuuaniom U(p, t) B mpous-
BONIBHOM TOUKE 00beMa V 1 3HAUCHUAME 3TON (DYHKIMKM M €€ HOPMANbHON Hpo-
W3BOJHON HAa MOBEPXHOCTH S fJaHHOro o0bema (copmynsl [enpmronena —
Kupxroda). Penmim Tenepb COBEPIIEHHO APYIYIO 3afjauy M IPEANOJNOXKUM, 4TO
noreHyuan U u ero mpousBofHas 1o BpeMeHu dU/dt u3BecTHbI B HEKOTOPBIN
MOMEHT BpeMeHri t = 0:

U(g, 0) = ¢(g) n W = %(9), e t = 0. (6.252)

Cnenyer 3aMeTUTb, YTO (PYHKIHH ¢ 1 ¥, OTIMYHBI OT HYJISl TOJBKO BHYTPU He-
KOTOpOro o0bema V, orpanndensoro nosepkiocrero X (puc. 6.11, a).

YuuTeiBasg COOTHOIIEHHS MEXKNY MNOTCHIMAIOM U u BOIHOBLIMHI IIOJISIMU,
MOXHO CKa3aTh, YTO B HAYaJIbHBIII MOMEHT BPEMEHM 3ajlaHbl paclpefielicHus aB-
JIeHUs! 1 cKopocTH. Y, KOHEUHO, CKaJISIpHBIN MOTEHIMAN B KaX/Ol TOYKE TOfYH-
HSIETCS BOJTHOBOMY YPaBHEHHUIO:

vey- LU (6.253)
¢ ot?
CootHomeHus (6.252) — (6.253) OAHO3HAYHO ONpPEMENIOT BOJHY BO BCEX TOYKAX
OfHOpOHON cpefibl. Harma mens cocTouT B TOM, YTOOBI TOJYYNTH BBIPAKEHHE
U1 CKaJIpHOro noTeHnuana U B IPOU3BONBHBIA MOMEHT BPEMEHH, CYMTAs, YTO
HayajbHbIE YCIOBUA (6.252) U3BECTHBI.
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S -
~ PaTEe

Cocamue

/-\__
D,/c

/\

P, d,/c D,/c t

Puc. 6.11. HavanbHble yclnoBust BHYTPU IPOM3BONBHOIO 00bEMA (@); PABHOMEPHOE CKATHE
cthepbl (6); OTEHIMAT Kak (DYHKIWSI BpEMEHH (8)

Ms1 HauHeM C HpOCTefIIHeFO ciryqas IIOCKOI BOJIHBI, 3aTEM PaCcCMOTpUM
Cq)epI/I'-IeCKYIO BOJIHY, a TOCJIE 3TOI0 HCpCﬁHCM K ClIy4JalO0 BOJIH, BBI3BaHHBIX IIPO-
HU3BOJILHBIM pAaCHpeACICHUEM NCTOYHUKOB.

Cuyugaii 1: mnockas BoiHa
[TycTb BomHa gBnsiercs mockoit. Torga, kKak n3BeCcTHO, ypaBHeHue (6.253) 3a-
METHO YIPOIAETCs, U €0 pelIeHNE ONMMCHIBAETCS BhIPAXKEHUEM
U(x, t) = F(x + ct) + f(x - ct). (6.254)
Jnst mpocToTHI 3ech ONylieH K03 (hUIKEHT & aprymMeHTa a(X = ct).
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Onpepenum Tenepb HewsBecTHble (yHKImEM F u f Takum oOpasoM, uTOOBI
YJIOBJIETBOPHUTH HAYaJbHBIM YCIOBAAM. B cooTBeTcTBIH € (6.252) mMeeM

U(x, 0) = F(X) + f(X) = p(X) (6.255)

U, 0)
ot

= CF'(x) = cf'(x) = x(X). (6.256)

I/IHTGI‘pI/IpOBaHI/IC 9TOr'0 BbIpAXKEHUA NACT

FOO - f(x) = %}x(a)da +C, (6.257)

Xo

r7ie X, 4 C — IOCTOSIHHBIE, O — IEPEMEHHAs HHTErPHPOBaHMUSL.
Pemtas cucremy ypaBHeHuit

F(x) + f(X) = p(x),

F(x) - f(x) = l}X(a)da +C,
c

Xo

HOJIyYUM

FOO = 2@(x) + - [ x(e)da + =
2 20, 2

U (6.258)
1 1 c
f(x)= ECP(X)— Z{x(a)da -

[Tomy4eHHbIE BRIPAKEHNS CIPABEIIUBBI IS IFOOOTO apryMEHTa M, B YacTHOC-
TH, 04 X + ¢t unum X — Ct, T.e.

1 1 X+ct c
Fx+ct)=—q@(x+ct)+— | y(a)da + =
2 2 %, 2

u (6.259)
1 e c
f(x-ct)==p(X —ct) - — a)do - =.
(X =€) = ~q(x = ¢t) = [ x(e)dor =

Xo

IToxcranoBka (6.259) B (6.254) naet
x—ct

U(x, t)=W+ L fy(a)do. (6.260)
Xo

2%

Takum 06pa3zoM, MOTEHIMAT MIIOCKON BOJHBI BbIPAXKAeTCsl Yepe3 HayalbHble
ycnosusi. Beipaxkenue (6.260) Ha3biBaeTcst hopmynoii [lamambepa.
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Cnyuaii 2: ceprdeckast BOTHA

[Tpennonoxum Tenepb, 4TO UCTOYHUK MOPOXKAAET cpepuueckyro BoiHy. B
YaCTHOCTH, TaKasl BOJHA MOXKET ObITh BbI3BAHA 3JEMEHTAPHbIM HUCTOYHHKOM. B
CHIy LEHTPANbHON CHUMMETPHHM OTHOCHTENBHO Hayanga KoopjuHaT O, BOIHOBOE
YpaBHEHNE MMEET BUJ|

_Lﬁ{mﬂg=L£g,
R? 9R R/ 2 ot
a ero pelenye (r1asa 5) gaercs opMyIo#

RU(R, t) = F(R + ct) + f(R - ct). (6.261)

OueBuAHO, YTO AHHBIN CIAy4Yall MOXOX HA TPEJBIAYIINI, OJHAKO MMEETCS OJfHO
CYLIECTBEHHOE OTJIMYUE, @ UMEHHO TO, YTO B JIEBOH yacTy (6.261) HNpHUCYTCTBYET
MHOXUTEND R.

YTOOBI YOBNETBOPUTL HAYANBHBIM YCIOBUSIM, HEOOXONMMO PEIIUTD CIEYFO-
IIYIO CHCTEMY YPaBHEHMIL:

FR) +f(R) =R o),
F'(R)~ f'(R)= S x(R).

OTH ypaBHEHUs! CIpaBe[yIuBbI Ipu M000oM 3HaueHuu R. Iloatomy ux ynoGHO me-
pemnucarsb B BUfIE:

F(2) +f(2) =z 9(2), 6262

Fﬂ%fvhiﬂu

Tl Z — IPOU3BONBHBIN apTyMEHT.
WHTerpupyst BTOpoe U3 IPUBEJCHHBIX YPABHEHUI, Mbl NMPUXOJUM K CHCTEME
YPaBHEHHUI! OTHOCUTENBHO [IBYX HEU3BECTHBIX (PYHKIIMI:

F@)+f@) =29
- (6.623)

F2)-f(2)= lfozx(oc)doc +C.
2
Ortcrona
F2)= 222, Lfotx(oc)doc + &
2 cy, 2
u (6.264)

fzyo 20@) 1 do - S
(2) S 2Ci@tx((x)a A
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Kax u B ciyyae mIIOCKUX BOJIH, BblpaxeHus (6.264) cipaBefIuBbl IPU JTH0O0M
aprymenre. Tak, Hanpumep,

R+ct

F(R+ct) = Rehe®R+cH 1 [ ox(o)da +%
20
- (6.265)
R-ct
fR-ct)= BEDUR=D _ Loy da - &,
2 2

20
Taknm 06p2130M, TIOTCHNAX U ommceiBaeTcd BbIPAKECHUEM

R+ct
(R +ct)e(R + ct) + (R - ct)p(R - ct) + L fZX(Z)dZ. (6.266)
2R 2CR Rlgt

UR, t) =

[Tpn BeIBORE 3TOM (DOPMYNBI MBI TIPEANONATANH, YTO Z SBISECTCS OfHAM W3
BO3MOXHBIX 3HAUeHNA R, T.e. BENINYMHON IOJOXKUTEILHON. DTO O3HAYAET, YTO
(6.266) cnipaBeqIuBO, KOT/a

R = ct.

st Toro 4yToObl NONYYUTh AHAIOTHYHOE BBIPAXKEHHE [JIs OTPULATEIbHBIX Z, pac-
CMOTPHM KaK BefieT ce0sl MOTeHIial B OKPECTHOCTH Havana KkooppuHat O.
W3 BoIpaxkenus (6.262) cnegyeT, 9To

0=F@) +f(-2)

nnn

f(2) = -F(-2), (6.267)
rje

z=R-ct<0.

Takum 00pa3oM, MOTEHIUAN MOXHO IIPEACTaBUTh KaK
RU(R, t) = F(R + ct) + f(R—ct) = F(R + ct) - F(ct - R).
Ortcrofia, ¢ y4eTOM IEPBOro U3 BbIpaxeHuil (6.265), monyuum

R+ct
R
2¢R 3,

UR, 1) =

ct-R
_(ct— R)g(ct - R) L fotx(ot)da
2R 2cR 3,

Jin e
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ct+R
(ct+ R)p(ct+ R) — (ct— R)gp(ct - R) + L fZX(Z)dZ. (6.268)
2R 2CR i g

UR, t) =

Takum o6pasoM, dopmyibl (6.266) u (6.268) MOKa3bIBAIOT, YTO B NMPOU3BOIMb-
HO# Touke cpefbl noTeHnuan U(R, t) onpenenseTcs HaqalbHbIMEA YCIOBUSMU.

C ¢usnueckoil TOUYKM 3peHHs NMPUBEJICHHBIE COOTHOLICHUS OYEBH[HBI, IO-
CKOJIBKY, KaK YK€ OTMEYaJIOoCh paHee, yeaoBus (6.252) XapakTepusyroT pacipefe-
JICHHE CTOYHUKOB B HaYaIbHbI MOMEHT BPEMEHH.

Yro0b! MPOAEMOHCTPUPOBATL MPUMEHEHNE BbIpaxXeHus (6.266), paccMOTpUM
onuH npumep. [Ipennonoxum, 4To 4acTsb cpefibl, UMeromast popMy cepsl paau-
yca a (puc. 6.11, 6), HAXONUTCS B COCTOSIHUM OJHOPOJHOTO CKATHS M TTOKOUTCSL.
B momenT Bpemenn t = O cpepa HauMHAET BO3BPAIIATBCS B CBOE HefehOpMUPO-
BAHHOE COCTOsHHE. B pesynbTraTte 3TOro JBMXKEHMS BO3HHKAET BOJHA, KOTOpas
JIOJI’KHA YNIOBJIETBOPATH HAUAJILHBIM YCIOBUSM

VR, 0) = 0 OR,0) = %0 comR =2, (6.269)
0, ectuR > a,
T7ie Vg 1 0 0003HAYAIOT, COOTBETCTBEHHO, CKOPOCTh YACTHI] U IUNATAIIHIO.
ITockonbky
v=grad U, P, = —poﬂ
at
n
0 =-P,/p,C?,
MBI BMECTO YCIOBH (6.252) umeeM
2
9(R) =0 (R) = |C o TR =2, 6270)
0, ecmR>a.

Cneqyet 3aMeTHTb, UTO AWJIaTALKs O YIOBIETBOPSET BOMIHOBOMY YPaBHEHHIO U,
TIOCKOJBKY BOJIHBI PacIpOCTPaHSIOTCA OT cpepbl, apryMeHT (pyHKUud O paBHs-
ercst

R -ct.
CooTBeTCTBEHHO, OCNeHee U3 ycnoBuit (6.270) MOXKHO 3amucaThb KaK

c’0,, ecmuZ < a,

(6.271)
0, ecim Z > a.

X(Z)={

Kaxnplit aneMeHT cepbl MOXKHO PacCMaTpUBaTh KaK 3NEMEHTAPHBIN MCTOYHHK,
npuueM OMXKAHIINGA K TOUKEe HAOMIONEHHS MCTOYHUK PACIONOXEH HAa PaccTosl-
HAM R — @, a R + a xapakTepusyeT MakcuMmanbHoe paccTognue. CleoBaTenbHo,
IBUKEHHE B OKPECTHOCTH NIPOM3BONBHON TOUKHM P OyfeT MPOUCXONUTb B TEUEHHE
MHTEpBala BpeMeHH
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usts R+a'
c c

B cuny cepudeckoii ciMMETprE BONHOBBIE JIBIXKEHHSI BO3HUKAIOT B cpepidec-
KOI 000JI0UKe TONIIMHBI 2a.

W3 HavanbHbIX yenosui (6.270) ciefyeT, 4TO B 3TOM CIy4yae BbIpaXKEHHE JIs
noreHunuana (6.266) 3aMeTHO YIPOLIAETCS, U Mbl UMEEM

R+ct

1
UR, t)=— [zy(2)dz.
(R, 1) o RICIX( )
Wcnone3ys (6.271), nonyuum

a

fzdz

2c R g

2
UR, = L%
nimn

UR, t) = T—;[az —(R-cb’]. (6.272)

ITockonbky

qanaTalns BHyTpUA 30HbI BO3MYIICHUS PABHACTCA

0= 6_0 R -ct
2 R
nin
O _R-cet (6.273)
6, 2R
Ime

ct—a<R=ct+a.
Pamnyc cpepraeckoit TOBEpXHOCTH, TIPOXOAIIEH Uepe3 cepeiiHy 000I0UKH,
R, =ct.

W3 cootHomenus (6.273) cnenyer, 4To BOMM3W 3TOH MOBEpXHOCTH (PYHKIUS O
CTpeMHTCs K Hyno. B To e BpeMs BO BHELIHEH 110 OTHOLIEHUIO K JaHHOH IIO-
BepxHocTH oOnacty (R > R,)) qunaTauus uMeeT TOT Xe 3HaK, 4To U 6, a BO BHYT-
penreili obnactu (R < R,) — IPOTHBOIOIOXHBIN.

3ameTuM, 4To (PYHKUMSA O B TOYKAX BONHOBOTO (DPOHTA ONpPEENIeTcsl COOT-
HOLIEHUEM
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0/6, = a/2R

1 YMEHBILAETCs IPONOPLUOHANLHO PacCTOSHUIO R.

Inst Toro 4ToObI paccMOTpeTh Oonee OOLIMIA CIy4all, HEOOXOAUMO BBIBECTU
COOTHOIIEHHE MEK/Ty HaYalbHbIMH YCIOBUSAME 1 oTeHnuanom U B Hayaze Koop-
IMHAT, KOTOPOE JOJKHO BBIMOMHATHCA 7151 IPOU3BOILHOIO MOMEHTA BPEMEHH.

W3 (6.262) cnepyer, 4TO

F(R +ct) + f(R -ct)
- .

UR, 1) =

HWcnone3ys cooTHOMIEHus (6.267), ony4um

F(ct+R) - F(ct-R)
2R

UR,t)=2

,ecm R — 0,
Wi, pasnaras GyHKuuo F B psj B okpecTHocTH Toukd R = 0, nMeeM
u(o, t) = 2F'(ct). (6.274)

Hudepennupys nepsoe u3 ypaBHeHuit (6.262), MPUXOIUM K HOBOW CHCTEME
ypaBHEHHUIT OTHOCUTENbHO (yHKuui ' n F:

F@2)+ f'<z>=aiz[ch<z>]

F'(2)- f'@) = %x(Z)-
Orcrona
2F'@) = Ly@)+ Lz,
C 9z
u BMecTO (6.274) umeeM
U(0, t) = ty(ct) + %[tcp(ct)]. (6.275)

Takum o6pa30M, Mbl BbIpA3ujin MOTCHIHAT B TOYKE Havala KOOPAUHAT 4YEpe3

(yHKLMH ¢ U ).
[Tpumensia 3ToT pe3ynbTaT K BoJHE (6.270), BBI3BAaHHOW OHOPOIHO CXKATOM
ctepoit, monyunm

t, ecnuct<a,

U0, t)y=c’0
.1 0{0, ecnu ct > a.

Cnyuaii 3: npon3Bo/bHAs BOTHA

IIpenmonoxnM, YTO HavyaJbHBIE YCIOBHS 3aaHbl B IPOM3BONBHOM 00BeMe V,
OKPYKEHHOM TIOBEPXHOCTEIO 2 (puc. 6.11, @). st Toro 4To0bI BLIPA3HTH IIO-
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TeHnan U pyst mro0o0f TOYKM P B NMPOU3BONBHBII MOMEHT BpeMeHH t depes
(DYHKIUK ¢ U Y, MBI HCIIONB3YeM NOAXON, IpeAnoxeHHbli [TyaccoHoM.

PaccmoTpuM ccepryeckyro MOBEPXHOCTb pafuyca R ¢ LEHTPOM B TOYKE Ha-
6mopierus P. B obmiem ciyvae 3HaveHus: moteHmmana U MEHSIOTCS Ha 3TOW MO-
BEpXHOCTU. BBefieM cpefiHee 3HaueHne OTeHIMana:

1
47R>

Un (R, ) = —— fU(g, )ds, (6.276)
S

rfie g 0603HayaeT TOYKY OBEPXHOCTH S.

Koneuno, dynkuus U, (R, t) 3aBucut ot paguyca R u Bpemenu t 1 0ObIYHO He
COBIMAJIaeT CO 3HAUECHNEM MOTeHIMana B Touke P. Hampumep, Bapbupys paauyc R
HpH TIOCTOSTHHOM BPEMEHH, MbI TIOJTyYNM pa3inyHble 3HaueHus U, B yacTHoCTH,
€cIli BOJIHA elle He JOCTUINIA TIOBEPXHOCTH S, cpefHee 3HaueHue (yHKuum U,
paBHseTcd Hy 0. TOYHO Tak e BapbUpOBaHHE BpEMEHH NMPUBOJUT K U3MEHEHHIO

¢yukun U,, Ha hUKcHpoBaHHOM cheprnIecKoil IOBEPXHOCTH.
W3 BeIpaxenns (6.276) cnegyerT, 9To

U, (R, t)= ﬁfU(g, 1dQ, (6.277)

rae dQ 0603HAYAET TENECHBIN YroJ, MOJ| KOTOPBIM 3NMEMEHT ChepruecKoil mo-
BEPXHOCTH BUJICH M3 TOYKH HAOTIOfICHNS .

370 o3Havaet, uTo pynkums U, (R, t) sBisteTcs unHeiiHON KOMOMHAIMEN cKa-
JIS[pHI)IX IIOTECHIMAJIOB U, CIICAOBATCIIbHO, yJIOBJIeTBOpHCT TaK>XKe BOIIHOBOMy ypaB—
Hennto. bonee Toro, mockoneky yHkims U, He 3aBUCUT OT ChepruyecKux Koop-
MMHAT O ¥ ¢, €€ MOXKHO 3aMicaTh Kak

RU,(R, 1) = F(R +ct) + f(R - ct).

BBOHSI CpelIHI/Ie 3HAYCHUS HAYAJIbHBIX YCIIOBI/Iﬁ
1
=—¢§U(g, 0)dQ
P 4n)§ (9

- (6.278)

RIS
Xm 4an§ ot ’

oOmmii ciuyvail CBOMM K TIPEeAbIIymieMy. 3aTeM, WComb3ys (6.275), 3amumem
Cleflyrolee BbIpaKeHue sl cpefiHero 3HaueHusd U, B Hayane KOOpAKHAT:

U, (0, t) =ty (ct) + i[tcpm(ct)]. (6.279)

C npyroil CTOPOHBI, MOCKONBKY CKAJSPHBIA NMOTEHIUAN SBISIETCS HENMPEPhIBHOM
dyHKUMEH,
Un(0, t) = U(O, t).
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HeicrBurensro, npu R — 0 umeem

1
4nR2

S
4nR

U,(R, t)=

fUdS — U(0, t) =U(0, t), ecru R — 0.

2

Takum 06p830M, MbI IIPUXOJTUM K BbIPaKEHUIO

u(o, t) = ﬁfx(ct)dsz + ii(tfq)(ct)dg)

unm
1 1 a( 1
U(o, t) = (chdS + ——(— (ct)dS) , (6.280)
4nc2tj§X 4m ot cztgcp
TOCKOIBKY
R =ct.

®opmyna (6.280) no3BonseT HAUTU BONHOBOE IIOJE B ONHOPORHON cpefie IIpH
YCIIOBUY, YTO 3aJ]aHbl HAYalbHbIC YCIOBHS. JTO BbIpAaXXECHHE Ha3bIBAcTCS (hOPMY-
noit ITyaccona.

Yro06bl IPOUIITIOCTPUPOBATDH NpUMeHeHHe (opMyIbl (6.280), MPERNOI0XIM,
YTO BHYTPH MOBEPXHOCTH 2 WMEETCS ONPEJIETIEHHOE paclpeNieNieHne TePBUYHBIX
HCTOYHHMKOB, KOTOPbIE HAYMHAIOT ACHCTBOBATH B MOMEHT BpeMeHH t = 0. Kaxpiit
U3 3THX UCTOYHUKOB IOPOXKAAET CPEPUIECKYIO BOJIHY, KOTOpasl JOCTUTAET TOYKH
HaOmofieHus P (puc. 6.11, @) B MoMeHT BpeMeHH t. O4YeBHUIHO, YTO BOINHBI, BbI-
3BaHHbIE MCTOYHUKAMHU, PACHONOXKEHHBIMUA HA OJHOW M TOW Xe Ccepruyeckont
TIOBEPXHOCTH, IPUXOJIAT B €€ LIEHTP OAHOBPEMEHHO, 1 Oiarofapst uX uHTepdepeH-
1uu popMupyeTcs pe3ynbTupyromas BonHa. M3 puc. 6.11, @ BUHO, YTO HepBast
BOITHA TIPEXOMHT B 3Ty TOYKY B MOMEHT BpeMeHH t = d/C. AMIUTUTY/a 3TOH BOIHBI
OYEeHb Maja, OCKONBbKY B 3TOT MOMEHT Majla 4acTh c(hepUYECKOil MOBEPXHOCTH
Si- C TeueHMEM BpEMEHH IIOMAMb S, YBEJIUUUBAETCS M, COOTBETCTBEHHO, aMILIK-
Ty[]a BOJHBI TaKXX€ MOXET BO3PACTH, IIPU YCIOBUM, YTO 3JIEMEHTAPHBIE BOIHBI
MMEIOT NIOYTH OfiuHAaKoBbIe pa3bl. Hakonel, B MoMeHT Bpemenu t = D/c HaOmto-
JlaeTcs XBOCT BOJIHBI, NIOCNE YeTo KOIeOaHUs OTCYTCTBYIOT.

Pacemotpum ente onun npumep (puc. 6.11, ), B KOTOPOM B MOMEHT BPEMEHH
t = 0 ¢pyHKIuA ¢ paBHSETCS HYMIO, a ¥, MMEET IOCTOSHHOE 3HAUEHUE BHYTpU 2.
Kax u cnefjoBano oxupath, (opmyna [lyaccoHa B 9TOM clyyae CUIBHO YIpOLIa-
€TCsl, ¥ Mbl IMEEM

U(p, 1= 2% (6.281)
4nct

3rech Sy 0603HAYTAET MUTOMANb, 0OPA30BAHHYIO MEpPECEYeHNEM TIOBEPXHOCTH X U
ctepst S paauyca

R=ct
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C IEHTPOM B TOUKE P. ITO 03HAYALT, YTO IP(EKT AEHCTBUS MCTOYHUKOB 3aBHCHT
OT pa3Mepa u (POpPMBI TOBEPXHOCTH Sy, 8 TAKKE OT IONOKEHHS TOUKH HAGIIONe-
HAs P. W3 puc. 6.11, 6 Nerko yBHAETh, YTO MAKCUMAJbHBIN CUTHAT B TOYKE P,
OyleT MeHbIIe, YeM B TOUKE P,, OHAKO MPOJOKUTENBHOCTL STOTO CHTHAJA Oy-
JIeT OOMNbIIIE.

6.8. IEPEXO]I K TEOMETPUYECKON AKYCTUKE

[Tpuctynum Teneph K U3y4EHUIO BOJH U, B YaCTHOCTHU, AU(PAKIMOHHON Kap-
THHBI B NPEJIETIBHOM Cllydae, KOIJla JUIMHA BOJHBI CTpeMuTcs K Hymo: A — 0.
CHayana MBI PacCMOTPUM OTHOCUTEJIBHO IIPOCTOM Cilydal, KOIfa B OJHOPORHOM
cpefie IMEeTCsl 9KpaH ¢ OTBEPCTHEM POU3BONBHON (hOpPMbI. 3aTeM, OCHOBBIBASICh
Ha ypaBHEHNH ['enbMronsia, Mbl 0OCYIM OOIMI ciTydari.

Panee 6b110 Moka3axo (cM. hopmyany 6.97), 4To KoMIIekcHyto aMmnnutyny U
CTallMOHAPHON BOIHBI 10331 HEOJJHOPOHOCTH MOKHO 3alIUCATh KaK

ik(R+R)
iU (p)=A feR— cos(n, R)dS,, (6.282)
S,

1

rie R u R, — paccTosiHus OT TOUKM OTBEPCTUS 10, COOTBETCTBEHHO, TOUKH HaOIIO0-
JICHNSI ¥ UCTOYHMKA; S, — IWUIomans otBepctus (puc. 6.12, @). C yMeHbleHHEM
JUIMHBI BOJHBI TapaMeTp K HeOrpaHWYEHHO BO3PACTAET, M NOABIHTETPAIBHOE BbI-
paXXeHHe CTAHOBUTCS CHIBHO ocumumpyromeil (yskuueir. Iloatomy Bpsp nu
BO3MOXHO MPOAHATIU3UPOBATh ACUMITOTHYECKOe moBefeHne ¢yHkumn U, wuc-
TOJIb3YSI 1S 3TOTO YMCIEHHOe MHTerpupoBaHue. [Insl pelueHus 3Toil 3a1auu ObLa
TPENIIOKEH OUeHb MPOCTON M 3JeTaHTHBIN noaxof. B dopmyne (6.282) mop wH-
TErpaioM CTOUT BbIpaskKeHNe

cos(n,R) eik(R+Rl)
RR,

1 OYEBUHO, YTO MOBEPXHOCTU MOCTOSIHHOMN (ha3bl 3TOH (PYHKIUM ONpENETSIOTCS
Kak

R + R, = const. (6.283)

OTH IOBEPXHOCTH SIBJISIOTCS ILUTUIICOUIAMHU, UMEIOLUMHU 001IKe (hoKabHbIE TOY-
Ku p, u p (puc. 6.12, @). ITockonbKy B JaHHOM pasfielie HUTJIE HE MCHOb3YeTCs
MOHSITHE TFIOTHOCTH CPEfibl, Mbl 0003HAUMM PACCTOSHUE YEPE3 P.

MoxHo npefcTaBuTh cebe OECKOHEYHOE YHMCIO TaKMX AJUIMNCOWAOB. B yact-
HOCTH, KOIfla MaKCHMAJIbHOE CEYECHHE JIUIMIICOMfA CTPEMUTCS K HYNIO, OH BbI-
pOXpaeTcs B MpSAMYO IMHAKO PP,. Paccrosame

p+pP;
HaA3bIBACTCA CI)OKHJH)HLIM paCCTOSIHI/IeM, rge
p=pOup,=p0,

308



Puc. 6.12. Mnmocrpauus ¢op-
myn (6.283) u (6.285) (a);
TOYKA  HAXOJUTCS HA 3KpaHEe
(6); TouKa  HAXOJUTCS B TIpe-
Jiellax OTBepCTH (6)

a Touka O SBISIETCS TOYKOW TiepeceueHus (POKANBHON MPSIMON C TUIOCKOCTBIO
9KpaHa.

Hama nenb cocrout B TOM, 4TOOBI IIpeoOpa3oBaTh MHTErpal U3 BbIPAXKEHNS
(6.282) Takum 00pa3oM, YTOObI MOXKHO OBIJIO J[OBOJBHO JIETKO INOJYYUTH €TO0
acUMITOTHYECKOe 3HaueHue npu A — 0. Ilpeanomnoxum, 4To npsmas pp, nep-
TEHAUKYJIAPHA OTBEPCTHIO, M PACCMOTPHM KPYTOBOE CeYEHHE SIUIUICOUAA C LEHT-
poM B Touke O. Papimyc 3TOTO CeueHns paBHSIETCS X, @ PACCTOSIHAS OT TIPOU3BOIb-
HOJl TOYKY CEYEHHUS 10 TOUEK P, U P PaBHSIOTCS, COOTBETCTBEHHO, R U R:

RZ=p*+x3, R} =p; +x°

01031
x* S
R=p\/1+—21/1 Rl=p1\‘sl+—2. (6.284)
p ‘ 1

ITockombKy MbI PETNIONOXKUIN, YTO 00€ TOUKH P; U P HAXOASATCS JAJEKO OT
9KpaHa, MOXHO HCIOJb30BaTh pasioxkeHue MakiopeHa s ¢pynkuuii R u R;:

2 2
Rzp(1+lx—2) u Rlzpl(1+lx—2). (6.285)
2p 2p
Takum oGpa3zom,
R+R,=p+p,+m, (6.286)
e
m =[l+l]ﬁ+..., dm ={1+L]xdx. (6.287)
pop1)2 P Pr
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CnepoBaresbHO, TApaMeTp M XapakTepPU3yeT, ¢ TOUYHOCTBIO 10 KOHCTAHTBI, IUIO-
I[afib COOTBETCTBYIOLIETO Kpyra pajuyca X, HOAYYeHHOTO NMepeceyeHreM JLTHIICO-
Ujla ¥ 3KpaHa.

Kaxnblii 13 93TUX KPYroB MOXEM INPEACTaBUTb KaK HAOOp 2JE€MEHTAPHBIX KO-
JIel € IIOLAMIbI0

dsS, = 2w x dx,

60, ucnonb3ys (6.287), moayunm

ds, =—2* dm = fdm. (6.288)
1/p+ l/pl
3nech
- 2 (6.289)
1/p+1/ P,

Hanee, BBefieM (yHKIIIO (M), ONPEAENIONYIO Ty YacTh KOJbIA paanyca X, Ko-
TOpasi yMEI@AETCs B MIPEAENax OTBEPCTHS:

0=p(m)=1,
T.€.

dS, = (m)dS, = f p(m)dm,

rfe dS, o603HavaeT II0MLIaAb, COOTBETCTBYIOLIYIO OTBEpCTHIO (pHc. 6.12, 6). Ta-
KM 06pa3oM, MHTETPUPOBAHME IO OOIACTH OTBEPCTHSI BHIONHSIETCS C MCIOIB30-
BaHMEM CYyMMHPOBAHHUS 3IEMEHTAPHBIX KPYTOBBIX KOJIEL.

B nanbHefimem ygo06HO paccMaTpuBaTh pa3fielIbHO CEAYIOIIUE ABE CHTYaIH:

a) Touka O pacrionaraeTcs Ha 9KpaHe;

0) Touka O HaxofuTCs B IpeEfieIax OTBEPCTHSI.

Haunem ¢ mepBoro ciyuasi, HoKa3aHHOTO Ha puc. 6.12, 6. Ilocne BBeneHus
napaMeTpa M MHTErPUPOBAaHUE B MPABON YacTy (6.282) MOXHO NMPOU3BOAUTH MO
3TOMY IIapaMeTpy, UMest M, ¥ M, B KAYECTBE HIKHETO M BEPXHETO IIPENEIOB:

m smsm,

W3 puc. 6.12, , BUJHO, YTO T€ YACTU KONEl, KOTOPble OTHOCITCS K HpefebHbIM
3HAYEHUSIM M, U M,, PABHSIOTCS HYIIO:

o(m,) = @(m,) =0. (6.290)
Hcnons3ys 0003HaueHne

cos(n, R)

F(m) = fCP(m)T
1

u BeIpaxkeHust (6.286) — (6.288), popmyay (6.282) MOXKHO nepenucaTh B BHJIE

iAU (p) = Ae™® sz(m)e”"“dm. (6.291)

m
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I/IHTGI‘pI/IpOBaHI/IG 9TOr'0 BbIPAaXKEHUS IO YaCTAM 1a€T

m i Fm) | w1 ™ i
[Fm)e*™dm = S e L rEr(m)emdm. (6.292)
m ik m K

B cuny (6.290) nepsblil unieH B BbIpaxKeHuu (6.292) ucye3aeT, U Mbl IONY-
YyaeM

U(p) = ;—an’(m)eikmdm,

TaK KaK
k = 2wt/A.

IMockonbKy (hyHKIUS, CTOAIIAS! B TIOCTEJHEM MHTErpaje, UMEeT OCLMIIIUPYIOLUiA
XapakTep, 3TOT UHTErpall CTpeMUTCS K Hymto mpu Kk — oo. Takum oOpasom, B
IPEJEIBbHOM CIIy4ae, KOIfa AJIMHA BOJIHBI CTPEMUTCS K HYJIO, BOJHA B TOUYKE P
WICYE3AET, €CIM NpsMasi PP, MEPECceKaeT 3KpaH. OTO NMPOUCXOAUT HE3ABUCHMO OT
TOTO, IMEETCS B 3KPaHE OTBEPCTHE WU HET. VIHBIMU C10BaMH, pe3yIbTUPYHOLIAs
BOJIHA B TAKUX TOUKAX HCUE3aeT B Pe3ysbTaTe MHTEP(EPEHIUH BONH, BOHUKIINX
Ha [IOBEPXHOCTH OTBEpCTHsL. II0CKONBKY MEXKAY MCTOUHMKOM U YKa3aHHBIMHU TOY-
KaM¥ HaOIIFOIEHNs] PACIIONaraeTcs XECTKUI 9KPaH, Mbl MOXKEM CKa3aTh, YTO BOJI-
Ha OTCYTCTBYET B 30HE T€OMETPHYECKOM TEHH. B TO Xe BpeMms B pealbHO CHTya-
mmn, xorma A = 0, Bcerja HaOmrofaeTcs AuGpakuys W, 10 HEKOTOPOW CTETEHH,
BOJIHBI BCET/la IPUCYTCTBYIOT B 3TOM YaCTH CPENbL.

PaccMoTpuM Tenepb BTopoil ciydail, Korfga Touka O pacnonaraercs Iie-TO B
npefienax oreeperust (puc. 6.12, ). CornacHo (6.287) HHTErpHpoOBaTh HYXKHO,
HauyHasg cO 3HaueHus M = O, INOCKOJIBKY IUIOMAfb HAYaIbHOU IIOJOCHI TAaKXKe
paBHa Hymo. Ha mHTepBane

O=m=m,
BCE TOYKM KPYTOBBIX KOJIEL] OTHOCSTCSI K OTBEPCTHUIO U, CIIEOBATENBHO,
e(m) = 1.

W3 puc. 6.12, ¢ XOpo1Io BUAHO, YTO 3Ta (DYHKIUSI YMEHBIIAETCS OT €AMHUIbI JI0
HyJIS MY TOUKaMHu M = M, 1 M = M,:

1=qp(m)=0.

CooTBeTCTBEHHO, BbIpaxkeHue (6.291) MOXKHO nepenucaTh Kak
) m )
AU (p) = Ae" @™ [F(m)e™"dm.
0

WHuTerpupoBanue 1o 4acTsM aeT
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my

}ZF(m)eiKmdm _ Fm) gikm™ _ 1
! ik 0 ik

! sz’(m)e”‘mdm
0

Jinee

Aeik(p+p1)

Up)=—— -F(m)e™"

|m

2 m ' ikm
. +{F (m)e*™dm |. (6.293)

Kax u B mpeppbiiymiemM cnyyae, uHTerpai ucuesaer mpu A — 0. 3HaueHue
NEPBOrO 4ICHA, COOTBETCTBYIOLIEE BEPXHEMY INIPEfieNy, TakKkKe PABHAETCS HYIIIO,
MOCKOJIBKY ((M,) = 0.

Takum o6pazom,

Aeik<p+m)
U(p)=———F(0). (6.294)
2m
[TprHMMAast BO BHUMAHKE, YTO
9(0) = 1 cosm R) 1
RR, PP,
a Takxe opmydy (6.289), nonyuum

2%

F(0) = (6.295)
Py tp
U, VICTIOJIb3Ys BbIpaxeHue (6.293),
U(p)= —2 g, (6.296)

Pr+p

OTO BbIpaXKeHHE ONMCHIBAET KOMIUIEKCHYIO aMIUIMTY[y NOTEHIHMada MaJatoei
BOJIHBI Ha PaccTOSHUU P + P, OT MCTOYHMKA, KOTOpas Obuia Obl B OTCYTCTBHE
akpaHa. Takum 00pa3oM, Kaxfblil pa3, KOrjia npsiMasi pp, epecekaeT OTBEPCTHE,
BOJIHA TI033/[M IKPaHa COBIAJIAET C TOM, 4TO Obla ObI B OAHOPOAHOM cpefe. [Ipy-
T'iMHU CJIIOBaMH, BOJIHA PACHpOCTPAHACTCA OT MCTOYHHUKA K TOYKE Ha6JII-OI[CHI/I$[
Bjons npkioit muaun. Kak BupHO U3 puc. 6.13, a, 6, Takoe TOBefeHre HaOIIoNa-
eTCsl BHYTPU KOHYyCa C BEpIIMHOH B TOYKe P, OOKOBas MOBEPXHOCTb KOTOPOTO
KacaeTcd Kpas OTBepcTHsl. B TO ke BpeMsi BHE 3TOTO KOHYyCa, B 30HE TreoMeTpHye-
CKOJ1 TeHU BonHa oTcyTcTBYeT. CneftoBatenbHo, B npefene (R — 0) mudpakiuoHs-
Hasl KapTHHA UCYE3aeT U, COOTBETCTBEHHO, BOIHOBbIE NIOJS IIPETEPIEBAIOT Pa3pbIB
Ha GOKOBOI MOBEPXHOCTH KOoHYca. Kak yxe oTMeuanoch, B peaibHON CUTYaluH,
HE3aBUCHUMO OT TOTO, HACKOJIBLKO Masla JIFIMHA BOJHBI, U(paKIus NPOsBISETCS B
npefenax OTHOCHTENbHO HEeOOJbIIOH 30HbI MO 00€ CTOPOHBI OT 3TOH MOBEpPX-
HOCTH.

[Ipeanonoxum, 4TO B 3KpaHE MMEETCS MHOXKECTBO Pa3NUYHbIX OTBEPCTHI.
Torpa B npepene A — 0 Bce MPOCTPAHCTBO 1033/ 9KPaHa MOXKHO pa30UTh Ha fIBE
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Uu=0

U=#0

Puc. 6.13. Tlepexoj K reOMETPHYECKOI aKyCTHKE (@, 0, 6); KPYIVIbIA 9KpaH pajuyca a (2)

yacti. OfiHa YacTh, IJie BOIHBI PACIPOCTPAHSIOTCA BIONb MPSAMBIX JUHHUE, COCTO-
UT U3 My4KOB JIy4ell, a B APYroi yacTu 06beMa YacTHIbl HAXOAATCS B IOKOE.

[Tockonbky pacnpefiefieHHe BOJH ONpENeNseTcs TONBKO TeOMETPHUECKUMHU
(hakTOpamm, a IMEHHO TOJIOXKEHNEM MCTOYHWKA W TOYKH HAONIOfICHMS, pa3Me-
poM, OpMOIl W TONOXKEHHWEM OTBEPCTHS, pacCMaTpUBaeMOe TpPUOMIKEHHE
(M — 0) Ha3pIBaeTC TeOMETPUYECKON aKycTHKOH. OHO HrpaeT 4pe3BbIYAiHO
BAXHYIO POJb B CEHCMOJIOTHH, a €T0 OCHOBHBIE UEPThI OYAYT OMUCAHBI B OIHOM
U3 CIEeMYIOIIKX TIIaB.

3eck cnefyeT OTMETHTD, YTO MEPEXO]] OT BOJHOBOM K Te€OMETPHUYECKON aKyc-
THKE TIPOUCXOANT He Beerfa. CYIIeCTBYIOT Takue CIydYad, KOTJja MpH CTPEMIICHIN
JUIMHBI BOJHBI A K HYJIO Bce ere HaOmomaeTcs audpakuus. s WTIoCTpanun
TaKOI'o NOBEICHUS MbI paCCMOTpI/IM JBa CBA3aHHBIX Me)KJIy C060ﬁ HpI/IMepa.



IIpumep 1: HHTEHCHBHOCTH MO32/{H SKPAHA

Kaxk 6b110 MOKa3aHO paHee, ecnu Touyka O HaXOUTCS 32 MpefiesiaMi OTBep-
crus (puc. 6.12, -), TO

U@ —0, ecm A— 0.

OnHaxo CyIIECTBYIOT HCKIIIOUEHUS U3 ITOTO MpaBUia, HApUMEpP KOrja KOHEeYHas
YacTb YKa3aHHOTO Kpasi 9KpaHa COBNAJAET C OHUM M3 JBYX IPAHUYHBIX KPYIOB,
XapaKTePU3YIOIUXCS MapaMeTpaMu

m, = const ¥ M, = const.

B Takux cnyvasx maoxurenu ¢(m,) © ¢(M,) He PaBHbI HYIIO U, CIEOBATENBHO,
TEPBBI YJIeH B TIPaBOIl YacTy BhIpaxkeHus (6.292) e mncuesaet. OTcrofa clefyer,
YTO MO3afK 3KpaHa (B 30HE FeOMETPUYECKOi TEHU) MPUCYTCTBYET BosHA. VIHbIMU
CII0BaMH, CyNEPIO3UIMS BOIH HE IPUBOAUT K UX IIOJHOMY B3aUMHOMY TalllCHUIO,
eclii Kpail 3KpaHa MMeeT COOTBETCTBYIOLIYIO Kpyrosyto gopmy. Hampumep, ato
MPOMCXONNT, KOIJla TOYKH P; ¥ P PacHoNOXKeHbl HA NEPNEHANKYISIPE, TPOXONs-
IIeM Yepes HEeHTp Kpyra (puc. 6.13, 2), 1 IMEHHO 3TOT KPYT SBISIETCS 9KPAHOM
(ocTanpHas 4acTh INIOCKOCTH Npo3payHa). B aToM ciy4ae BbIpaxeHue (6.282)
MOXKHO IIEpenucaTh KaK

o Lik
iAU(p)= A f%cosm, R)27 X dX. (6.297)
0 1

MpI npefnonaraem, 4To p = P, 4, cAefoBaTelbHo R = R, =T, a Takxe

cos(n, R) = L_¢g
R r
Hanee, u3 dhopmyisi (6.284) cnenyet, 9TO
rr=p*+x% xdx=rdr.

Orcrofa BMecTo (6.297) nonmyyaem

AU (p)=2nAp [ L (6.298)
[2, 2 r
Vat+p

I/IHTCFpI/IpOBaHI/Ie 110 9aCTsaM JacT

. ZJ'(Ap e2ikr © e2ikr
iAU(p)= — +2 [ S dr
2ik ro | Ja2ep? S a2 r
(3 Nat+p
i

Ap o2k * » ik
Up)=--L1 +2 [ Sdrl.

2 Ja+p? Jatep? T
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I/IHTCI‘pI/IPYﬂ 110 4aCTsIM BTOpOfI YJIEH 9TOr0 BbIPAXKCHUA, Mbl BUJIUM, YTO OH 00-
pamiaeTcs B HOJIb IIpU A—0. CJICIIOBEITGII])HO, B IIpeJEJIE€ MbI ITOTYIUM

U (p)= e, (6299)
2(a” +p7)

Kak BupHO U3 puc. 6.13, 2, MOTeHMAT MAjaroLIedl BOMHBI B TOYKAX Ha Kparo
9KpaHa onpefensierca popMyon

R eik\s“ahp2
U =A =A

Ri yalsp?

CooTBeTCTBEHHO, BhIpakeHue (6.289) epexofuT B

a2 2
U(p)=l—f 2p - e Ty,
z\ﬁa +p

a (bYHKIII/IH MHTEHCUBHOCTH | M3MeHsieTCs BJJOJIb OCH JUCKa KaK

0,25 I/l

I,

Puic. 6.14. VIHTEHCHBHOCTB NMO3a/1 KPYIIIOTO 9KpaHa (@); 9KpaH ¢ KPYIIbIM OTBEpPCTHEM (0);
MHTEHCUBHOCTb T03a¥ KPYIJIOrO OTBEPCTHs (6); NPOM3BOILHOE IOJIOXKEHHE WCTOYHMKA M
TOYKH HAaOJIONEHNA (2)
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2
1(p)= -2 1, (6.300)
4 a2 . p2
rfie |, — MHTEeHCHBHOCTD NafaoLell BOJHBI Ha KPAIO 9KpaHa.

KauecTBeHHO MBI yKe 00CYyX[anyu 3TOT MapafoKCaNbHbIA pe3yabTaT, u300pa-
KEHHBI Ha puC. 6.14, a. I3 paBencTBa (6.300) cnegyer, 4To BOIHA IPUCYTCTBYET
BCIOlY BJIOJIb OCU P, 32 HCKJIIOUEHHEM TOYeK BONHM3M AUCKA. JTO MPOMUCXOJMT,
HECMOTp Ha TO, YTO TOUKM HAONIOfIEHUS JIeXaT B 001aCTH TeOMETPUUYECKOMN Te-
Hi1. OTHOCHTENbHAS MHTEHCUBHOCTS |/]) MOCTEMEHHO YBETMUMBAETCS C YBEIMUYEHN-
€M pacCTOSIHUS P MEXXAY 9KPAaHOM M TOYKOH P M aCUMITOTHYECKU CTPEMHUTCS K
3HaueHuio 0,25.

3ameTuM, YTO eclu Nafaoasi BOJHA SBJSETCS IIOCKOM, TO

I —1,, ecnmu p — oo,

T.e. Ha JOCTaTOYHO OONBUIMX PACCTOSHUSAX NPUCYTCTBHE 3KpaHA NPAaKTUYECKH
HUKAK He BJIUAET HA TOYKHU, PacloNoXeHHbIe Ha ocl p. Kak oTmeuanoch pasee,
HOBEIECHNE BOJIHBI, OMUChIBAEMOE BbIpaxkeHUeM (6.300) MPOTHBOPEUUT KOHIEI-
LUK PacIpOCTPaHEHNs] BOIH BJOMNb IPAMOJIUHENHBIX yded npu A — 0. Muorna
TaKoe NOBEeieHNE Ha3bIBatOT udpakuueii ITyaccona. B To ke Bpems cefyer cHo-
Ba NOJYEPKHYTH, YTO paBeHCTBO (6.300) BBINOMHSETCS TONBKO HA OCH P, IIO-
CKOJIbKY B 9TOM CIIy4ae NpsiMble

m = const

COBMAJIAIOT C KpaeM Jiucka. BmecTe ¢ TeM, JaHHOE YCIOBHE HE YHOBIETBOpSIETCS B
TOUKAX, He MPUHAAJEKAIMX 3TON OCH, U, COOTBETCTBEHHO, VI 9THX TOUYEK aMil-
JUTY/a BOHBI CTPEMUTCS K HyJto mpu A — 0.

ITpumep 2: UHTEHCHBHOCTD O3\ KPYTOBOTO OTBEPCTHS

PaccMoTpuM Tenepb 3KpaH ¢ KpPYLOBBIM OTBEPCTUEM U IIOBE[CHHUE BOIHbBI
BIOJb €ro ocu p (puc. 6.14, 6). IpuaepkuBasich MPEANONOXKEHHA 1 0603HAve-
HUY NPEABIAYIIEro IpUMepa, BMECTO BbIpaxkeHHs (6.298) monyunm

Ja2+p?

iAU (p) = 2t Ap f ez““d_;. (6.301)
.
P

WHTerpupys no yacTsiM U YUMTbIBas, YTO MOJNYYMBLIMICA YNE€H, COfepXKalil 1H-
Terpajl, CTpEMUTCS K Hynto mpu A — 0, umeeM

) \/a2+p2
i 2mAp e2|kr
iInU(p)=— 2
2k r
P
A
2ikp 2iky @’ +p? 2ikp 2 i

Ap|e e Ae P 2ik{va’+p* —p
Up=—|—F-—F—1= 1-— ze( ) (6.302)

21 p a“+p 2p a” +p
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HPCHHOJIO)KI/IM, YTO TOYKH Ha6JIIOJIeHI/IFI PacrojioKEHbI Ha TOCTATOYHO OONBIINX
PacCTOSHUSIX OT OTBEPCTHAA:

p>>a.

Torna, ucnonb3yst IpUONIKEHHBIE (DOPMYIIBI
2

2
P 2 2 a
- =L Ja +p  -p=—,

a’+p 2p

3anuuieM Belpaxenue (6.302) B Bufie

A ik / 2 A ik ik;i ka’
Upp)=—ec"™|1-e °|=-i=e""e *sin—. (6.303)
2p P 2p
CroBa BBOJIsS (DYHKIIMEO MHTEHCHBHOCTH |, HAXOUM, YTO
2
Lsinz(ki), (6.304)
Iy 2p
e
A? A’
o=~
a +p Y

[To mepe yBenuuennst paccrosiHust P oTHouenue I/1, obpasyer cucreMy MakcuMy-
MOB M MMHMMYMOB, IPMYEM BHAYajle pacCTOSHUE MEXY HUMHU YBEIMYMBAETCS C
yBenuuenueM p (puc. 6.14, 6). Bce MakCUMyMbI IMEIOT OMHAKOBYIO aMILTATYAY,
paBHYIO €IMHUALE, & BCE MUHUMYMbI paBHbI HYJIIO. IIJIS[ OTHOCHUTENILHO OOJIBIINX
paccrosiamit, Kora 2p > ka’, pyskuws 1/1, MOCTENEHHO CTPEMUTCS K HYJTIO.

B nanHOM npuMepe UCTOYHMK U TOUKU HAOMIOAEHNS JIeXKaT Ha OCH P, U MeX-
Iy HIMJ HET HUKAKOro 9kpaHa. EcTecTBEHHO OXHAaTh MO3TOMY, YTO B Mpefiene
A — 0 aMnmuTyzia BONHBI OYfIET OTIANYATHCA OT HYJMSl BO BeeX TOYKax ocu p. Op-
HAaKo, KaK ciefiyeT u3 BbipaxkeHus (6.304), BMecTo 3TOro HabMIOfaeTcs: 6OMbIIoe
YUCIIO TOYEK, B KOTOPBIX BOJIHA OTCYTCTBYeT. bonee TOro, ¢ yBelnMdeHHEM pac-
CTOSIHUSL 0 MHTEHCHBHOCTD BOJIHBI CTAHOBUTCS 3HAUUTENILHO MeHbIIE |

B npoTuBONONOXHOM ciyyae, KOra MeXay UCTOUHUKOM M MPUEMHUKOM Ha-
XOJIUTCS KPYTOBOH 3KpaH, MHTEHCUBHOCTh cTpeMuTed K |, mpu p — oo. KoHeuHo,
TIOBEJICHUE BOMHOBBIX T0JIell B 000MX clydasx AOCTATOYHO mapajokcanbHoe. Mu-
TEPECHO TAKXe 3aMETUThH Clefyroliee. B MpucyTcTBuM OTBEpCTUs KapTHHA -
¢pakiuu GpayHrodepa Ha MIOCKOCTH P = const TpeAnonaraeT, YTo MakKCUMyM
MHTEHCUBHOCTH OJDKEH HAOMIOAAThCs B TOUKAX Ha oc P. CIeNoBaTeNbHO, JAHHOE
npubIXeHne NpUMEHIMO TOJBKO B TOM Clydae, Korja oTHouiexue 1/, 3agaBa-
eMoe paBeHCTBOM (6.304), MOHOTOHHO YMEHBIIAETCS.

o cux mop Mbl Ipefnosarany, YTo TOYKA P U P, PacnoNoXeHbl Ha MepIeH-
MUKYIsipe K 9KpaHy. Temepb TpefcTaBuM cebe Oonee OOILIyIO CHTyamuio (puc.
6.14, 8), 1 CHOBa OCTPOUM CEMENCTBO AIIUNCONI0B. OUEeBUAHO, UTO
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T 2
1. X | X
“el+—2 ur,=p 1+—.

\ Vet

IMockoneky

i=p

X «<iun <1,
P Py

TNPUBEICHHBIC BBIIIC BHIPAKCHUA MOXKHO IIPEICTaBUTH KaK

1 x? 1 x?
r, zp(1+——2), r, zp](1+——2)
2p 2p
1, COOTBETCTBEHHO,

r+ry=p+p,+m,

r7ie, KaK U paHee,

2
1 1)x
m = (_ + _) L
PP/ 2
HOCJIO)IH}OIO BECJIMIMAHY MOKHO pacCMaTpuBaTh KaK ITapaMETP CUCTEMBI IJIIUIICOB,
Cq)OpMI/IpOBaHHI)IX B pE3YJIbTATE NEPECCUCHUSI IJITTUIICOMA BPAICHUA C ILITOCKO-

CTBIO 9KpaHa.
[Tnomank 3neMEHTapHOrO KOIbIa CEYSHHUS SIUTATICONA

dS, = 2x x dx.

KoneuHo, cymectByeT KOppemsiusi MeXy 3TOil MIOMAAbI0 W TPOEKINEH Ha OT-
Bepcrue dS,, KoTopoe SBISETCS IUTUITHIECKON TIO0TO0COH, T.€.

ds, =f,ds, = f dm,

rie f — HekoTOpBIN K03(h(PUIMEHT TTPOTOPIHOHATLHOCTH.

Takum 06pa3oM, MbI TIPECTABIUIA IUIONIAAKY MHTETPHPOBAHUS B BUJE CHCTE-
MBI 3JUIMNTHYECKUX IIOJIOC, Kaxjasd U3 KOTOPBIX XapaKTepu3yeTcsl MapameTpaMu
m u f(m).

HWcnonb3yst faHHBINA NOAXON, CHOBA MPHUXOAMM K BbIpaxkeHmo (6.291), Koto-
poe TO3BOJISAET MOTYIUTh TaKOK XK€ Pe3yNbTaT, Kak U B PEABIIYILEM CITyJae.

MB&I1 npoieMOHCTPUPOBAIH TIEPEXO]] OT BOTHOBO! K FEOMETPHYECKON aKyCTHKE
Ha OTHOCUTEJIBHO IIPOCTON MOJIENHU 3KpaHa, IOMEUICHHOTO B OHOPOIHYIO CPERY.
B panbhefiieM Mbl ocTaHOBMMCS Ha Oonee OOIMX MOJIEINSIX cpefibl U OyjeM Hc-
TOJIb30BaTh (DOPMYJIbI, OMUCHIBAIOIINAE BOTHOBBIE MOMSI.



6.9. YPABHEHME 1IKOHAJIA 1 YPABHEHUE ITEPEHOCA

Kaxk MbI 3HaeM u3 U3y4E€HUs BOJH B OJIHOpOJIHOﬁ Ccpene, ux MOBEACHUE B BOJI-
HOBOW 30HE MOXKHO OINCATh CIIEAyOIUM 06pa30M:

AR, k) e*®. (6.305)

WHbpIMU cOBaMH, aMIUIATYA BONHBI 3aBUCHT, B OOLIEM Clydae, OT paccrosi-
Hud R, a noBefienne ¢a3bl ONpeyeNseTcs IKCIOHEHIMABHBIM YIEHOM

eikR'
C yMeHblIEHHEM JIUHBI BOJHBI A OJVDKHSAS U TPOMEXKYTOYHAS 30HbI 3aHUMAIOT
OTHOCHTEJIBHO MEHBIINI 00bEM BOKPYT HCTOUHHUKA, ¥ B TIpefieie A — O NpakTH-
Yecky BCIOly HaOMIOfIaeTcsl BOMHOBAS 30Ha.

[Tpennomnoxum Tenepb, YTO cpefia HEOAHOPOAHA 1 CKOPOCTb PaclpOCTpaHEHHs!
C SIBISIETCSl HETIPEPHIBHON (DYHKIMEN MPOCTPAHCTBEHHBIX KOOpAMHAT. JIerko yBu-
JIETh, YTO B 3TOM Clly4ae KOMIIEKCHAs aMIUIUTYfa noTeHnuana U Takxke ymosie-
TBOpSET ypaBHeHNIO ['ebMronbia

V2U + kU =0, (6.306)

a BOJIHOBOE YHCIIO
k =w/c

sBIsieTcs (PyHKIMEH KOOpUHAT TOUKH. JeHCTBUTENBHO, U3 HEPBOTO OCHOBHOTO
YpaBHEHHUsI

a%s _ _
pat_2 =—grad P

1 COOTHOLICHMUS

s=grad U
nMeeM
_9%u
P= -

ot
pu yCJI0BUH, YTO INIOTHOCTD SBJISIETCA TTOCTOSTHHOM. Torna BTOpPOE€ YpaBHEHUE
divs=--LP
cZp
JaeT

. 2
divgrad U = 12y
cZ ot2

nim

2
viu-_LaU _gq
2 at?
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CoOTBETCTBEHHO, B YACTOTHO! 0OMACTH MbI IPUXOAUM K YpaBHEHHIO (6.306).

[Tonaras, 4To JMHA BOJHBI CTPEMHUTCA K HYIIO, T.e. K — oo, MbI OyieM uc-
KaTh acCUMITOTHYECKOe penieHre ypaBHeHus (6.306). IlockonbKy paccrosHust OT
HCTOYHWKA IIPH 3TOM CTaHOBSATCS 3HAYUTENBHO OOJIBIIE JIMHBI BOJHBI, MPEACTAaB-
JIETCSL €CTECTBEHHBIM, TI0 aHAJIOTUHU CO C1y4yaeM OfHOPOJHOI CpeNibl, IPENCTaBUTh
HCKOMOE PELICHUE B BUJIE

U = Ae"s®, (6.307)

rfie k, — 3HaueHNe BOTHOBOTO YKC/A B HEKOTOPO! TOUKE CpPefibl; A — aMILIUTY/R;
S — ¢yHKuus, HazbIBaeMast 3iikoHanoM; R — paguyc-BexTop.

Tak kax k, — oo, ckaJapHblil noTeHuan U sBnsietcs ObICTPO U3MEHsoLIeics
(byHKIMEN IPOCTPAHCTBEHHBIX KoopAnHaT. OfHako ammuuTyga A U siikoHan S
M3MEHSIOTCA OT TOUKH K TOYKE OTHOCHTENBHO MEJIEHHO M HE CTpeMsTcs K Oec-
KOHEUHOCTH TIpH K, — 0.

W3 onpepenenns (6.307) umeem

A . . .
I _ A ks IkOAﬁe'k"s
X X X
nin
A .
W _ A ks ik, Bu. (6.308)
X X X

COOTBCTCTBQHHO, BTOpasi NPOU3BOJHAs 3alIMCbIBACTCS KaK

2 2 2
A A i .
vy _ 9 oS | Oa—ﬁe'k“s+lkoa SU+
2 2 2
ax ax aX X ax
ik, B[R ks ik AL giks) (6.309)
dX \ daX dX /

IMockonbky K, — o0, IepBbIM WIECHOM B IIPaBOI YacTH 3TOTO BBIPAXKEHHS MOXKHO
npeHeOpeub. B pesysnbprate momyuum

2 ) 2 2
PY ik, I s 4 jiu L5 2l B) y
X X 9X X \ax/

nim

2’U o[ as)’ : 3 dlogA 1 9°S
kB y +2|k0U(——+——).
ax> \ax/ ax X 2 ox2

AHAJIOTHYHO 3aMHCLIBAIOTCS BbIpaXCHUA JJIsT BTOPBIX IPOU3BOAHBIX
ay

>~» 1 MBI IIPHXOJUM K CIIEAIYIOIIEMY BbIPaXXCHHIO VIS JIAIacHaHa ViU:
az
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ViU = KU D(S)+2ik0U(gradS-gradlogA+iV28/, (6.310)

e
2 2 2

DS=/§\ +/§\ +/§\I 6.311

®=1a) ") o) 310
n

2 2 2
VZS=Q+ﬁ+Q‘ (6312)

CnepoBartenbHo, B 110001 TOUKe ¢ KOOPAMHATAMU X, Y, Z ypaBHeHue ['enpMronbia
MO2KHO HPUOIIXKEHHO 3aMEHUTD CIEAYIOIMM YPaBHEHUEM:

VU + kU = -k2U

D(S) - %} +
k

0

+ 2ik§U<grad S~gradlogA+%VZS> - 0. (6.313)

39TO0 ypaBHEHHE OYAET BBIIOHATHCS, €C1i (PYHKIMA A ¥ S NMOAYMHSIOTCS Clie-
NYIOILLUM [IBYM YCIIOBHSIM:

(a8\", (a8, (o8 _ 2

) 6.314)
Vo Vo) ) (
e

n=k_% (6.315)

kp ¢
SBISETCS OKa3aTeNeM MPeTOMIIeHHs, 1
v2s
grad S-gradlog A= - —. (6.316)

Juddepernuanbioe ypapHeHue diikoHana (6.314) sBnseTcds HEOTHOPONHBIM
YPaBHEHHUEM IIEPBOTO MOPANKA ¥ BTOPOI CTENCHH.

Kax ToBKO penenne 3Toro ypapHeHus S(X, Y, Z) CTaHOBUTCSI M3BECTHBIM, MBI
MOxeM onpeeants pyskuun grad S n VS, Tlocne 3TOro aMmiutygy A MOXKHO
OIIPENENUTD U3 YpaBHEHUS (6.316), KOTOPOE Ha3bIBAETCS YPABHEHUEM NIEPEHOCA.

JleBast yacTb (6.316) mpepcrasisieT coOO0H CKaNsPHOE IPOU3BENICHUE [BYX BEK-
TopoB: VS 1 Vlog A, 3aBucsiee oT Vlog A TONbKO B HallpaBJIeHUU IpajueHTa S.
9TO 03HAYaeT, YTO AAHHOE YPABHEHHE OINCBIBACT NOBEJICHHE BOJH JaXe B TOM
cly4ae, KOrja aMIUTUTya A SBISeTCsl paspbIBHON (DYHKLHUEH B HANpaBIEHUH, Op-
TOTOHANBLHOM BeKTOpy grad S.
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CornacHro onpepenenuto (6.307), paBeHCTBO
S(X, Y, Z) = const (6.317)

XapakTepu3yeT MOBEPXHOCTH TMOCTOSHHOH (pa3bl, T.e. BOJHOBbIE MOBEPXHOCTH.
EnvHnuHbIN BEKTOp HOPMaiK N, K TaKOW MOBEPXHOCTH ONpENENSEeTCsl IpajiucH-
TOM S:

grad S

Mo = |grad S|

(6.318)

U 3a7acT HalpaBJeHUE NPAMOU (JIyya), OPTOrOHAJIBbHOE NMOBEPXHOCTH 3MKOHAJA.
OueBufHO, 4TO B OOIIEM CilyYae HAIpaBlIcHUE P, U3MEHAETCS U, COOTBETCTBEHHO,
Ty4yn u3rubaroTcs. B HEOMHOPORHON cpefle MHTErpUpPOBAHUE YpaBHEHUS 3MKOHA-
Ja — 3T0 HauboJlee eCTECTBEHHBIN CIOco0 OMpefeNeHus HAalpaBleHnus YKa3aHHbIX
Jydeit u mosnoxkeHus ¢pa3oBbIX NMoBepxHocTel. Tak, HanpuMep, COrMacHO paBeH-
cTBY (6.315), B OMHOPOHON Cpefie N = const ¥ MPOCTEHIIMM PELIEHAEM YpaBHE-
Hus (6.314) siBrsieTcs TuHeRHast (PyHKIUS

S =n(ax + Py + yz). (6.319)
IToncranoBka mocnenHero BeIpaxkenus B (6.314) maer
ol +BP+y?=1. (6.320)

®ynxums S(X, Y, Z) CONEpPKAUT ABE MPON3BOJbHbIE MOCTOSIHHBIE; OHA OMNKCHIBA-
€T INIOCKOCTH, & JIyYM B 3TOM CIIy4ae SBIAIOTCI MPSMBIMU JIMHUSMY, KOTOPbIE
3a/1aI0TCs YypaBHEHHEM

dc _dz _dy (6.321)

OTH COOTHOIIEHUS CIAEAYIOT U3 TOro, YTo cMelenue dl BoJb nyya
di=dxi+dyj+dzk
U TPAJIEHT S

VS =B i B i Bk n(ai+pi+yk)
0z

X ay

HapaJlieIbHbl APYT PYLY.
[TockomnbKy S — nuHeitHad ¢pyHKUus, 13 (6.316) monyyaem

VS-Viog A=0, (6.322)

T.e. QpyHKIms log A 1, cIeoBaTeNbHO, A MOTYT U3MEHSITHCS TOIBKO BJOMb (hazo-
BOI1 TOBEPXHOCTH, XOTS 9TOI0 U3MEHEHUS MOXET U He ObITh. B cmydae opHOpon-
HOU IJIOCKOY BOJHBI aMIIUTYAa A IIOCTOSIHHA U ypaBHeHue (6.322) ynoBneTBops-
€TCsl aBTOMAaTHYECKN.

Ecnu aneMeHTapHbIi HCTOYHUK MOPOKAAET c(hepUyuECcKyIO BOJNHY, TO PEILEHH-
eM ypaBHeHus (6.314) sBnsietcst (PyHKIUS
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S=nR, (6.323)

R=+x>+y’+2°.
Takum o6pazom,

grad S = % =nR,.

AHAJOTMYHO, TIPOCTENIIIee PEelIeHNe YPaBHEHMSI 3MKOHAJIA B JBYMEPHOM CIydae
(UMIMHApPUYECKas BOJHA) €CTh

S=nrur=yx>+y’.

Takum 00pa3oM, Mbl ONUCATU METOJ|, OCHOBAHHBI HA pELICHUH YpaBHEHH
9iKOHANA ¥ ypaBHEHHS MEPeHOca, TMO3BONSIOMME ONpefieNuTh OBEPXHOCTH IIO-
CTOSIHHOI (pa3bl ¥ aMILTUTY/BI BOJH B MPOM3BOJLHOM cpefie mpu A — 0.

OBJACTD, B KOTOPOW YPABHEHUA (6.314) 1 (6.316)
OCTAKTCH CITIPABELJIMBBIMUA

[Tone3Ho onpenenuTs ycnoBus, IpU KOTOPBIX YpaBHEHUE 3UKOHANA U YpaBHe-
HHUE MEPEH0Cca MOXKHO UCIONB30BAaTh BMECTO BOJHOBOTO YPABHEHHUS C IPUEMIIEMON
TOYHOCTBIO.

71 perienns 3Toil 3agauu BEpHEMCs CHOBA K onpefeneHnto (6.307) u ypasHe-
Huro I'ebMronba:

U(r) = A(r)e" ™ (6.324)

VU +k;n°U =0,
e r — paguyCc-BEKTOP TOYKU:
r=xi+yj+zk.
HOCKOJII)Ky MbI pacCMaTpuBaeM cnyqaﬁ MaJlbIX JJIHWH BOJH 7\., €CTECTBEHHO MPEN-

MOJOXKUTDH, YTO OTHOCUTECJIBHOC M3MEHCHHUEC ITOKA3aTEeNIA MPEJIOMIICHUA N B pac-
CMaTpUBACMOM TMAIIa30HE NJIMH BOJIH MaJIo:

AlVn| < n, (6.325)
e
_ (6.326)
2m

a |Vn‘ — abCcoMIOTHAS BETMUMHA rpaJiMcHTa, T.€. MAKCUMaJIbHAs MPOU3BOAHAL, N.
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Takum o0pa3oM, HepaBeHCTBO (6.325) NMOKa3bIBaeT, YTO MaKCHMAJbHOE W3-
MEHEHHE N

AlVn|

Ha UHTEpBaje M2 He3HAUUTENBHO MO CpaBHCHHIO C CaMUM N.
33.M€TI/IM, 4TO MO ONPENEJICHNIO

k = nk, wiu L nL,
c S

1 grad N XapakTepu3yeT U3MEHEHNE CKOPOCTH C(T).
ITo ananormu ¢ mpepnonoxenneM (6.325) MOXHO OXHATh, YTO AMILTHTYAA
(1) TaKKe MaJlo MEHAETCs Ha paccMaTpPUBAEMOM UHTEPBAIIE U

AlVA| < A. (6.327)
Hepasencrga (6.325) u (6.327) ynoOHO NpefiCTaBUTh B Bujie

n _ i=
A<<W_L1HA<<|VA| L,.

3pecsh L, u L, Ha3bIBaIOTCS XapaKTEPUCTUUECKUMU JITMHAMHI JAaHHOW 3afjauM, a
UX 3Ha4YEHHUS MOTYT M3MEHATHCA OT TOUKH K TOUKE. B YacTHOCTH, ¢ yMEHBIIEHHEM
grad n 3HaueHue L, cTaHOBUTCA OOJbIIE.

PaccmoTpum noBefieHue Mokasatens IpesioMIIeHus N Ha uHTepBane L, u mpep-
TIOJIOXKHM, YTO OH MEHSIETCS Ha 9TOM UHTEpBaje MOYTHU JuHe#Ho. Torga Mbl Mo-
KEM 3aMmcaTh

nr+L,)-n)=L,grad n
WIn
In(r + L,) - n(r)| = L,|Vn|.
3peck L, 0603HaYaeT IpOU3BONLHO OPUEHTHPOBAHHBIA BEKTOP, JIMHA KOTOPOrO
paBrsieTcs L. B To ke BpeMs u3 paBeHcTB (6.328) cienyeT, 4To
n(r) = [Vn|L,.
CpaBHeHue JIByX IIOCIEAHUX COOTHOIIEHUI IOKa3bIBAET, YTO
In(r + L,) - n(r)| = n(r), (6.329)

T.e. H3MEHEeHne N BIoab L, cpaBHUMO 110 BEJIMYKMHE C CAMUM N.
ITo ananoruu, nmeem

A(r + L,) - A(r)| = |A()|. (6.330)

Bekrop L, Tak:xe HMeeT POM3BONBHYIO OPUEHTALMIO, @ €T0 JIMHA paBHSeTCs L.
OueBuHO, 4TO HEpaBeHCTBA (6.328) MOXHO MepenucaTh Kak

Lsmnbls (6.331)
A A
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OTH HEepaBeHCTBA MOKAa3bIBAET, YTO XaPAKTEPUCTHUYECKHE JJIMHBI 3HAUMTENHHO
IPEBbILIAIOT BEANYMHY A.
Bri0npas MuHIMaNbHOE U3 IBYX 3HaueHmi L, u L,:

L = min(L,, L,),
BMECTO HEpaBeHCTB (6.331) umeeM
L>A

nimn

Ao «1. (6.332)

PA3JIOKEHUE IIOTEHIMAJA B CTEINIEHHOM PSJI

IToxaxxeM Teneps, YTO peLIEHHE YpaBHEHNS [ €IbMromnblia MOXHO IIPEACTaBUTh
B BHJI€ pAfa 1o creneHsaM A/L, nepsblii 1 BTOPOH WIEHBI KOTOPOIO COOTBETCTBY-
10T YpaBHEHHIO 3/KOHAJA U ypaBHEHUIO mepeHoca. bomee Toro, kak OyfeT MoKa-
3aHO, BKJIAJ] MOCTIEAYIOIMX YICHOB 3TOrO Psifia OTHOCHTENBHO Mal, ecmu A/l <<
<< 1, T.e. IOKa3aTeNb IPENOMJIECHNSI MAJIO M3MEHAETCA HAa PACCTOSHHM, PABHOM
JUTMHE BOJIHBI.

C ¢pusnueckoil TOUKH 3pEHUs, 3TO AOKHO O3HAYATh, YTO TOBEICHAE BOJHBI
KOPPEKTHO OINCBHIBAETCSA B pPaMKaX I€OMETPUUYECKON aKYCTHUKM, €CIU BBIIOJHS-
10Tcs yenosud (6.328). UToObl yIoCTOBEPUTHCS B 3TOM, BBEIEM HOBBIE NEpEMEH-
HBIE!

X, =x/L,y, =y/L,z,=1z/L
I
r, =r/L, (6.333)

T.e. KOOPIMHATHI TOYKM HAOMIONEHHS HOPMHUPYIOTCS HAa XapaKTePHCTHIECKYHO
nnuHy L.
O4YeBHIHO, YTO

u
U _1’u
ox’ - L axl2

AHanoruyHo,
a’u _ 12’y U a°U

2

ay L’

ayf 0z L™ az;
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Takum o6pazom, momydaeMm
ViU =-Lviu, (6.334)
L

e

2 2 2

d d J
VISt

ax; ay, oz

Ypasuenne ['enbMronblia 3anucbiBaeTcst Kak
ViU(r)+k;L’n*U(r)=0

AN
2
ViU(r)+=U(r) =0, (6.335)
w
Ime
w=— -2 (6.336)
kL L
SIBIISIETCS MAJIBIM TTAPAMETPOM.
W3 pasenctBa (6.333) cienyeT, uTo
Vin=LVhnuV,A=LVA (6.337)
U, UCNONB3y4 (6.328), MBI IOJTy4YaeM
n _on Al _ JAL
Le=r—=—ul=r—=7—
vn| v Ival  |v,a|
AN
Vin=nul|VAl=A (6.338)

Taxkum 06pa3oM, B HOBOI crcTeMe KOOPAUHAT X;, Y, Z; CKOPOCTb N3MEHEHUS
IO0KAa3aTeNs IPENOMIIEHNs N U aMILTUTYbI A CpaBHEMA 10 BENUYUHE C 3HAYCHUS-
MU 3THX BEIMYUH, KOTOPbIE OOBIYHO ONM3KHU K E[UHUIIE.

®a3y B ypaBHeHuH (6.324) nenecoodpa3Ho 3amucaTh Kak

Si(r/L) — Si(rp)

k,S(r) = kL +—— ===,

L uw

®yukImA S,(r,) MEHIETCS OTHOCUTEILHO MEJJIEHHO, T.€.

V,S,(r)| = 1.
Takum 06p330M, CKaHﬂpHBIfI NIOTCHIO AT U 3amuceiBaeTcs B CIIEAYIOILIEM BHJIC:
)
Ur)=Ar)e " . (6.339)
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YuntsiBas ypaBHeHuUe (6.334), COOTHOLICHUS

K IS _ L3S @S _ 1 9%
Yox ulax, oy ul? ax?

a Takxe dopmyny (6.309), umeeM

201 %A 0 A 95, ot A a%s, -
9 =_a_e uw +;a__1e w +I__le w4
ax? L% ax? L2 9% 09X L2u ox?
S, S,
i 0S ( . i 98, "
+_| e %G u +AL—16 wol
L2w 0%y | 0%, w ax;

OTCIOlIa YpaBHEHHE reJ'II)MI‘OIII)IIa 3aUCBIBACTCA KaK

VU +kU = LViA+ LV AV S + BVis s Lys - va-
uw u w

L
s S
—%(VISI)Z]C 4 k2ntAe * = 0.
w

YMmHOXAS NOC/IETHEE BbIPAKCHUAEC HA |_2 1 YUUTbIBasA, 4YTO
w = 1/k.L,

NOJTy4UM

S, IS -S

[N - (V,$)* 1A e " +L[2V,A-V,S + AVIS e * +ViAe " =0. (6.340)
u u
ITpencraBum Tenepb aMILIATYRY A B BUJIE PsIfa IO CTENEHSIM W:
ii o m
Ur)=e" E(i) A (1), (6.341)
m=0\ |

r7ie MHOXHUTEIH (1/1)™ BBEIEH IS YIPOIIEHNS! aNreOpanyeckux peodpa3oBaHmil.
ITopcrasnas (6.341) B (6.340) u mpupaBHUBas OTHENBHO JCHCTBHUTEIBHBIE W
MHUMBIE YJIE€HBI C OMMHAKOBbLIMH CTCIICHAMU WU, HOHy‘lI/IM

W? (V,8)°=n,
W 2V,A- ViS) + A, Vlzsl =0,

W) 2(VA, -V,S)+A VS =-VIA, (6.342)

W™ 2(VA, - ViS) +A, VIS =-ViA, .
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BO3BpaHla$[CI) K I/ICXO)Z[HOﬁ CUCTEME KOOPJINHAT, UMEEM
(VS =,

2(VA, - VS) + A VS =0,
2(VA, - V,S) + A VS =-LV?A,

W3 chopmyn (6.342) cnepryeT, 4TO NepBbIE ABA NPUBECHHBIX YPABHEHUS SIBIIS-
I0TCS ypaBHEHUEM SHIKOHAIIA M yDABHEHUEM IIEPEHOCA, @ BKJIAJ] OCTaJbHBIX YIECHOB
Mall, IOCKONBKY U << 1.

Crenyer 3aMETUTb, UTO MAJIOCTb WL 0OECIEYMBACTCS KaK YMEHBLICHHEM [JTHHBI
BOJIHBI, TaK U yBeIMYEHUEM L, 4TO cOOTBETCTBYET 0o0jiee MIIABHOMY H3MEHEHHUIO
n. Takum oOpa3oM, Mbl TIOKa3alld, YTO NOBEJICHUE BOJH OINCHIBAETCS 3aKOHAMU
reOMETPUYECKON aKyCTUKM, ECIIM BHIIOJHSIOTCS YCIOBUS

AlVn| < nu A|VA| < A. (6.343)

Panee Mbl paccMaTpuBany fU(PaKkUUIO B OGHOPORHON cpefie M03a[1 3KpaHa,
T1e HepaBeHCTBA (6.343) He BBINONHAINCH BOMU3M Kpast OTBEPCTHSI MPAKTUYECKH
npu 1ro0oil uHe BoJdHBL. HecMoTps Ha 3TO, C yMEHBIIEHMEM A BIUSHUE JU-
(bpakiuu CTAHOBUTCA MEHBILE, U 3HEPTHsl PaclpOCTPaHsIeTcss OT HCTOYHMKA K
TOYKaM HaOMIOfEHUS BJIONb NpsAMBIX JuHUA. OJHAKO CYHIECTBYIOT Takue CIydaH,
KOI/la 3TOro0 Iepexofia He IIPOUCXOIUT.

CornacHo (6.324), B paccMaTpuBaeMoM NpUOJMKEHUN BONTHA BEfIET ceOsl Kak
I7I0cKast. 3aMeTHM, 4To noteHnuan U MOXHO NPEfCTaBUTh KaK

U(r) = A(r) e,

Torpa, BBINOMHAS Ty Xe MPOLEAYPY, YTO M paHEee, Mbl NMONYYUM yPaBHEHHs Mt
BpeMeHH T ¥ aMIATyfbl A. Takum oOpa3oM, Ipu ONUCAHUM TEOMETPUYECKON
aKyCTHKH, Mbl MOXEM HUMETb [IENIO KaK C ypaBHEHUEM 31KOHAJA, TaK U C BPEMEH-
HbIMHE N0oAMU. KoHeuHo, 00a 9THX MOAXOJa SIBISIOTCS 9KBUBAICHTHBIMU.

Ipuvep: mrockasi BOHA B BEPTHKATBHO HEOTHOPOTHOI cpefie

Yto0m1 OpOMJTIOCTPUPOBATH CICJIaHHBIE HAMU BbIKJIa[JKH, paCCMOTPUM OTHO-
CUTCIIBHO HpOCTOfI OpuMEP, B KOTOPOM IJIOCKAsk BOJIHA PACIPOCTPAHACTCA BAOIb
OCH Z, a MapaMeTpbI CPeJIbl 3aBUCAT TOJIBKO OT 3TONI KOOpAUHATBI. B arom cliydac
peleHue ypaBHEHNA FEJ'[I:MI‘OJH)IIEI

VU + K@U =0 (6.344)
XOPOILO U3BECTHO U 3AIMMCHIBACTCS KAK

U=Ae' (6.345)
rine A 1 K — KOHCTaHTBI.
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[TpepnonoxuM fanee, 4TO JJIMHA BOJMHBI A HACTOJBKO Maja, 4TO BOIHOBOE
qucno k(z) MPAKTHYECKA HE MEHSETCS HA PACCTOSIHUE A, T.€.
k(z +\)-k(z)
k(z)

< 1.

T0 MO3BONSET MPENICTABUTH pellicHne ypaBHeHNs [ebMronbla B BUjle, aHAIOTHY-
HOM TOMY, KOTODBIH TIOTy4aeTCs 7Sl OHOPOIHON Cpefibl:

U = A@z)e'"?. (6.346)

IMockonbky B OfHOPOAHOI cpefie A = const i d¢p/dz = k = const, OyfeM cUuTaTh,
YTO BapUalliy 3TUX (PYHKIMI Majbl B MaciITabe JIUHbI BONHBL A. beps nepsble 1
BTOpbIE MPOU3BOJIHBIE OT U, MOMy4nM

U’ =Ae" + Aig'e"? = (A" + Ag')e'®

U" = (A" +iA'¢ +iAp")e" + [IA'q - (¢')°Ale' =
=[A" + 2iA'g" + A" — A(g')*]e".
Takum o6pazom, ypasaenne (6.344) 3ammmreTcs Kak
A" +2iA¢" +iAg”" + [KX(2) - (¢)*]A = 0. (6.347)

ITonbITaemcst Teneps HailTH NPUONMKEHHOE pelleHue 3Toro ypasHenus. O6o-
3HauMM 4epe3 L paccrosiHMe, Ha KOTOpOM Bapuaiuu A(Z) U @(z) SBISIIOTCS €le
3HaYMMbIMU. OUYEBHIHO, YTO

L> A.

JlaHHOE HEpaBEeHCTBO YKa3bIBaeT Ha TO, YTO WIEHbI ypaBHeHUs (6.347) mMerOT
Pa3IUYHBIN NOPSIOK ManocTy. [TokaxkeM 3To, UCHIONb3Ys CIENYIOLIIE PAaBEHCTBA:

o )2

’

ecim
AX AX
f(x +7) >> f(x _T)'
COOTBETCTBEHHO,
f7(x) = f(X)/(AX)™

Takum 06pa3oM, MOKHO 3amCaTh

A ~A/LLA" ~ AL, ¢" ~ @'/L. (6.348)
Orenka WieHoB B (6.347) maet
A" ~ AL,
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2ip'A" + ip"A ~ @'A/L

(K@) - (¢')’]A ~ AN
B CHJIY COOTHOIICHUS
¢ ~ 1/h =k.

OTo cnefyeT U3 MPENNoNOXKEHHsS O TOM, YTO (paza (z) U3MEHSeTCs MOYTH TaK
Xe, KaK 1 B cIy4ae OfHOPOAHOI Cpebl.

[Tockonbky cnaraemple B ypaBHEHMH (6.347) UMEIOT PA3NUYHbIA MOPSHOK,
KaXxpo€ u3 HUX TOJKHO paBHATHLCA HYJIIO, YTOOBI YAOBJIETBOPUTH 3TOMY YpaBHE-
Huto. [ToMumo 3Toro, Mbl mpeHeOpekeM NMEPBBIM WIEHOM, B CHITY €0 MAJIOCTH.

TakuM 00pa3oM, MONy4aeM JiBa ypaBHEHUS:

(@) =k (6.349)
u

20'A" + p"A =0. (6.350)
Pemennem ypasHenus (6.349) sBnsercs (QyHKIus

¢ ==k

1, COOTBETCTBEHHO,

P(2) = = [K(E)ME. (6.351)

Zy

B ]IeﬁCTBI/ITCJ'[I)HOCTI/I MbI PEIININA TaKUM 06pa30M YpaBHEHUE 3MKOHAA.
BTOpOG YPaBHCHHUE 3alIMCBIBACTCA TENEPD KaK

A_e __K@) (6.352)
A 29 2k(z) ’

Ero pemenuem siBnserca (pyHKUus

A@z)=C/Jk@), (6.353)

e C — HeKOTOpast KOHCTaHTA.
[opcrasnas (6.351) u (6.353) B (6.346), nony4ynm

. i fk(2)de -i fk(e)de
Cen +Ce ® . (6.354)

U=-
Vk(2)

[Mocnensee BbIpaskeHWe Ha3bIBAETCS MPUOIMKEHNEM T'€OMETPUUECKOH aKyCTHKH
WM, WHave, MpuOmkeHHbIM pemneHneM Bennenst — Kpamepa — Bprommosna
(BKB). Cnenyet 3aMeTHTb, YTO MHTETPAN
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[k

XapakTepusyeT u3MeHeHne asbl MeXy TOUKAMHU Z, 1 Z.

W3 ¢usnyeckux cooOpaxkeHUil OYEBHHO, YTO CpefHEe 3HAYeHHEe MOTOKa
9HEPTUH HE JIOIKHO 3aBUCETH OT Z. [JOKaXkKeM 3TO YTBepKJICHHE.

[Torernman U onpepenseTcs Kak

U@) = coslot — @(2)].

Jka)

Takum o6pazom,

S, =- D oot - g@)]+ <L sinfwt - g(z2)].
21K @) e
Orcrona
v, = K@ ——=sin[wt - (z)]+ O;/JQ cos[ot — (z)] =
2\k (2) Y (Z)
= HDO Gt - ¢2)] + Coy k@) coslot - §@)].
2\k (2)

B 10 e Bpems faBnenue 3agaeTcs hopMymnon
2
C
P = f)icos[mt -(2)].
vk(z)

CJIBJIOBaTeJII)HO, CpeAHEE 3HAYCHUE IMOTOKA IHEPruu 4epe3 CIUHUYHYIO MNOBEPX-
HOCTb, IICPIICHAUKYJIAPHYIO OCH Z, 32 OIMH NIEPUOJ] paBHACTCA



