MNPUWIOXEHMUE 1

BEKTOPHAS AJITEGPA

3pech ONHUCHIBAIOTCS HEKOTOPbIE anre6panyecKie ONepamun Haj| CKasSpHbIMH
¥ BEKTOPHBIMHU (PyHKIUAMY, UCIIONB3YIOIMECS B JAHHOM padoTe.
1. B o6mewm cnyuae ckanmsip T 1 BeKTop M sIBISIOTCS (PYHKIMSAME TOUYKH P:

T =T(p)uM = M(p). ey

Crkaisip T onpepierisiercst aGCOMOTHON BenmauHOi |T| 1 3HaKoM, a BekTop M Xa-
pakTepu3yeTcs MOflyJIeM (JVIMHOM) M 1 HanpaBiIeHUEM i,

M(p) = M(p)i,. @

3necs M(p) — monokuTeNbHAS BENMUNHA, iy, — SAMHUIHBIA BEKTOP, COBMAMATOIIIIT
TI0 HAIIPABJIECHUIO C BEKTOpoM M:

lin| = 1. €)

Io ompeneneHno, y CKaISIPHON BENTMYNHBI HET HAMPABJICHUS, 4 BEKTOp HE SIBIL-
eTCsl HU TIOJIOXKUTENTbHBIM, HM OTPHIATENBHBIM. TOUKa P, B KOTOPOH M3ydaeTcs
TIOBEJIeHNE ITHX (PYHKIMI, OOBIYHO HA3bIBAETCS TOUKoW Habmiopenus. [lomoxe-
HUE 9TOH TOYKM B POCTPAHCTBE 3a[Ja€TCsA PafMyC-BEKTOPOM Ly, vim Tpems Koop-
MUHATAMH X, X, ¥ X;.

B o6oux ciyuasx TpeOyeTcs 3aaTh HAYATIO CHCTEMbI KOOPIMHAT B HEKOTOPOU
Touke O, nmomoxkenne KoTopoil uspecTHo. Torga pamyc-BekTop L, MOXHO 3a-
NMcaTh KaK

Lo, = Loy i, @)

rae L, — paccTosnue oT Hayana KOOPAMHAT 10 TOYKM HAOJKOfEHMs; i — eMHIY-
HbIIl BEKTOp, HANPABJIEHHBIN MO0 pajiycy OT Hayana KOOPAMHAT K TOYKE HalIro-
menus (puc. 1, a).

Wrak, B kadecTBe aprymMmeHToB (yHKImi T(P) u M(P) MOXHO BbIOpaTh 10O
pajyc-BeKTOp, MO0 TPH KOOPAUHATHI 3TOH TOUKH:

T(Lop) uiu T(XI’ X2’ X3)
u ©)

M(Lop) W M(Xls XZs X3)
IIaJIee MbI GyneM TaKXKE HUCIOJb30BaTh KpHBOHHHCﬁHy}O CUCTEMY KOOpJHUHAT, 00-
Pa30BaHHYIO TpPEMS B3aMMHO OPTOrOHAJIbHBIMU ceMeicTBaMu KOOPINHATHBIX
JIUHAT ||, |2 n |3, HalpaBJICHUSA KOTOPBIX 3alatOTCd €AUHUYHBIMU BEKTOpaMU
(puc. 1, 6).

HHH TOTO 9YTOOBI OIIPENICJINTE TIOJIOKECHUE TOYKH Ha6IIIOHeHI/I9[, HCOGXOHI/IMO
BBIYUCIIUTDL €€ KOOPAUHATHI Xy, X, ¥ X3 BAOJIb KOOpIUHATHBIX JIUHUI.
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Pxy,X5,X5)

op

-M, M,

Puc. 1. BekTop 1 ero KOMIOHEHTBI

2. BBepieM cKalIpHYIO M BEKTOPHYXO KOMIIOHEHTY BekTopa M BOJb HEKOTO-
poro Hanpasnenus | cnegyromum o6paszom (puc. 1, 8):

M|=M COS (M, i|)HM|=M|i|. (6)

31ech i — eIMHIYHBINA BEKTOP BAOIbL KpuBoi |, a (M, i) — yron Mexjy BeKTopamu
M u i,. 3aMeTuM, 4YTO cKajsdpHasi KOMIOHEHTa M), MOJOXWTeNbHa, €Cld 3TOT
YTOJI OCTPBIIi, 1 OTPUIATENbHA, €CIIM YTOJ CTAHOBUTCS TYIIBIM.

BekTop M 4acTo OnMChIBAOT, MCHIONB3Ys €T0 CKaNspHbIE U BEKTOPHBIE KOM-
MOHEHTBI BAOIb KOOPIMHATHBIX JuHui |, |, 1 15:

M, =M cos (M, i), M, =M, i, (7
n o 1=(1,23).

3peck (M, 1) — yroa Mexay BeKTopoM M U e[JUHIYHBIM BEKTOPOM i;, 3afjatOLM
HalpaBJICHHE COOTBETCTBYIOLIEH KOOPAMHATHON JTHHUH.

3. CyMMHIpOBaHHE BEKTOPOB MPOU3BOAUTCA MO NIPAaBUILy MapajllenorpamMmma u,
KOHEYHO, OHO OTJIMYAaeTCs OT CYMMUpPOBaHUs cKaispoB. Ilyctb uMeertcs fiBa Bek-
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topa M, u M, (puc. 1, 2). CocTaBUM U3 HUX NapannenorpamM, MOKa3aHHbIA Ha
puc. 1, 0. I1o onpepeneHuo, cyMMa BEKTOPOB TaKKe SBIAETCSH BEKTOPOM:

M =M, + M..

Mopynb aToro BekTOpa paBHSETCS [JIMHE [MaroHald Napajle]orpaMma, U OH
HalpaBlieH K KOHIY BTOpOro Bekropa. OYeBHAHO, YTO MOCIEOBaTeNbHOE HC-
T0JIb30BAHUE 3TOrO NPABUIIA TIO3BONSET HAWTU CYMMY IPOU3BOJIBHOTO YHMCIA BEK-
TOPOB. JTa IpoLeypa I0Ka3aHa Ha puc. 1, e.

It Toro 4ToOBI HAWTH pa3HOCTH BeKTOpoB M, 1 M,, HEOOXOAUMO YUECTb,
YTO BEKTOPLI

M;=-M, n M,

MMEIOT OfMHAKOBYIO JJIMHY ¥ MPOTHBOIOJOXHBI [0 HalpaBieHuo (puc. 1, ).
CHoBa UCIONB3Ys IPaBUIIO NapalIenorpamMma, NolIyqum

M=M,+M,=M,-M,, ©)

1 Pa3HOCTb IBYX BEKTOPOB TakKxKe HallpaBjeHa BIOJIb AUaroHanu (puc. 1, 3).
Crneiyet 3aMeTUTh, UTO €CITA HAMPABICHAS BEKTOPOB COBMAIAIOT MITH SIBISTFOTCS
MPOTHUBOMOJIOXHBIMA, TO IS HUX OTEPAlU CYMMUPOBAHHUS M BHIYMTAHUS TIPOU3-
BOJISITCS TaK K€, KaK ¥ 715 CKalsIpOB.
4. Tenepb, UCMONB3Ys MPAaBWIO MapajieIorpamMma, BeKTop M MOXHO mpef-
CTaBUTb Yepe3 €ro BEKTOPHbIE U CKAJSApHbIE KOMIIOHEHTHI BJIOJIb KOOPAMHATHBIX
TUHAN. [JeficCTBUTENBHO, KaK BUJHO U3 pHC. 2, d,

M=M, +M,, (10)

rae M, u M, — BEKTOpPHbIE KOMIIOHEHTBI.
OGo0wieHne Ha TPeXMEpPHBIH cyyait o4eBuaHO (puc. 2, 6):

M=M, +M,,
3nech

M,=M, + M,,
M, CITIEIOBATENLHO,

M=M,+M, +M, (11)
WK

M = M,i;, + Myi, + M4is. (12)

ITockonbKy BEKTOpHBIE KOMIIOHEHTBI 00pa3yloT IpsSMOYTOJbHUK, AJMHA BEKTOpa
OIPEJENAETC BLIPAKEHUEM

M =+M; +M; + M.

B 1o xe BpeMs, ecny U3BECTHBI JUIMHA M HAINPABJISIOLME KOCHHYChl BEKTOPA
M, To ero ckansipHas KOMIIOHEHTa onpefiensieTcs: popmynoi (6).
W3 cootHomenuit (2), (6) u (11) nomydynm
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Puc. 2. CkanspHsle 1 BEKTOPHbIE KOMIIOHEHTbI. BekTopHOE TpousBefieHue. B3aumuas opueH-
Tl KPUBBIX M IOBEPXHOCTEH

Mi,=Mcos ai,+Mcos i, +Mcos i,
AN
i,, =cos a i, +cos B i, + cos y L, (14)

T.€. HANpaBJSIONINE KOCHHYCBI COS OL, COS 3 U COS Yy SIBISIFOTCS NMPOEKLUSIMU
eMHIYHOTO BEKTOPA i, Ha KOOpAMHATHbIE OcH. M3 paBeHcTBa (13) ciefyer, 4To

cos’*a + cos* B +cos?y = 1. (15)

HYCT]) KOOpnHaTaM{ Havajla U KOHIIa BEKTOpa M gBasitoTcs
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XI’ yI’ Zl u XZ& y2’ Z2'

Torna, KaK 39TO BUTHO U3 pUC. 2, 6, CKaJISIPHBIE KOMIIOHEHTBI PABHbI PA3HOCTH
COOTBETCTBYIOIINX KOOPJAUHAT:

M =X~ X, My=Y,-Y,, My=12,-12,. (16)

CJICJIOBEITCJIBHO, HampasJIAOIUE KOCUHYChI M JIJIMHA BEKTOpa M ONPENEIIAIOTCSA
KakK

X, - X - 2, -1
cosa = -2—L cosp = L Ent 1 cosy = 2! a7
M M M

2 2 2

M =0 + X, +(, +Y,) + (2 +2,) .
Mb1 nMeeM JiBa pa3HbIX PEICTABICHHS BEKTOPa:

M=Mi, 1 M=M, i, +M,i,+M,i,
[ocnepusist popma npeficTaBneHus sBIsieTcst 6onee ynoOHOM IS CYMMHAPOBAHUS 1
BbIYUTaAHUA BCKTOpOB. B YaCTHOCTH,

M= N=(M, =N)i, + (M, = Nyi, + (M; = Ny)is. (18)

5. B oTIan4yue oT CKaJ'[HpOB, JIA BCKTOpOB CyHICCTByeT 1BE OHepaHI/II/I yMHO-
KCHUA: CKaIIHpHOG n BCKTOpHOC HpOI/ISBCJIeHI/IC, a OHCpaHI/Iﬂ JECJIICHUA OTCYTCT-

BYET.
CkalspHOe POM3BEIeHUE IBYX BEKTOPOB

a=a, +a,i, + a,i,

n (19)
b =Dbi, + b,i, + bsi,

OTpENIEISIeTCs KaK
a-b=abcos(a,b), (20)

rae (a, b) — yroa Mexny 3TUMU BEKTOPAMHU.

Takum 00pa3oM, JaHHOE IIPOU3BECHHE SBIAETCS CKAIAPOM, a €0 3HAK OIIpe-
fenseTcs yrioM (a, b). B yacTHoCTH, ecnu BeKTOpHI a U b epneHAnKyIsSpHbI, UX
CKaJIIPHOE MIPOU3BEJICHUE PABHO HYIIO.

ITockonmbKy MbI paccMaTpUBaeEM TOJBKO OPTOTOHANIBHBIE CHCTEMBI KOOPJIMHAT,
TO

i rip=i,-i3=i,-i3=0

u 2y
i i =i =i i3 = 1.

CkalsipHOE IPON3BENICHIE TAKXKE OUCHb MPOCTO BBIPAXKACTCS UePe3 KOMIIOHEHTBI
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BeKTOpoB. [lepeMHOXasi BEKTOPHbIE KOMIIOHEHTBI M3 MPABOH YacTH (HOPMYJIbI
(19), monyunm

a-b=ab, +ab, +asb;. (22)
3710 BTOpas (popMa IPeICTABICHUS CKANSPHOTO POU3BECHHUSL.

Pasencrso (20) 1mO3BOISET ONPENETUTh YION MEXAY [ByMs BekTopamu. Mc-
nons3ys cootHouenus (14) u (22), umeeM

a-b=abi,- i,=abcos (a,b)
7001
cos(a, b) = cos a, cos oy, + cos P, cos By + oS Yy, COS Y. (23)
Pacemotpum BMeCTO pon3BOIBHOTO BeKTOpa b euHndHbIi BekTop i). Torna
a-ij=a cos(a, i)=a, 24)

I7e a, — IpoeKuust BekTopa a Ha KpuByto |. Jlpyrumu cnoBamu, uTOObI HAiTH
MPOEKIMI0 BEKTOPA HA HEKOTOPOE HANpPaBIECHUE, MBI JIONXKHBI B3STh CKAISIPHOE
MPOM3BENICHAE 3TOTO BEKTOPA M E€MHAYHOIO BEKTOpPA B 3aJaHHOM HAIpaBICHUH.
Ecnyu HanpapieHns 3TUX BEKTOPOB COBNANAIOT, TO cos(a, b) = 1 ®m ckanspHOe
MPOM3BENICHAE CBONUTCS K MMPOU3BECHNIO JIINH 3THX BEKTOPOB.

PaccmorpuM Teneph BTOpOIl TUN YMHOXEHUs. BeKTOpHOE NMpou3BefeHNUE BEK-
TOpOB a 1 b:

c=(axh) (25)

SABIISICTCS BEKTOPOM, MEPINEHTUKYJISIDHBIM K KaXTTOMY U3 HUX. Ero UINHA PaBHSICT-
Cd TUIoIIaIn MapaijiejaorpaMmma, 06pa3OBaHHOFO 9TUMU BEKTOpaAMM:

¢ =a b sin(a, b). (26)

Hamnpasnenre BeKTOPHOTO MPOU3BENICHHS € ONPEAEIIeTCs M3 YCIOBHS, COTac-
HO KOTOPOMY BEKTOpHI a, b ¥ ¢ JOMXHbI 00pa30BbIBATH MPaBYIO TPOWMKY (CM.

puc. 2, 2).
CrnemoBaTenbHO
axb=-bxa. 27

Cornacuo hopmyrne (26) BeKTOpPHOE MPOM3BEICHNE JBYX MapalleNbHbIX BEKTOPOB
paBHSIETCSl HYJIIO, @ €r0 MAaKCHMAllbHOE 3HAUEHME JIOCTUTAETCs, KOTfla BEKTOPBI
HEPHEHANKYSPHBI pYT Apyry. Tak, HampuMep, [JIsl €MHAYHBIX BEKTOPOB OPTO-
TOHAJIBHOI CHCTEMbI KOOPHMHAT

=1 xi, i, =13 x 1,1, =1, x Ij
u (28)
iy xi=i,xi,=i;xi; =0.

INepeMHOXast BEKTOPHbIE KOMIOHEHTbI U3 (hopMyJIbl (19) U MCIONB3ys paBeHCTBA
(28), mpUXOIUM K APYTOMY BBIPA>KECHHIO [ BEKTOPHOTO IPOU3BENCHUS:
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i i, i,
c=aa,a,|. (29)
b, b, b,
EFO MO2KHO 3al1caTh KakKk
¢ = (,b; - a;0y)i, + (ash, —a,by)i, + (a,b, — ayb))i;. (30)
6. PaccMoTpuM Teneph elne JBe onepauuy Hajl BekTopamu. CMelaHHoe po-

U3BEJICHHUE TPEX BEKTOPOB a, b 1 ¢ SBIAETC CKAISIPHOH BEIMYUHOM, PaBHOH 00'b-
eMy napajuielienunesa, 00pa3oBaHHOrO 3TUMHU TPEMsl BEKTOPaMH:

al a2 a3
a‘(bxc)=b-(cxa)=c-(axb) =[bb,b, (31)
Cl C2 C3
WK
a‘(bxc)=-b-(axc)=-a-(cxb).
JIBOitHOE BEKTOpHOE NIPOM3BE/IEHNE BEKTOPOB a, b 1 ¢
ax(bxc)

sSBJISieTC OOJee CIOKHOM OMepaluei, OffHAKO €ro MOXHO MPEACTaBHTh B BHIE
Pa3HOCTH IBYX BEKTOPOB:

ax(bxc)=(@-cb-(a-b)c. 33)
JlanHOE paBEHCTBO OLIBAET OYECHB MONE3HBIM JUISI YIPOIIEHHS anrebpamiecKux

mpeoOpa3oBaHM.
W3 onpeyeneHns: CMENIaHHOTO TIPOM3BECHNS CIERYET, UTO

ax(bxc)=(bxc)xa. (34)

7. W3BectHble nmpaBuna ucepeHINpOBaHns CKaNSIPHbIX (PYHKIUHA MOXKHO
IPUMEHATD U A7 HENPEPBIBHLIX BEKTOPHBIX (pyHKLMi. Tak, Hanpumep,

da db
—_— + —_—
dx dx

)

L a+b)=
dx

Labn=2p+a2, 35)

3peck ¢ — ckanspHas (yHKUUA, a U b — BeKTOpHbIE (PYHKLMH, MEpeMEHHas X
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ABJIAETCA UX apIyMEHTOM. B 4acTHOCTH, X MOXET ObITb KOOPJUHATON TOUKY Ha-
OIFOTEHNSI.

AHanornyHble COOTHOLIEHHS: MOXXHO HAIUCaTh U [ 0oee CIOXKHBIX KOM-
OMHALM BEKTOPHBIX U CKAIAPHBIX (DYHKIMA. B 001em cyyae Kak jIuHa, Tak U
HaIlpaBlIEHUE BEKTOpA SIBIAIOTCA (PYHKLMSAMHM KOOPAMHAT TOUYKM HaOmrofieHus. B
COOTBETCTBUH C (hopMyIoil (2), Mpou3BofiHAsl BEKTOpHOH (pyHKumuu M(p) no ap-
TYMEHTY X 3aIHChIBACTCS KaK

. di
M _dM M- L

m

dx dx dx

(36)

B YJaCTHOCTHU, IPOU3BOJHAA BEKTOpHOfI KOMIIOHCHTBI BJOJIb KOOp]II/IHaTHOfI
JIAHAN ONPENCTACTCS CIICNYIOINUM BbIPpAKCHUEM!
dM dm
k K .3 .
= T M, 37

ax ax Xk

Tie i — eMMHIYHbINA BEKTOD BHOJb JUHUH |, X, — COOTBETCTBYIOLIAS KOOPMHATA.
B kpuBonuHeHOl cucTeMe KOOpAMHAT HANPABJIEHHS eAMHUYHOTO BEKTOPA iy,
KakK MPaBUJIo, ABISIOTCS (DYHKUMSME NMONOXKEHUST TOYKU HAaOMIOAEHUs U, CIefoBa-
TENBHO, B 3TOM ClIy4ae BTOpoe ciaraemMoe B hopmyie (37) He paBHO HYIIO.
8. BBeqieM MOHsATHE OPUEHTUPOBAHHOTO 3JIeMEeHTapHOTO cMmeteHus dl:

dl =dl i, =dl, +dl, + dl, = dl,i, + dl,i, +dl,is. (38)

3necs dl o6o3HavaeT Moxynb BekTopa dl, paBHBII ATHHE 3TOTO cerMeHTa, a dl, u
dl, = dl,i, SBNSIOTCS COOTBETCTBEHHO CKANSIPHOW M BEKTOPHOM KOMIIOHEHTaMH
BekTopa dl Bonb KoopauHaTHON nuHnd. OpueHTanus KpuBoil | B mpocTpancTBe
OIpEfiENAETCS BBIOOPOM €€ MOJIOXKUTENBHOTO HAlpaBieHus, T.e. BekTopoM dl.
AmnanornysbiM 00pa3oM, OpPUEHTHPOBAHHbII 3JEMEHT HOBEPXHOCTH dS MOXHO
HPEACTaBUTh KaK

dS = dS n = dS, +dS, + dS; = dS,i, + dS,i; +dS;is. (39)

3peck dS o6o3Havaer jumHy BekTopa dS, paBHYIO IUIONIAAM MOBEPXHOCTH 3Jle-
MEHTa, N — IMHUYHYI0 HOPMAJIb K 9TOM MOBEPXHOCTH, a

dSk = dS COS(dS, ik)’ dSk = dSkik (40)

ABJIAIOTCS CKAJIPHON ¥ BEKTOPHOM Npoeknmedl dS Ha MOBEPXHOCTh, NMEPIECHIMKY-
JSIpHYIO K KoopAnHaTHOH mnHmn |,. OpuenTanus nosepxaoctr dS ompepensercs
ee HopMalbio n.  Mbl OyfeM pasnmuaTh MEPEHIO U 33HIO0 CTOPOHBI 3TOM
MOBEPXHOCTH M BBEJEM COINALICHHME, COTIACHO KOTOPOMY HOpPMAajb BCETfa Ha-
IpaBlieHa OT 3aJHEH CTOPOHBI K IEPENHEN.

Jlnsg Toro 4ToOBl OXapaKTEPH30BaTh B3AHMHYKO OPHEHTALMIO BEKTOPOB, MBI
OyAeM HCIONB30BATh TOIBKO IPABUIIO NIPABOM PYKH, KOTOPOE MOXKHO IPOHIIIIOC-
TPUPOBATh cefyromuM o0pasoM. IIycTh monoxenne TOUKM HAOMIONEHNS MEHSET-
csl BJIOJIb HEKOTOpOUl KpHBO# | B monoxurenbHoM Hanpasnenun dl (puc. 2, 0).
Bynem rosoputs, uto BekTop dl 00pasyeT MpaBOCTOPOHHIOK CHCTEMY C IIPOM3-
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BOJILHBIM BEKTOPOM S, €CIH 715 HaOMIofaTe s, HaXOSLIErocs B KOHIE BEKTOpa S,
JIBIKEHHE TOUKH P MPOMCXOAUT MPOTHB 4acoBOi cTpenku. Hampumep, MOXHO
paccMOTpeThb OBEPXHOCTH S ¢ HOPMAJBIO N, OTPAHMICHHYIO KOHTYpoM | (puc. 2,
e). B cooTsercTBUM C MpaBuIIOM MpaBoWl pykW, HampasieHne dl HOMKHO OBITH
BBIOpaHO TaKuM 00pa3oM, 4TOObI OHO YKa3bIBalo Ha BpallleHHE BOKPYT BEKTOpa
n TIPOTUB 4acoBOW CTpesku. B obmieM ciydae Tpu BekTopa a, b u ¢ obpasyior
MPABOCTOPOHHIOK CUCTEMY, €CIT MX HANpPaBIEeHHs COOTBETCTBYIOT MPaBUIY IIpa-
BOI pyKH (puc. 2, 2). B 4acTHOCTH, B PaBOCTOPOHHEH CHCTEME KOOPHMHAT efid-
HUYHbIE BEKTOPBI IOAUMHSAIOTCS COOTHOLICHUSIM (28).

9. PaccMOTprM KpaTKO OCHOBHBIE CBOWCTBA KPMBOIMHENHOH OPTOTOHAJIBHOM
cucTeMbl KoopauHat. Kak oTMeuanoch paHee, TpH B3aMMHO MEPHEHIUKYISPHbIC
nunun |, 1, u |5, 3a7aHHble B KaX0ll TOUKE MPOCTPAHCTBA, OOpPA3yIOT TpH Ce-
MelicTBa KOOP/IMHATHBIX JMHUI. BJomb Kaxknoil Tako¥l JTUHUA U3MEHSETCS TOJBKO
OJIHA KOOpJMHATA, a JIBe OCTAJbHBIX OCTAIOTCH NMOCTOSHHBIMU. Hampumep, Koop-
JIMHATEI X, 1 X; HE MEHSFOTCS BAOJH KoopuHATHOH muaud |,. Ilomoxkenne Toukm
MOXHO XapaKTepu30BaTh TAKXKe TPeMs CEMEACTBAMU KOOPHMHATHBIX IOBEPXHOC-
Teit S,, S, W S;, OpHEHTaMs KOTOPLIX TaKOBa, YTO KOOpAMHATHAS JuHus |, mep-
HEHUKYJISpHA TOBEPXHOCTH S, B KaxXyol Touke. Ha Kaxyjoil KoopAuHATHOI T0-
BEPXHOCTH OCTAeTcs HEU3MEHHOH TOJBbKO Of]HA KOOpAMHATA. YKa3aHHbIE TPH Ce-
MeficTBa OBEPXHOCTEN NEPIeHANKYISPHBI IPYT IPYTY, TaK Xe, Kak U TpH ceMei-
CTBa KOOPJMHATHBIX JIMHMA. VI3 puc. 1, 6 BHHO, YTO 3IEMEHTHI KOOPUHATHBIX
noBepxHocTedl dS,, OrpaHMYEHHBIX KOOPAWHATHBIMH IJIMHUSIMH, OIpPENENSIOTCS
BEKTOpaMu

dS, =dldli,, dS, =dl,dli,, dS;=dl,dLi;. 41)
CoOOTBETCTBEHHO 3NIEMEHTAPHBI 00BEM, OIPaHHYEHHBIA KOOPAMHATHBIMU IIO-
BEPXHOCTSIMU 3aIChIBAETCA KAaK

dv = dl,dl,dl,. “42)
BeeneM Tenepb MeTpuueckue KO3(P(UIMEHTHI, YCTAHABIUBAIOLIUE CBSI3b MEXIY

JVIMHON 3JIeMEHTAPHOTO CerMeHTa KoopAuHaTHO! nuHun dl, 1 n3MeHeHneM cooT-
BETCTBYIOIIEH KoopuHaThI dl,, T.e.

dl, = h,dx,, dl, = h,dx,, dl;=h,dx;. (43)
3pech hy, h, 1 h; — MeTpuueckue KO3 PUIMEHTb! CHCTEMBI KOOP/IUHAT, SIBIISIHO-
mmyecst 00BIYHO (DYHKIHSMIL, 3aBUCSIIAMHA OT TOYKH. AHAMTHIECKIE BBIPAKEHNS
IS METPHYECKHX KO3(D(HUIMEHTOB BBIBOAITCS, KaK MPABUIIO, M3 AHANN3a [EOMET-

pUM KOOPIMHATHBIX JIMHUI.
PaccMoTpuM npocrefiiume cucTeMbl KOOPAUHAT.

IIpsiMoyrosbHAst AeKapTOBa cHCTEMa KOOPAMHAT

X, =X, X, =Y, X3=2.

Bcee KOOpAUHATHBIC JIMHUU SBJISAIOTCA NMPSMBIMU, @ KOOPAMHATHBIC MMOBEPXHOCTU —
IITTOCKOCTSMHU.

442



Orcrona

h,=h,=h;=1,

dl, =dx, dl, =dy, dl, =dz, (44)
dS, =dy dz, dS, =dx dz, dS; =dx dy,

dV = dx dy dz.

IIHJIHH}Ipﬂ'leCKaﬂ CHUCTEMA KOOpAHAT
X] =T, X2=(p7 X3:Z'

Koopmuratusie muann |, 1 |5 sBnsrorest npsmbiMi, a |, — okpyxHOCTBIO. KO-
OpAMHATHAS TIOBEPXHOCTH I' = const SBISAETCS MAITMHAPOM, @ = cosnt — MOMYIIO-
CKOCTBIO, Z = const — TOPH30HTAIBHOH MIOCKOCTEIO.

Taxkum o6pazom,

hy=1, hy=r, hy=1,

dl, =dr, dl, =r de, dl; =dz, (45)
dS, =r dg dz, dS,=dr dz, dS;=r dr do,
dV =r dr do dz.

Coepnueckas cucrema KOOpIHHAT

KoopnunaTHast manmst |, sBasercss mpsMod, a |, u |; — coOTBETCTBEHHO TOMY-
OKPYKHOCTBIO 1 OKPYXKHOCTHIO. KoopyimHaTHas MOBEPXHOCTh R = const sBisteTcs
cepoit, B = const — G0KOBOIl TTOBEPXHOCTHIO KOHYCA C BEPIIMHON B Havane Ko-
OpJIMHAT, a (p = cosnt — MOTYIIIOCKOCTbIO.

CreioBaTeNbHO,

h,=1, h,=R, h;=R sin 0,

dl, =dR, dl, =R d6, dI, =R sin 0 d, (46)
dS, = R*sin 0 dO dg, dS, =R sin 0 dR dg, dS, =R dR do,

dV =R?sin 0 dR do dg.

10. Tlone3Ho BBeCTH elle OfHO MOHATHE — TeNeCHOro yriaa. C 9Toil LEnbio
MPOBEMIEM TIPSIMbIE M3 TOYKM HAONFONEHHS K TOYKAM, MPUHATICKAIIAM TPaHUIE
HOBEPXHOCTH S (pHC. 3, @). ITU NpsAMble 00pa3yIOT KOHYC, TENECHBIH Yroll KOTO-
poro w(p) XapakTepu3yeT yrod, Tofi KOTOPHIM IOBEPXHOCTE S BUHA W3 TOUKH .
DTOT yrol MOXET ObITh IONOXKHATENBHBIM, OTPHIATEIBHBIM HIIH PABHATHCS HYITIO.
OH onpepienseTcs Kak
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Puc. 3. Tlpumeps! Tenec-
S,  HBIXYIOB

S,

S3

RS

o =4n

wo(p) = [ @)

s Lpg

rae L,y — paccTosHue OT TOYKM P 0 NPOM3BONBHON TOYKM Ha MOBEPXHOCTH S
(puc. 3, a); dS = dS n.

CyILecTBEHHO, YTO BCE IIOBEPXHOCTH, OTPAHNYEHHbIE JaHHBIM KOHYCOM BHJTHBI
IOl OJJHUM U TEM K€ YIJIOM  (P), IIPH YCIOBKH, YTO Mbl HAaOMIOAAEM U3 TOUKH P
M0G0 MEPEHIOI0, JINO0 3a[[HIOI0 CTOPOHBI 9TUX MOBEPXHOCTEN (pHC. 3, 6). B 1po-
THBHOM CITy4ae TeJIeCHbIE YITIbI OYAYT pasnuyaThes 3HaKOM. Eciy NpeAnonoxuTs,
YTO OffHA M3 MOBEPXHOCTEH, OTPAHMYEHHBIX JaHHBIM KOHYCOM, sBIsieTcs chepoit
Seph € paycoM L, TO BhIpaxkeHue (47) yIpOCTATCS CENYIONIM 00pa3oM:

o(p)== Ss—ph (48)

2
P

B 3TOM mIMPOKO MCIOIB3YEMOM BbIPAKEHWH BBIYMCIACHHE TEJIECHOTO YIia CBO-
IUTCS K ONpPeeNeHNIO COOTBETCTBYIOIIEH chepruyeckoli MOBEPXHOCTH.

ITyctbs HEKOTOpPBL 00beM V OKpYXEH MPOM3BONBHONR 3aMKHYTOH TOBEPXHOC-
TIO S (puc. 3, 6, 2). Torna u3 paBencTsa (48) cnepyeT, YTO TEIECHBIA Yrod, MOi
KOTOpbIM BUJIHA TOBEPXHOCTH S, paBHSETCS

=4, pBHYTPU V,

49
0, p BHE V. “9)

m<p>={

OTOT BaXHbIi Pe3yJIbTaT YaCTO UCIONb3YETCS TP U3yUYEHUH PA3IM4HbIX MOJEH.
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MMPUWIOXEHUE 2

TPAJUEHT CKAJIAPHOI'O I1IOJIA

1. OnpepenuM ckansipHoe Moje Kak (hyHKIUIO, 3aBUCSIIYIO OT TOYKH P:
T=T(p). M

Hpyrumu cinoBamu, GyfieM CUMTaTh, UYTO 3a UCKIIOUECHHEM KOOPIMHAT TOYKH ),
BCE OCTaNbHbIE (PAKTOPBI SABISIOTCS KOHCTAHTAMH.

B obmem ciydyae mpefmonaraeTcs, 9To JAHHOE IOJE SBISIETCS ONHO3HAYHOM
¢ysKImei. B ocHOBHOM MBI OyfieM H3ydJaTh MOBEACHAE TOM (DYHKIUH B OKPECT-
HOCTH €€ PETYISIPHBIX TOYEK, TYe T0Je BefeT ceOs HempephIBHBIM oOpa3zom. Op-
HaKO MHOTa MbI 6yIICM paccMaTpuBaTh CUHTYJIAPHBIC TOYKH, JUHUA U TTOBEPXHO-
CTH, TJIe TI0JIe TEPINT Pa3phIB.

2. KnaccuyeckuMu npuMepaMu CKasIpHbIX MOJed SBISIOTCS aBleHue, BbICO-
Ta HaJl YPOBHEM MOpsI, TEMIIEpaTypa, BpeMsl IPHXOf]a BONH M INIOTHOCTH TOPHBIX
nopon. IToMnMo mepeyncineHHbIX Noel, MIMEIONINX SICHBIN (YM3MIECKUil CMBICI,
K TaHHOMY THITy OTHOCSITCSI TAKXKE TIOJISI, KOTOPBIE BBOJSITCS /TSl YIPOIICHUS U3Y-
yeHus 0ojiee CIOXKHBIX BEKTOPHBIX noJyex. HpI/IMCpaMI/I TaKHUX BCIIOMOT'aTCIBHBIX
TOJIeli SIBNSIFOTCS IOTEHIMANBI TPABUTAIMOHHOTO U 3JIEKTPUYECKOTO MOMNS, a TaK-
K€ aKyCTHUECKUH MOTEHIHAL.

3. UccnenyeM Temeph TOBENiEHNE CKATSIPHOTO TONS T(P) B OKPECTHOCTH €T0
peryisipHO# Touku p. [J1s1 3TOr0 BRIGEpeM HeKoTOpoe Hampasiewne | (puc. 1, a)
M TIOCMOTPHM, KaK BJOJb 3TOM KPHBOH MEHSETCS paccMaTphBacMoe Tone. ITo
U3MEHEHUE XapaKTepU3yeTcd POU3BORHON T(P) IO [IIUHE AYTH, T.€.

aT . AT
— = lim —.
al Al=0 Al

@

3neck AT o603HavaeT pa3HOCTh 3HAYCHUH (DYHKIUH T

hBP

[

Puc. 1. I'pajueHT 1 MpOU3BOJHAs! IO HANPABIICHHIO
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AT =T(p,) - T(p),

a Al — paccTosHIe MeXJy TOUKaMU P, U P,.

W3 onpenenenns (2) cnepyer, 4to mpon3BofHas dT/dl xapakTepusyeT Bemmdn-
HY OTHOCHTENIBHOTO M3MeHeHus monst T Bjodb KpuBoil |. OrTa BenmunHa paBHA
npupatienuio AT, ieleHHOMY Ha COOTBETCTBYIOIH nHTepBai Al.

B o6mem crydae mpoussopHast 9T/9] MeHsieTcsl IpH U3MEHEHUM HaNpaBIICHUS
KpuBoii |, mpoxopsiueit yepe3 TOUKY P, T.e. B OKPECTHOCTH J000H TOYKH HAOMHO-
JICHUS CYIIECTBYET OECKOHEUHOE YUCIIO IPOU3BOJHBIX.

4. Bce 3T NpOU3BOJHBIE MOXKHO BBIPA3UTh 4epe3 OfHY EJUHCTBEHHYIO BEK-
TOPHYIO (DYHKIUIO, ONMCHIBAOLIYIO JAHHOE ToN€E. [Ij1st TOro 4To0bl PEInTh 3Ty
3ajjavy, BOCIIONB3YEeMCsl TeM, UTO M3MEHCHHIO JIMHBI yrH | cooTBeTCTBYET M3Me-
HEHYEe KOOP/IMHAT TOUKH X, X, U X;. CBa3b monst T(P) ¢ KOOpAUHATAMU TOUYKU P U
mmHO# myru | mokasana Ha puc. 1, 6. Vicnomb3ysi LemHoe MpaBuiIo sl IPOH3-
BOJIHOM, TONTYYNM

o _ AT 0x | AT X, T 9y

aax, Al ax, ol axg ol

©))

ox; 1 al X, 1 dl, oxg 1 ol
ol h ol al hy ool Al hy ool

TaK Kak MeTpuyeckue KO3(h(UUMEHThI NPaKTUYECKH HE MEHSIOTCA B Ipefienax
MaJIbIX MHTEPBAJIOB BJIOJIb KOOPAMHATHBIX JuHAi |, 1, 15.
PagenctBo (3) 3amicbIBaeTca TENEPh KAk

oT 1 9T al 1 oT ol 1 9T ol
og_adA % LI @)
ol h axg ol hy ax, ol hy oxy al

nim

aT  oaT dly  oT al, 9T ok
—— g — =
al ol ol al, al  aly al

®

3pecs dl, dl, u dl; — ckansgpHbIe KOMIOHEHTHI BekTOpa dl BIONb KOOPMHATHBIX
JITHIH:

al al
—L =cos(l,, ), =% = cos(l,, 1), == = cos(l;, 1).
al al al i
CnepoBaTenbHO, PABYIO YacTh (POPMYJIBI (5) MOKHO MPEACTABUTL B BUIE CKAJISAD-
HOTO TIPOU3BEICHUS [IBYX BEKTOPOB:

% =i,-grad T. ©6)
Jd
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3nech
i, = cos(l;, Di; + cos(l,, Di, + cos(l, D)i,

SBISETCS. SUMHAYHBIM BEKTOPOM, XapaKTepU3YIOIIMM Hampasienue kpusoil | B
TOYKE ], 10 KOTOPOMY OepeTcs IIPOU3BOJHAS.

5. BexTop
gad T=L 05 LT LT
| 0X, h, ox, h; ox;
W
T. T . T .
gradT=a—ll+8—12+a—l3 @)
a ol aly

Ha3bIBAETCSl IPAIEHTOM CKAISIPHOTO TOJSL U, cornacHo dopmyne (6), mobyro
TPOU3BOJIHYIO MO HANPABICHUIO CKANSIPHOTO T0Jisi dT/dl MOXHO MpelcTaBUTh
yepe3 rpajueHT. M3 aToro paBeHCTBa Takxke cnefyeT, 4To grad T yKa3blBaeT Ha-
paBleHAe MAKCHMAIBHOTO YBeTHUeHus most. Benmunna |grad T| paBHsieTcss Mak-
CHMaJbHOM TIpon3BoiHON dT/dl B okpecTHOCTH TOUKHM HabmrofieHus (puc. 1, 6).
3OTo 03HAyaeT, YTO IPAUEHT XapakTepu3yeT TOJbKO NoBefeHue mons. Crenosa-
TeNbHO, OH HE 3aBUCHUT OT BceX APYTHX (PakTOpPOB M, B YACTHOCTH, OT CHUCTEMBI
KooppiuHaT. [Ipyrumu cioBamMu, BEKTOp

M=grad T

VHBADHAHTEH OTHOCHTENBHO 3aMEeHbl KOOpAMHAT. CMBICT TpajjieHTa BUJCH U3
thopmyJbl (6), KOTOpas NOKa3bIBAET, YTO BMECTO TOTO, YTOObI OpaTh MPOU3BOJ-
Hyto 9T/l mo jumHe yru KpuBoii |, goctaTo4Ho MpocTo crnpoekTupoBaTh grad T
Ha 9TO HampasjieHue. YToObl MOJUEPKHYTh 3TOT (hakT, 3amuuieM (opmyny (6) B
BUfIE

I~ grad, T. ®)

al
Takum 00pa3oM, Mpou3BOAHAs CKAISIPHOTO TONS MO MPOU3BOJBHOMY HAIpaBJie-
Huto | sBJIseTCs mpoeKiuel TpaieHTa Ha 3TO Hanmpasnenue (puc. 1, 6).

6. B kauecTBe WIIIOCTpaLuy IpUBEAeM BbIpaxkeHus Anst grad T B pa3iIMuHbIX
CHCTeMAaX KOOpJHAT.

HpﬂMoyl‘Oﬂbl{aﬂ ACKapToBa CUCTEMA KOOPAUHAT

gradT=£i+£j+£k.
x o9y az
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HHJIHHIIPH‘IECKaﬂ CHCTEMA KOOpAUHAT

aT . 10T . aT .
grad T=—i, +-—i, +—1i,.
ax roay az

&)

Coepnueckas cucrema KOOpIHHAT

dT aT . 19T . 1 9T .
gradT = —ig+——i, + ———i
JR R 46 Rsin0® ag

o
7. I'paMenT cKanspHOTo MO YacTo ObIBAaeT YIOOHO 3alUCaTh B CIAEAYIOMIEM
BHJIE:
grad T = VT. (10)
3neck V - onepaTop, UMEIOLIN Pa3NiIHble BBIPAXKEHNS B PA3HBIX CHCTEMAX KO-

oppuHaT. Tak, HanpuMep, B IPSIMOYTOJNBHOM CUCTEME KOOPMHAT

vail+jlikl, (11)
ax oy az

8. Bo MHOIuX ciyyasix NPUXORUTCS MMETh JIEN0 C TaKUMH monsiMu T(y), ap-
TYMEHT 1P KOTOPBIX caM sBIsieTcs (PyHKUKMEH KOOpAuHAT. B aToM ciyyae MOXHO
3aIICaTh

OT _ T W 12 3
N o x| T

CnepioBaTenbHO, KaK CleyeT U3 epBoro cooTHowuIeHus (7),

grad T = L grad . 12)
o
Hanpumep, eciu nofie siesieTcst hyHKIUE paccTOSHUs MEXKTY IBYMs TOUKAMHU:
Y =Ly,
0
vi="TvL,. (13)
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INPUIOXKEHUE 3

BEKTOPHBIE IT1OJIA

BBEJIEHUE

Hama nenb coctoutr B TOM, 4TOObI OMHMCATh HEKOTOpbIE (DYHIAMEHTAIbHbIE
MaTeMaTHYecKie MOHATHS, KOTOpPblEe HCHONb3YIOTCS NPU M3YUYEHHH BEKTOPHBIX
nonedl pasauyHodl Npupofbl. ['paBUTALMOHHbIE, 3MEKTPUYECKUE, MATHUTHBIE U
9NIEKTPOMArHUTHBIE MOMNS SBJISIOTCS KIACCHYECKUMH IPUMEPaMi BEKTOPHBIX IO-
Jeli, ONUCBHIBAIOIIUX ONpefieIeHHble (husuyeckue siBiaeHus. CMelenne, cKopocThb
U YCKOPEHWE YACTHUI| CPEfibl, CBI3aHHBIE C PACIPOCTPAHEHHEM aKyCTHUECKUX UIH
YIOPYrUX BOJH, TakKxKe SBISIOTCS BEKTOPHBIMU TOMsMH. Kaxkpoe U3 yKa3aHHbIX
noJell BbI3BaHO HEKOTOPBIM T€HEPATOPOM, CIIMCOK KOTOPBIX MpUBEAeH B Tadu. 1.
B aroii Tabnuue 8, u 8, — 00 bEMHBIE NIOTHOCTH COOTBETCTBEHHO MAcChl U 3apsi-
na; jo 1 € JE/dt — mIOTHOCTH TOKa MPOBOJMMOCTH M TOKa cMewleHus; dB/at —
CKOpPOCTh U3MEHEHHS] MarHUTHOTO ToJIs BO BpeMeHnu. Hakowen, P, — 3To faBmne-
HUE, BbI3BAHHOE iehopManyei cpefibl.

W3 Tabn. 1 BUHO, YTO CYIIECTBYET [IBA THIIA T€HEPATOPOB BEKTOPHOTO MOJISL.
leneparopsbl, oTHOCSLIMECS K MEPBOMY THIY, ONHMCBHIBAIOTCS CKASPHLIMU (DYHK-
IUSIMH, TaKMMHU KakK Macca, 3apsj WX JaBjeHHe, W Ha3bIBAIOTCS MCTOYHUKAMH.
Bropoit tun — ato Buxpu. K aromy Ty remepatopoB OTHOCATCH j., € JE/dt u
dB/at, u pacpenieieHe TaKuX TeHEPATOPOB ONNCHIBAETCS BEKTOPHBIMU (DYHKIHU-
SIMH.

OueBHIHO, YTO HEKOTOPBIE T0JIS1 MOTYT BbI3bIBATHCS TOJNBKO UCTOYHMKAMH, a
Ipyrae — TONbKO BUXpsiMH. HakoHel, cylecTBYIOT 1OJId, MOSBJIEHHE KOTOPBIX
CBSI3aHO C HAJIMYMEM HCTOYHMKOB OOOMX THIIOB.

C usuyeckoil TOUKM 3peHUs] OYEBUHO, YTO NOBEEHUE MONS ONPENeIAeTCs
pacrpefiesieHieM reHepaTopoB. [103TOMy ecTecTBEHHO YCTAHOBUTH CBSI3b MEXK]LY
KaX/bIM TaKUM T'€HEPaTOPOM M COOTBETCTBYIOIMM €My IMojieM. Takoil MOAXof
UCIIONb3YeTCsl IPU MOCTPOECHUHU TEOPUU BEKTOPHBIX monel. [TocKONbKy cylecTBy-
eT JIBa THIIA TeHEPATOPOB, MbI BBIBEJIEM COOTBETCTBYIOLIME 3THM THUIAM JiBa (pyH-
IAMEHTANbHBIX YPAaBHEHHUs, UTPAIOLIMX POJIb CBS3YIOLMX “MOCTOB” MEX[y BEKTOp-
HbIM TIonieM M(a) 1 ero reHepaTopaMu. Takoi e MOuxof OyAeT MCIOTb30BaThCS

Tabnuma 1
MMone I'enepartopsl
I'paBuTannonsoe g Maccer o,
Onextpuueckoe E 3apsfsl 0,
MaruutHoe B Toky NPOBOJUMOCTH M MOJIEKYNSPHbIE TOKH
Onexrpomaruuthoe E, B CKOpoCTb M3MEHEHHS! MarHuTHoro mons dB/dt u
TOKH cMetenus € dE/ot
CwmelleHns 4acTull s, CB3aHHbIE C aKycTH-| [laBnenue P,
9ECKUMH BOJIHAMH
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IpU M3yYeHUH BCIIOMOTraTENbHBIX BEKTOPHBIX MOJEH, KOTOPbIE BBOLATCS, YTOOBI
YIIPOCTUTD aHANN3 PEaTbHbIX BEKTOPHBIX MONEH.

B npunuune, MoXHO Ob110 Obl HOCTYINUTh U APYTMM 00pa3oM. [leficTBUTEND-
HO, IOCKONBKY BeKTOpHOE Noj1e M(a) MOXHO IIPEeCTaBUTh B BUE

M(p) = M,(p)i, + My(pP)i, + M3(p)is,

M3yYeHHE 3TOTO BEKTOPHOTO MOJS MOXKHO CBECTH K M3YUEHHIO TPeX CKaJSpPHBIX
nonei M,(p), M,(p) 1 M;(p). Ograko Takoit MOAXON TOTE3EH TONBKO B TOM CITy-
Yae, KOorjja TpedyeTcs 3a1aTh MOBEJICHHE BEKTOPHOTO MOJISI B 3aBUCUMOCTH OT TOY-
KM HaOJTIOfEHNSI.

1. BEKTOPHBIE JTMHUHN

YroObl BBIBECTH COOTHOLIEHHE, CBS3BIBAIOIEE BEKTOPHOE TOJIE C €r0 MCTOY-
HUKaMH, yOOHO BBECTH MOHSITHE BEKTOPHOH NuHWM (MHWM TOKa). [lo ompere-
JeHN0, Kaxnplil anemeHT d1™ BEeKTOPHOW JNWHUM TApajljieNieH CaMOMy MOIO
M, Te.

cos(M, dI™) = 1. 1)

Jpyrumu cnoBami, B Kax[o¥l Touke nojae M TaHTEHINMANbHO JUHUE BEKTOPHOIO
noss (puc. 1, @), T.e. anemeHT dI™ 1 BekTOop M HMEIOT OfHU U TeE K& HANpaBs-
IOIME KOCHHYCBI.

ITosTOMY MBI MOXEM 3aIACATH

R B 9 @

[Tocnennee cooTHowIEHNE NpeAcTaBIseT co0oil auddepeHnuanbHOe ypaBHEHNE,
3ajjarolIee TMHUN BEKTOPHOTO MOJISL.
3nech

dl = dl i, + dLi, + dlis.

ITockonbKy NVHUM BEKTOPHOTO IOJS yKa3blBAaOT HANpPABIECHUE IONS B KAXKAOM
TOYKE, OHU HALJIAHO AEMOHCTPUPYIOT TEOMETPHIO BEKTOPHOTO MO DTH JIMHAN
MOKHO TaKxXe MCIOIb30BATH [IIS MITIOCTPALU MoBefieHust Mofrynisi M kak (pyHK-
muu Touku HaOmofieHuss P. C 3TO#l HEmbl0 paccMOTPHUM 3JIEMEHT MOBEPXHOCTH
dS™, pacmoyOXKeHHBIHl B IIOCKOCTH, TEPNEHANKYISIPHON JUHESM BEKTOPHOTO
OIS,

[Mpepnmonoxum, yto uucio auHuA AN, mepeceKarolmux 3Ty MOBEPXHOCT,
IpSMO IPONOPIUOHANBHO MO0 BEKTOPHOTO TOJIs

dN =a M ds™, 3)

TJie 0L — HEKOTOpasi IOCTOSIHHAS, HE 3aBHUCAIAsS OT KOOPAUHAT TOYKH.
ITn0THOCTB NUHUI BEKTOPHOTO TIONS PaBHSAETCS
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T.€. OHa YBEJINYMBAETCS B TEX MECTAX, IJie ToJ1e 00JIee CHIBbHOE, M HA0OOPOT.
Baxxno pasnuyaTh AiBa THIA BEKTOPHBIX JHHUI, & MMEHHO: OTKPBITHIE W 3aM-
KHYTBIE (pHC. 1, 6). [IepBblil THI UIMeeT KOHIEBbIE TOUKH {, U J,, & Y BTOPOTO
TaKue TOYKU OTCYTCTBYIOT.
‘YKa3aHHbIE TOUKY SIBISIOTCS TEOMETPUUECKOH MOJIETbI0 HCTOYHUKOB BEKTOP-
HOTO TonIst (cM. puc. 1, 2, d, e).

2. YUCJIO BEKTOPHBIX JUHUM, IEPECEKAWIINX MOBEPXHOCTh

ITo ananorum ¢ fEMCTBUTEIBHBIMA 1 KOMIUIEKCHBIMA YMCITAMH MOXHO BBECTH
TaKoe IPAaBUIO, KOTOPOE IO3BOJNUT COCUUTATh KOJIMYECTBO BEKTOPHBIX JIMHW,
TIepeceKaroluX MPOU3BOIIbHYIO OBEPXHOCTD S (puc. 1, sx, 3). Ecnu nunus nepe-
cekaeT MoBepxHOCTh S 1 yron Mexnay dI™ u dS He mpeBbIlIaeT /2, TO OCYIIECTB-
JISeTCs TTOJIOXKUTENBHBINA NMEPEXo dyepe3 3Ty MoBepxHOcTh. [lo ompepenenuto, B
9TOM CJIy4ae JIMHUU UAYT OT 3ajiHell K nepefiHeil cropoHe moBepxHocTu. Y Haobo-

a

Bexkmopnas

AUHUA Hesamknymas , &,
m m
dl
ﬂ]
2 0 e e
TIpasumayuonnoe
Dnekmpuyeckoe p " Maznumnoe

none l’lOJle

&z

Puc. 1. BekTopHbIE TMHNN (JINHAY TOKA)

none
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por, ecnu yroa mMexnuy d1™ u dS Gonblue, yeM /2, TO Nepexof SBISETCS OTpHLa-
TelbHbIM. TakuM 00pa3oM, IOJHOE YHCIO JIMHUA BEKTOPHOIO IOJIS, IEpeceKa-
IOLINX TIOBEPXHOCTD, ONPEENSETCs B OOIIEM CITydae Pa3HOCTBIO MEXKIY KOMMYECT-
BOM BEKTOPHBIX JIMHAM, JAOLIUX NONOXKATEIBHBIA 1 OTPUIATEBHbINA BKIAJ.
PaccMoTpuM Tenephb yacTHBI cilyyail 3aMKHYTOH HOBEPXHOCTH, W300paKeH-
HO#l Ha puc. 1, 3. B kaxpoi Touke mosepkiioctn Hopmasns n(dl = dS n) Hanpas-
JIeHa B CTOPOHY OT 00beMa V, OKPYKEHHOIO NOBEPXHOCTbIO S. Ecimu BeKTOpHast
JVHYS HE 3aKaH4MBaeTCs BHYTpU 00beMa V, ee BKJIa[ paBeH HyIro. [leficTBUTENb-
HO, KOIT|a [JaHHAs JIMHKS NEPECEKAET NMOBEPXHOCTb OT €€ IEPEfHER CTOPOHBI K
3afHEl, TO IepeceyeHne sABNIAETC oTpuuareabHbiM. Iocme 3TOro Ta Xe camas
JIMHUA CHOBA [IEPECceKaeT JaHHYIO IOBEPXHOCTD, HO B 00PaTHOH NOCIEN0BATENBHO-
CTH, IIPOXOfSl CHAayala 3ajHIOI0, a 3aTEM IEPEMHIOI0 CTOPOHBI. B aTOM ciyuae
nepeceveHue SBNISETCS NON0XKUTENbHbIM. COOTBETCTBEHHO, IIOJHOE YHUCIO BEK-
TOPHBIX NUHUI paBHO HyMr0. OTCIOja MOXKHO CEJAaTh BbIBOJ O TOM, YTO YUCIO
BEKTODHBIX JIMHHI, NMEPECEKAIOMNX 3aMKHYTYIO IIOBEPXHOCTD, ONPEAEIACTC dHC-
JIOM KOHIEBBIX TOYEK, 3aK/IIOUEHHBIX BHYTpU 00beMa. Tak, Hampumep, JUHUSA,

UMCIOIIas BHYyTpU obbeMa TOYKY g;] nim gl; , Ja€T COOTBCTCTBCHHO IIOJIOXKHUTCIIb-

HBIH MM OTPULATENBHBIN BKIAJ.
Takum 06pa3oM, YMCIO BEKTOPHBIX ITMHUH, TEPECEKAIONINX 3aMKHYTYIO TIO-
BEPXHOCTb, PABHSETCS

N =g, -0,. @)

3neck @, W 0, — MONHOE YHCIO TONOXKUTENBHBIX H OTPHIATENbHBIX TOYEK
BHYTpH 00bEMa.

3. IOTOK BEKTOPHOTO ITIOJIA

BeepieM Ternepb OHO M3 OCHOBHBIX IOHSATHI BEKTOPHOTO aHaNu3a, a UMEHHO
norok. ITorokom dF BekTopHoro monst M(p) depe3 SNeMEHTapHYHO TUIOMIANKY
dS(p) (puc. 1, 3) Ha3bIBAETCA CKAISPHOE IPOU3BEJCHIE

dF =M - dS. ®)
ITockombky
dF =M dS cos (M, dS), (6)

IIOTOK MOXET OBITb NOJNOXUTENbHBbIM, OTPULATEIBHBIM MM PaBHbIM HyIO. B

nocnefiHeM ciydae nosne M OyfeT TaHreHIMaIbHbIM K IIIOMagKe dS.
ITpou3BONbHYIO MOBEPXHOCTb MOXKHO IPEACTABUTH KAaK CYMMY 3JIE€MEHTapHBIX

nosepxHocteit. Torpa notok nomst M depe3 NOBEPXHOCTh S PaBHSETCA

F= {M- ds. %)

W, HakoHell, IOTOK Yepe3 3aMKHYTYIO IOBEPXHOCTh S OIpefensieTcst Kak
F=¢M-dS. (8)
S
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Harnee Mbl yBUJIUM, UTO MOCTIE/IHEE OMPEENEHIE UTPAET OYEHb BaXKHYIO POJIb NPH
U3y4YEHUH paclpeieNeHns UCTOUHUKOB. 11 TOro yToObl OLEHHUTh MOTOK, BBIpa-
3IM €ro Yepe3 YMCIO BEKTOPHBIX JWHMA. PaccMoTpmm cHawanma amemeHT dS™
(puc. 1, 6). YuursiBasi, 4ro BeKTOphl dS™ 1 M mapajiesbHbl Apyr APyry, MOTOK
BEKTOPHOTI'O IOJIS 3aMUIIEM KaK

dF = M ds™.
Orciofia, B COOTBETCTBHM C PABECHCTBOM (3), OIyINM
dF = LaN. ©)
o

Taxum 06pa3oM, B JTaHHOM IPOCTEHIIEM ciTydae MOToK OF paBHseTcs, ¢ TOYHOC-
THIO JI0 KOHCTAHTbI, YUCIY BEKTOPHBIX JMHUI, TepeceKaroux nosepxHocTs dS™,
U, KOHEYHO, 3TOT IOTOK IONIOXKUTENEH. PaccMOTpUM CHOBa 3NEMEHTApHYIO IIO-
BEPXHOCTh dS, IPOU3BOIBLHO OPUEHTUPOBAHHYIO OTHOCUTENBHO N0t M. M3 puc.
1, u BUAHO, YTO ee Tpoekuust dS™ Ha TIOCKOCTh, MEPIEHANKYISIPHYIO oMo M,
€CTb

dS™ =dS cos(M - dS).

[MockomnbKy Yncno BEKTOPHBIX JHMHUM, NepeceKarommx moBepxHoctd dS u dS™,
OJIMHAKOBO, IPUXOIMM K PABEHCTBY

dN=a M dS"=a M dS cos(M - dS)
1781031

dN
Takum 00pa3oM, KaK ¥ B HPENbIIYIIEM CIyYae, MOTOK BEKTOPHOTO MOJSI ¢ TOY-

HOCTBIO [0 KOHCTAHTBI 1/0L PaBHACTCA YUCTYy BEKTOPHBIX JII/IHI/IfI, NepEeCCKarIuX
HaHHbeI QJICMEHT:

oM -dS =adF. (10)

dF =N 1)

o

Kak mb1 yxe 3naeM, 06e BenmmunHbl AF 1 AN MOTyT ObITH MONOXUTETBHBIMH,
OTpPHLATENBHBIMA WM PABHBIMH HYIIIO.
O600wLIeHnEe Ha CllyYail IPOU3BONBHON IOBEPXHOCTH S OUEBHIHO:

F=[M-dS=2N, (12)
o
S

raec N — mosHOE Yucio BEKTOPHBIX HHHHﬁ, nepeceKaroux NOBEPXHOCTh S.

4. IOTOK BEKTOPHOTI'O I1I0JI YEPE3 3AMKHYTYI0 IOBEPXHOCTb

[Tycts Tenmepb MOBEPXHOCTH S sIBNsiETCS 3aMKHYTON. B cooTBeTcTBUHU € hopMy-
7101 (12) IOTOK BEKTOPHOTO M0/ YepE3 3Ty IIOBEPXHOCTh
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a 7] 15 6
S
dls b, P, [,
2 A,
Ly
2 0 e
ds .
M d[’”
P ==
V S LS,III

Puc. 2. TIoTok yepe3 3aMKHYTYIO IOBEPXHOCTh. [luBeprenuyst. HopManbHble MOBEPXHOCTH

1
F=§M-dS=—N. (13)
[ a
3pecb N — yncno BEKTOPHBIX JIMHUI, IEPEceKatoLUX 3aMKHYTYIO IOBEPXHOCTD S.
C ydeToM paBeHcTBa (4) TIOCTIE[HEE BbIPasKeHHE MOKHO 3aUcaTh Kak

FM-dS=-"g", (14)
S a

Ime
In = 9m — On- 15)

Takum 00pa3oM, IOTOK BEKTOPHOTO IOJSL Yepe3 3aMKHYTYIO NIOBEPXHOCTb OIpe-
JIENSIeTCsl IOTHBIM YMCIIOM KOHILEBBIX TOYEK BHYTPU BbIENEHHOTO o0beMa. Pa-
BEHCTBO (14) sBnsieTc OfHOVN U3 OCHOBHBIX (DOPMYJ TEOPUM IOJNS, NMOCKOJIBKY
OHO YCTaHABIMBAET CBSI3b MEXJy noneM M M KOHIEBBIMH TOYKAaMU BEKTOPHBIX
JIMHWH, T.€. €T0 UCTOYHNKaMU. KOHEYHO, Opa3UTeNnbHbIi Pe3ysbTaT, ONiChIBac-
MBIl 3THM BbIpaXKeHNEM, OBIJIO JOBOJIBHO TPYAHO MpEfCKa3aTh 3apaHee. [IeicTBy-
TENBHO, N3MEHEHNE MOBEPXHOCTH S, NPUBOJUT K M3MEHCHWIO BENWYMHBI M Ha-
npasieHus noias M Ha S, a TakKe K U3MEHEHHMIO 00JacTH WUHTErpUpOBAHUS.
MoxHOo ObLT0 ObI OXMJATh, YTO MOTOK F Yepe3 HOBYIO NMOBEPXHOCTH S, OyfeT
OTIIMYAThLCS OT TOTO, KOTOPBIA ObLT 7Sl MOBEpXHOCTH S, (puc. 2, @). OnHako B
EACTBATENBHOCTH, €CIIM 3TH NMOBEPXHOCTH OKPYXAOT OJTHAKOBOE UHCIO KOHIIE-
BBIX TOUYEK, TO 00a IIOTOKA PaBHBI PYT PYTY:

FM-dS = fM-dS.
S 5,
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CnenyeT TaKX€ 3aMETUTD, YTO MIOTOK
§M-dS
S

HE 3aBHCUT OT TeX KOHIEBBIX TOYEK JTUHMUI BEKTOPHOI'O MOJIsI, KOTOPbIE pacloia-
raroTcs BHe o0bema V.

Wrak, MbI TOKa3anu, YTO KOHIEBbIE TOUYKH SBISIOTCA TCOMETPUICCKUMHI MO-
IEIIMI pE€ANIbHBIX UCTOYHUKOB. PaCCMOTpI/IM B Ka4Y€CTBE WIIIOCTpALlMA T'paBUTa-
OUOHHOEC, IJIEKTPUIECKOEC U MATrHUTHOE TOJIA. s (;bI/ISI/I‘{CCKI/IX 3aKOHOB, YympaB-
JISIOIMX TIOBECHUEM 3THX TOJIEH, CIEYET, 4TO

fE-dS==, §g-dS=-4nym, §B-dS=0.

S S S

&0

3nech Ay 'y — KOHCTaHTBI, € M M — OIHBIA 3aps) ¥ Macca BHYTPH 00beMa, OK-
PYXEHHOTO MOBEPXHOCTBIO S.

Cwmblcn popmyisl (14) ocobeHHO siceH B cinyyae MarHuTHOro nonst B. Cymie-
CTByeT OECKOHEYHOE KOIMYECTBO MATHWUTHBIX IIOJEH Pa3iIMYHOH BEJIMYHHBI U
HaIIpaBJICHNs], OFHAKO BO BCEX CIY4Yasx NMOTOK IOJIs B 4epes 3aMKHYTYIO HOBEpX-
HOCTb PaBeH HyJ10. PU3MYECKUI CMBICI 3TOTO PE3yJbTaTa COCTOUT B TOM, YTO Y
JTAaHHOT'O TOJIs HET UCTOYHUKOB (MArHUTHBIX 3aPA0B).

M-I OyneM accoupoBaTh KOHIEBbIE TOYKU C ICTOUHMKAMU AAXe TOIfa, KOI-
fla CTaHEM paccMaTpUBATh BCIIOMOIATENbHbIE TIONS, XOTA B 3TOM CIy4ae UCTOYHU-
Kd, KOHEYHO, SBItOTCA (pukTuBHbIMEA. Takum oOpa3oM, ¢dopmyny (14) MOXHO
3aIMCATh KaK

§M-dS =kQ, (16)
S

rfie K, — HeKoTopasi MOCTOsIHHAS; Q — KOJIMYeCTBO HCTOYHUKOB B 00beMe V, orpa-
HUYEHHOM MOBEPXHOCTHIO S.

5. IMBEPTEHLIUA BEKTOPHOT'O ITOJIA
W3 dopmyisl (14) cinenyeT, 4To NOTOK
§M-dS

S

OnpeNesi€T pa3HOCTb MEXKNY IMOJTOKUTEIbHBIMU U OTPULATE/IbHBIMA UCTOYHUKA-
Mu:

Q=Q.,-Q. (17

Tem He MeHee, OH HE XapaKTepu3yeT WX pacrpefieieHne BHYTpUu o0bema. UToObl
MPEOOIETh ITOT HEIOCTATOK, PACCMOTPHUM Tako# Manblil 00beM AV, B KOTOpOM
UCTOYHUKH (TIONOXUTEIbHbIE MO0 OTPULIATENBHBIE) paclpefieiIeHbl paBHOMEPHO.
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I110THOCTE HCTOYHUKOB B TAKOM 00BEME MOXKHO OIPEACIINTDb CIENYIOIINM 06pa-
30M:

fM-dS
5 ok L= kd(p). (18
AV AV
3neck yHKIus O(P) paBHIETCS ITIOTHOCTH UCTOYHUKOB, 3 OTHOIICHHE

§M-ds
5 _divM (19)
AV

Ha3bIBAETCS IUBEPTEHIMEN BEKTOPHOTO OIS
Taxkum 06pazom,

div M =k,8(p), (20)

T.€. JUBEPreHuus 1o M B TOUKE P OIpefensieT INIOTHOCT UCTOUHUKOB B OKpe-
CTHOCTH 3TOH TOUKH.
Tak, HanpuMmep,

. . 0 .
divg=-4myd,, divE =—=,divB =0, 21
€0
r7ie O, ¥ §; — COOTBETCTBEHHO 00'bEMHAS ITIOTHOCTh M IIIOTHOCTD 3apsi0B.

B uactHOCTH, ecny MCTOUHMKU B OKPECTHOCTH HEKOTOPOW TOUKH OTCYTCTBY-
0T, TO

div M =0.

6. BIPAXKEHUE TUBEPTEHIIMN YEPE3 ITIPOU3BOJHBIE

Kak cnepyer u3 onpepenenust (19), nnst Toro, 4ToObl BbIuMCAuTh div M, He-
00XO[IUMO BBINOIHUT UHTEIPUPOBAHUE MO MOBEPXHOCTH S. DTO JOBOJLHO TIPO-
MO3JIKasi IPOLENypa, U Mbl MONbITaeMCsl 3aMEHUTH ee 0oJiee MPOCTOil onepanueit
nadepeHImpoBaHNS.

C 37011 1IeNTbI0 PACCMOTPUM 3JIEMEHTAPHBIN 00BEM

dv =dl,dl,dl;, (22)

00pa30BaHHbIIl 3MEMEHTaMI KOOPAMHATHBIX MOBepXHOCTel (cM. puc. 2, 6). Ilo-
CKONIbKY JIaHHBIIl 00bEM OTPaHHYEH KOOPANHATHBIMU IOBEPXHOCTSIMH, NOBEPXHO-
CTHBIIl HHTETPAJ 0 KaxXXA0ii 13 cTOpPOH dS MOXXHO IPEICTAaBUTh B BUJE CKAISIPHO-
IO NPOU3BENICHH

M(p,) - dS,

T7Ie P, — CPEAHSISI TOYKA YKA3aHHOM TTOBEPXHOCTH.
Torga moTox 3amuIieTcs Kak
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fM'dS = M(p,) - dS,(p,) + M(p,) - dS,(p,) + M(p,) - dS,(p,) +
S

+ M(p3) ' dsz(p3) + M(p6) : ds3(p6) +M(p5) : dS3(p5). (23)

TToCcKOMBKY eMHAYHBIC BEKTOPBI KaskI0 M3 CTOPOH HAMpaBICHBI B CTOPOHY OT
00beMa, Mbl IMEEM

fM' dS = M,(p,) dS,(p,) + M,(p,) dS,(p,) +M,(p,) dSy(p,) -
S

= My(p3) dS,(ps) + My(P) dS5(Pe) — Ms(ps) dSs(ps). 24

YuutbiBas, 4To paccrosHue Ol MeXay MPOTHBONONOXKHBIMU CTOPOHAMH Mo,
IPEANONIOXKAM, YTO NMOTOK MEXIy HUMH WU3MeHseTcs nuHeiiHo. Torja BMecTo
BbIpaxkeHus (24) nony4nm

a(M,dS,) a(M4dS;)

dl, + dl, +

Il 2 I?

dl,. (25)

FM-ds - a(M,dS,)
s 9

PagenctBo (19) 3anuiercs B Buje

divM = ;[i(Mldsl)dll +-2(M,dSs,)dl, +i(|v|3ds3)d|3] (26)
di di,diy | al, al, al;

inee

divM =

1 [a(h2h3Ml)+a(h1h3M2)+a(h1h2M3) @7

hih,h;,

X X5 X3
TaK KaK

dl, = h,dx,, dl, =h,dx,, dl;=h,dx,.
Takum 06pa3om, Mbl 3aMEHHIIM ONEPAlMI0 MHTErpHpOBaHUs AuddepeHIpoBa-
HUEM, U BbIpaxeHue (27) OMMChIBAET NUBEPreHIMIO BEKTOPHOTO TOJS B MPOU3-
BONIBHOM PErYJIAPHON TOYKE, IJe CYLIECTBYIOT IIPOM3BOJHbIE BIOIb KOOPIMHATHBIX

nuHuiA. B xauectse TIIpUMEpa MPUBEIEM BbIPAKCHUS I JUBEPICHINNA BEKTOPHOTO
MOJIA B pa3JIMYHBIX CUCTEMAX KOOPAUHAT.

Ilel(ap'rona NpAMOYroJibHasA CHCTEMAa KOOPIUHAT

. oM oM oM
divM = — + —L + —%, (28)
ox ay 0z

HPUIHH[[])H'[ECKH}I CHUCTEMA KOOpANHAT

M oM M
divM = 1| M) | My oM, 29)
r| ox ap az

457



Cdpepuueckas cucreMa KOOpHHAT

1 [aR*sinoMg) , ARsinOM,) 9(RM,,)
sin 0 iR a0 ap |

divM =

R2 (30)

ITo omnpenenenuto, UBEPreHNNs] XapaKTepU3yeT MNIOTHOCTb MCTOYHHKOB, W,
CIIEfIOBATENBHO, TIPU 3aMEHE KOOPJIMHAT €€ 3HaYEHNE He U3MEHUTCS. VIHbIMU CII0-
Bamy, div M, Tax xe, kak 1 grad T, SIBIsieTCS MHBaPHAHTOM.

7. MOBEPXHOCTHBIN AHAJIOT div M

BrlpaxeHue (27) RuBepreHndy BEKTOPHOTO MOINS 4epe3 NMPOU3BOJHbIE CIIpa-
BEJJIMBO TOJBKO B PETYISPHBIX TOUKaX, rje mone M HenpepbiBHO. OfiHAaKO 3TO
YCIIOBUE BBINONHAETCS HE BE3JIE, ¥ ose M MOXeT UMETh OCOOEHHOCTH.

[lycTh MCTOYHMKH pACIpPENENCHbI MO MOBEPXHOCTH S € MIOTHOCTBIO 2 (p)
(puc. 2,6).

[Tpumensia opmyay (16) K 371eMEHTapHOMY LUIHHAPY, MOLYIM

M, - dS, +M, - dS, + §M-dS =k, Z(p) dS. 31
Sy

3nech
dS,=dSn, dS,=-dSn, M, u M,

0003HAYAIOT MOJIEe HA TPOTUBOMONOXKHBIX CTOPOHAX IUJIMHApPA ¢ OOKOBOH MO-
BEPXHOCTBIO S,

C yMeHbIIIEHHEM BBICOTHI LMIMHAPA MOBEPXHOCTHBIN MHTErpan B opmyne
(31) ucuesaer, 1 Mbl IONNy4aEM

My(P) = My (p) = k; Z(p), (32)

T.€. Pa3HOCTb HOPMAIIbHBIX KOMIIOHEHT IOJISl ONpENENAETCs INIOTHOCTBIO UCTOY-
HUKOB B JJaHHOII TOUKe.

B wacTHOCTH, B TeX MecTax, I[Jie INIOTHOCTb paBHA HYIIO, HOPMAaNbHAsl KOMIIO-
HeHTa M, siBnsieTcsl HepephIBHOH (PYHKIUEH.

Takum 00pa3oM, Mbl IOJTYYMIH COOTHOIIEHNS TPEX THIOB Mexpy monem M
¥ €r0 HCTOYHUKAMHU:

FM-dS=kQ. divM=kd u My-M, =k I 33)
S

8. ®°OPMYIJIA TAYCCA - OCTPOTPAJICKOIO

[pennonoxuM, 4To BHYyTpH 00beMa V, OKPYKEHHOTO OBEPXHOCTHIO S, ToNe
M sBrsercs HenpepbIBHbIM (puc. 2, 2). Ilo onpepeneHuto, 4UcI0 HCTOYHUKOB B
anemeHTapHOM o0beMe dV ompenemnsercs Kak
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div M dV =k,d dV.
CregoBaTellbHO, THTETPUPOBAHKE 110 00BEMY [IAET

FdivMaV = kQ.
\

C npyroii CTOpOHBI,

FM-dS = kQ,
S

U, COOTBETCTBEHHO,

fdivMdV = §M-dS. (34)
\ S

[ocnennee Bblpaxkenne — 3To u3BectHas opmyna laycca — Octporpapckoro,
KOTOpasi IMEET MHOXECTBO IIPUIIOKEHUN W, B YACTHOCTH, UTPAET OCHOBOIOJAra-
IOIIYIO POJIb TIPU PEIIeHNN 00PATHBIX 3aa4. JTO CBSI3aHO C TEM, YTO COOTHOIIE-
Hue (34) yCTaHABIMBAET CBS3b MEXK]Y 3HAUEHHSIMH TI0JIs1 HA TIOBEPXHOCTH S, KOTO-
pblE YacTO MU3BECTHBI, ¥ TIOJIEM BHYTPH 00 BEMA.

9. HOPMAJ/IBHBIE ITOBEPXHOCTHU S™ BEKTOPHOTO ITIOJIA M

Haiinem Tenepb cBsi3b Mexy nosieM M U BTOPBIM THIIOM I'€HEPaTOpPOB — BUX-
psmu. [ 3TOro yioOHO BBECTU MOHATHE HOPMAJlbHOM mosepxHocTH S™ (puc. 2,
0), B KaXJO0il TOYKE KOTOpOIl MOJE HANpABICHO BOJNb CAMHMYHOIO BEKTOpPA
HOPMAaJ| n, T.€. OT 3aJHEN CTOPOHBI K NEPEHEN.

Kax u B cnyyae BEKTOPHBIX JIMHUM, Mbl OyfieM pa3inyaThb ABa THIA HOpMallb-
HBIX TIOBEPXHOCTEH: OTKPBIThIE M 3aMKHYTBIE (puc. 2, d). [1epBbIit THII MOBEpPXHO-
cTell orpaHiyeH KpaeBoil Junuei L™ — oprueHTHpOBaHHOI KPUBOW, HampaBlieHHe
KOTOpOIl BbIOMpaeTcs TakuM 00pa3oM, 4ToObl noje M NOAUYMHANOCH NpPaBUIY
npaBoil pyku. OYeBHJHO, YTO HOPMAJIbHbIE NOBEPXHOCTU NO3BOJSIOT HALMISIHO
IpeCTaBUTh BEKTOPHOE Nojie M. bonee Toro, ¢ UX MOMOIIBIO MOXHO OXapakTe-
pu3oBaTh nosefeHue ero Mofyad M. C 3Tolfi LeJbl0 pacCMOTPUM HOpMANbHbIE
TIOBEPXHOCTH, MPOBefieHHbIE Yepe3 aneMenT d™. Yucno atux moBepxHocTeit mpo-
HOPLUOHANBHO MO0 M:

dN =B M d", (35)

KakK 3TO TI0Ka3aHo Ha pHC. 2, e.

31ech cneyeT caenaTh jBa 3aMevaHus:

a) IOl00HO TOMY, KaK KOHLIEBbIE TOYKM BEKTOPHBIX JIMHHUI MOKa3bIBAJlIU pac-
TpefieieHe NCTOYHIKOB, KpaeBble TUHIM L™ HOpMaJbHBIX IOBEpXHOCTEH Mpef-
CTaBISIFOT COOO¥ TEOMETPUYECKYIO MOJIENb BUXPET;

0) HeCMOTpS Ha TO, YTO HOpPMAIbHbIE OBEPXHOCTH S™ MOXXHO BBECTU TOJBKO
JU1sL ONPEJIENEHHOrO KIIAcca BEKTOPHBIX MOJEH, UX, TEM HE MEHEE, OUeHb YOOHO
HCIIONb30BATb.
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10. YMICII0O HOPMAJIbHBIX IOBEPXHOCTEM,
NEPECEKAIOIIUX OPUEHTUPOBAHHYI0 KPUBYIO

BBepeM, Kak U B cilyyae BEKTOPHBIX JMHUM, IIPABUJIO, O3BOJLIOLIEE BBIUMC-
JIATh YKCIIO HOPMANIbHBIX IIOBEPXHOCTEN, NIEPECEKAIOIIUX IPOM3BONIBHBIA 3JEMEHT
kpusoii dl. to npasuno ouens mpocroe. Ecnu yron mexpay dl 1 M He npeBbl-
IIAET 7T/2, TO NMEPECEYEHHE CUMTACTCA NOJNOXUTENbHBIM. B IMpPOTHBHOM ciydae,
KOIJ]a 3TOT yros OONbLIE, YEM /2, NIEPECcCUEHNE SBISECTCS OTPULIATEBHBIM (PHC.
3, @). Ecnu opuenTHpoBaHHast KprBas | IMeeT KOHEUHYIO IHHY, TO MOJHOE YHC-
JI0 HOPMAJTLHBIX OBEPXHOCTEH, MEpeceKarOIIUX JAHHYIO KPUBYIO (pUC. 3, 6), paB-
HAETCS. pa3HOCTY IIOJIOXUTENBHBIX ¥ OTPHULATENBHBIX NepeceueHuil. PaccMoTpum
Hambomnee BaxHbI ciyvail, korja kpusas | 3amkHyra. IIpefnonoxum cHayana,
9TO KpaeBble JTMHAN L™ He mepecekarloT MOBEPXHOCTb, OrPAaHMYECHHYIO KpHBOI |
(puc. 3, 6). B atom cnydae yucno nepecedeHnii N HOpMaNbHBIX MOBEPXHOCTEN
TaKXe paBHAETCS HyMO. [IefCTBUTENBHO, KaXjiasi U3 HOPMaJbHbIX NOBEPXHOCTEN
S™ uMeeT [iBa MepeceueHNs ¢ KpUBOil |, OJHO U3 KOTOPBIX SBISIETCS MONOXHUTEIb-
HBIM, a JIPYrO€ — OTPULATENbHBIM. TakuM 00pa3oM, IIOJHOE YUCIO HEPECEYeHU
N paBHsieTcq Hymto. [Ipyroii ciayvaii mokas3as Ha puc. 3, z. J[Be HOpMaJbHbIE TO-
BEPXHOCTH MEPECEKalOT KPHUBYIO |, OJHAKO WX MepecedeHns MMEOT MPOTHBOIO-
JIOKHBIE 3HAKM, TAK YTO INOJHOE YUCIO nepecedyeHuid N IIO-peXHEMY PaBHO
Hymo. M3 pucyHKa Take BHAHO, UTO JiBe KpaeBble JuHUEM L™ mepecexaror mo-
BEPXHOCTb S B IIPOTHBONONOXKHBIX HanmpasineHusX. CletoBaTeNnbHO, YHCIO TaKUX
JUHUHA, TIepeceKarolUX NOBEPXHOCTh S, OTpaHMUEHHYI0 KpUBOH |, Takxke paBHO
Hymo. O4eBHfIHO, YTO B OOIIEM ciydyae, IOKa3aHHOM Ha puc. 3, J, MOJHOE dIic-
JIO IIEpECEYCHNI HOPMAJIBHBIX IIOBEPXHOCTEN C 3aMKHYTOH KPHBOW PaBHACTCS

N=L"-L" (36)

Puc. 3. HopManbHbIE TOBEPXHOCTH 1 MIX KPAEBbIE JIMHAK
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3necs LT n L™ — monHOe YMCIO MONOKUTENbHBIX H OTPHIATENBHBIX Mepeceye-
HU# KPAeBbIX IMHAN HOPMAJTbHBIX TIOBEPXHOCTEH C MOBEPXHOCTHIO S.

11. UPKYJIALOUSA BEKTOPHOT'O ITI0JIA

Baenem emie ofHO (hyHAaMEHTaNbHOE MOHSTHE BEKTOPHOTO aHANN3a, & MMEH-
HO IUPKYJISIAI0 BEKTOPHOTO MOJsL. PaccMOTpuM cHavanma cKalsipHOe TpOm3Berie-
HIHE

dvV=M - dl =M dl cos(M, dl). 37

o onpenenennto, dV MOXeT ObITh MOMOXHUTEAbHBIM, OTPUUATENLHBIM HIIH PaB-
HBIM HYJTIO.

ITockonbKy KpuBYIO | MOXKHO TIpECTaBUThL B BHJE CYNEPIO3UIUH 3IEMEHTap-
HBIX TIEpeMEelICHIN, IMeeM

V=[M-d. (38)
B YaCTHOCTH, A 33MKHyTOﬁ KpI/IBOfl 9TO BbIPAXKCHUE TACT
V= §M-dl. (39)

Jnst Toro 4TOOBI MOHATH CMBICH TIOCTEIHETO UHTErpana, Mbl CBSKeM (PyHKIu0 V
C yucnoM IepeceyeHnii myTd | HopManbHBIME TNOBepXHOCTSIME. C 3TOM Lemnbo
paccMOTpiM HecKonbko ciyvaeB. [lpexpe Bcero, m3 copmyn (35) m (37) mms
anemenTa ayru dI™ monyunm

dN =B dVv
nin
dN
av -, (40)

rae dN u dV — nonoxuTeIbHbIe, MOCKONLKY HanpaBineHus BekTopos dl 1 M coB-
napfator (puc. 4, a).

ITpepnonoxum Teneps, 4To opueHTanys anemenTta dl oTHocuTensHO monss M
SABIISIETCS MPOM3BONBHOM. [TockombKy ero mpoekius dI™ Ha HanpaeieHue Mot M
nepecekaeT ofuHaKoBoe Ynciao dN HOpMaNbHBIX TIOBEPXHOCTEH, Mbl IMEEM

dN=BMdI"=p M dl cos(M, dl),
T.C.
AN=pM - -dl=pdV

Jin e

dv =9I @)
B
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B ornuuue ot mpepbiymiero ciaydas (cMm. puc. 4, a), 3ueck dV MoxeT ObITb
TOJIOXXUTEIbHBIM, OTPULATENLHBIM M PABHBIM HYITIO.

[TocKOIBKY IPOM3BOILHYIO KPUBYIO | MOSKHO TIPEICTABATH B BAJIE CYMMBI 3Jie-
MEHTapHbIX nepemelienuii dl, momHoe 4ucio nepeceyeHuii paBHAeTCs

m
N=[3fM-dl wim V =

Py

. (42)

= |z

Takum 06pa3zoM, BO BCeX MEPEUNCICHHBIX BbIIIE CyYasx (GyHKIMs V BbIpaXKaeTcs
yepe3 MONOXKUTENbHbIE 1 OTPULIATENbHbIE ePeceueHnss HOPMAbHbIX TOBEPXHOC-
teil S". Ecnu KpuBas — 3aMKHYyTad, YTO JJI4 HAC SIBNsIeTCsl Hanboliee BaKHBIM CIy-
YaeM, TO B COOTBETCTBHH ¢ (hopmyJoii (36) MBI nMeeM

fM-dl=é(LT—Lr_” =L?. 43)

Takum 06pa30M, MBI IIPUXOJIUM K OCHOBOIIOJIAraromeMy pe3ynbTaTy, COCTOALIEMY
B TOM, 4YTO IUPKYJIALUASA BEKTOPHOI'O ITOJIA

a 0
M M
| d" dl a"
——— _—Sm
2 0 W e W
s S w d DA
TN
NN
NN AS
[ //"
val%
|| AS
B M M C///
HC W 3
trot M B,
AS
ASp
/ lp Puc. 4. Uupkynsiuyst u poTop
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fM-dl

XapaKTEPU3YET YHUCIO TEX KPACBbIX JIMHUA HOPMAJILHBIX OBEPXHOCTEN, KOTOPbIE
nepecekaroT MOBEPXHOCTD, OTPAHMIEHHYIO KOHTYpoM uHTerpupoBanus |. Kax yke
OTMEYaIoch paHee, TMHAN 00pbIBa L™ SBISIOTCS TeOMETPUIECKON MOJEIBIO BHX-
peit, 1 UMEHHO No3ToMy hopMmyna (43) umeeT Takoe BaxkHoe 3HaueHue. Hampu-
Mep, U3 3aKOHOB (PM3UKHU M3BECTHO, YTO LUPKYJIALNS IPABUTALUOHHOIO U 3JIEKT-
PUYECKOTO NOJIEH PaBHA HYIIIO:

§g-dl=0 u fE-dI=0.

Takoe nosefieHe J€rko 0OBSCHUMO, MOCKOJNBKY €IMHCTBEHHbIMU I€HEPATOPaMu
STHX IIOJIEH SBIAIOTCS MacChl ¥ 3apsIibl.

C npyro#t cTOpOHBI, B Clyyae MarHUTHOTO TMOJsl B, MOPOXJAEHHOrO TOKaMu
NPOBOAUMOCTH, MbI UMEEM

fB-dl=u,l, (44)
|

rfe | — Tok yepe3 Npou3BOIbHYIO IOBEPXHOCTh S, OrpaHMyeHHYI0 KpuBoil | (puc.
4, 2).
ITo onpepenernto, TOK SBISIETCS TOTOKOM BEKTOpPA IIOTHOCTH TOKA j:

I =§j-dS
S
1, COOTBETCTBCHHO,

| - fB-di-p,fj-dS. 45)

Cy11iecTBEHHO, YTO BEKTOPHBIE IMHUY MOJIS j, a Takke KpaeBble nuHUA L™ siBmst-
I0TCSL 3aMKHYTBIMHU, ¥ 3TO IOJI€ XapaKTepu3yeT paclpefieieHue Buxpei. [Ipyroi
IpUMep HEHYJIeBOU LUPKYIAUUA — 3TO 3NMEKTPOMArHUTHAs MHAYKuus. M3 3akoHa
dapapies cnepyer, 4To

oF
E-dl--2, 46
§ " (46)
e
E _sB.gs, @7
at g ot

a 0B/t — BEeKTOp INIOTHOCTH BUXPEN, MOPOKNAOLINX INEKTPAIECKAN TOK.

Takum 06pa3zoM, B 000UX MpUMepax UPKYJISLHS ONPENENIeTCs IOTOKOM BeK-
Topa motHocT Buxpeil. CpaBHeHne BbIpaxkenus (43) ¢ ¢gopmynamu (45) u (47)
TN03BOJISIET NIEPENUCATh IOCIENHEE PABEHCTBO B CIIEAYIOLIEM BUJE
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fM-dl=k2fW-dS. (48)
! S

3peck k, — mocrosiuuast, W — miotHocTh Buxpeit mois M (puc. 4, ).
CootHowieHue (48) cBa3biBaeT noae M u ero resepaTopbl — Buxpu. OHO
IpefcTaBisieT co0oi BTopoe (PyHAaMEHTAIbHOE COOTHOIICHUE TEOPHH MOJIS.

12. POTOP BEKTOPHOTI'O I1OJIA

Llmpkynsuys UMeeT Te ke HEeOCTaTKU, YTO M MOTOK 4epe3 3aMKHYTYIO IIO-
BEPXHOCTb, & IMEHHO, OHA HE OMUCHIBAET B OOILIEM CIIyYae pPacIpefieNeHUe BUX-
peil. UToObl HaliTi BEKTOP IIOTHOCTH BuUXpeil W, paccCMOTPUM MAJIyO 3aMKHY-
TYIO KpUBYIO |, Jexallyio B HEKOTOPO# INIOCKOCTH, U MPEATONOKIM, 4TO pac-
TIpefieieHe 3TOrO0 BEKTOpa Ha NMOBEPXHOCTH AS, OrpaHHYEHHOH KOHTYpoM |,
ABIseTCs. paBHOMEPHBIM. Kak BuHO 13 puc. 4, e, noToK Bekropa W 1, crefoBa-
TEJBHO, UPKY AL

fM-di

CYLLECTBEHHO 3aBHCST OT opueHTaruu nosepxHoctd AS. Ilycrb AS Haxomurcs B
IJIOCKOCTH, TEPHeHANKYIsApHO BekTopy W (puc. 4, k). Torma u3 Qopmydbl
(48) canenyer, 4yTO

FM-dl = kK, WAS
|
nin
M yw, (49)
AS
Bektop
rotM=f“Z—jn= kW (50)

Ha3bIBAETCS POTOPOM BEKTOPHOTO 101t M, 1
W =Wn,

I7ie N — eMHAYHBI BEKTOD, HEPHEHUKYISPHBLI TOBEPXHOCTH AS.

ITo onmpenenenuto, Mopyb rot M paBHSETCS, C TOYHOCTBIO IO KOHCTAHTHI,
IIoTHOCTH Buxpedl W, a ero HampaBleHHe COBIAAACT C HANpaBICHUEM BUXPSL.
Crenyer 3aMeTHTh, YTO HampasieHus BeKTOpoB dl u W MOTUMHSAOTCS TpPaBHIY
IpaBoil pyku. B Tex Toukax, rje BUXpH OTCYTCTBYIOT,

rot M = 0. (29)
B uactHOCTH, MOCTETHEE PaBEHCTBO BBIMOMHIETCS BE3fie B CIydae 3JIEKTPHIECKOTO
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U I'paBUTallMUOHHOTO HOHefI, a TaKXe B C1y4ac moJjisl CMEIICHUS 1aCTull, CBS3aHHO-
ro € aKyCTU4€CKMMHU BOJTHAMU B OIIHOPOIIHOﬁ cpene.

13. BLIPAXKEHUE POTOPA YEPE3 ITIPOU3BOJHBIE

Kak n B cnyyae nuBeprenuym, maTerpupoBanue B hopmyne (50) ynobHo 3a-
MeHuTh fudepenmpoBanneM. C 370t 1embio BBeieM BekTop C TakuM 00pa3om,
YTOOBI €70 KOMIIOHEHTA B[0JIb JIFO00T0 HampaBnenus: p (puc. 4, 3) onpeessiach
Kak

fM-dl
|

C, =" (52)
ASp

W3 pasenctBa (48) cnefyer, 4yTo Kaxkjasg U3 KOMIOHEHT BekTopa C mpsMo
MPONOPIHMOHAbHA MOTOKY BHXpEH Yepe3 COOTBETCTBYIOLIYIO 3JIEMEHTAPHYIO T10-
BepxHOCTb. CleloBaTeNbHO, MAKCUMANbHOE 3HAYEHHE YKA3aHHOW KOMIOHEHTBI
HaOmofaeTcs, KOrjla HanmpaBleHUe P COBIAAET ¢ HANPaBIEHUEM BUXpET, T.e.

c, -4, (53)
AS

Hpyrumu cnoBamu, Beipakenust (50) u (52) oNMCBHIBAIOT OfJH ¥ TOT € BEKTOp, U

3TO JAeT HaM BO3MOXHOCTb HaWTH KOMIIOHEHTBI rot M BJOJb KOOPHMHATHBIX

avHE (puc. 5, a). PaccMOoTpuM cHavana KpHBYIO, JIEXKAIIYI0 B KOOPAMHATHOMN

IJIOCKOCTH S;. BIOMNHSS MHTErpupOBaHne, MOMYINM

8
rot M
ds
/
e
z U(xr yr Z)
H y
2Az /f -——
d 2A
2Ax Y
x-Ax x x+Ax | X

Puc. 5. Jlanmacuan n potop
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fM' dl = M(p,) - dl;(p,) + M(p,) - dl;(p,) + M(p,) - dl(p,) +
S

+ M(ps) - dly(p;) = M3(p,) dl;(p,) — Ms(p,) dli(p)) -My(p,) dly(ps) +
+M,(p;) dl,(ps).

[Mockonbky munbl dl, u dl; Manbl, MOXHO TPENNONOXHUTh, YTO KOMIOHEHTBI
OISt ¥ TepeMellieHns] MeHsttoTea TnHelHo. Torfa cooTHollenue (54) nepenuchl-
BaeTcs Kak

4

M. dl M, dl
gVl = XM gy M) g
! al, aly
ninmn
rot,M = | XMsdh) g - 2Madh) g (55)
didl, | al, L

AHAIOTMYHO, MHTETPUPOBAHIE BIOJb 3JIEMEHTAPHBIX 3aMKHYTBIX KPUBBIX, JIeXKa-
IMX B KOOPAMHATHBIX IIIOCKOCTSIX S, U S; laeT

[a(M,dl a(M,dl
rot,M = | XM g - IMsdh) (56)
didly | al, al,
u
[ a(M,dl a(M,dl
rot,M = —— | 2Madh) gy I ) (57)
didl, | al, al,
Jlerko OpOBEPUTH, UTO MOCICAHUEC TPU PABEHCTBA IKBUBAJICHTHBI CIECAYIOLIEMY
BbIPAXKCHUIO:
hi, hi, hi,
otM=_1 |2 0 9 (58)
hihyhs | ax,  ax, x5

thl hZMZ h3M3

KOTOpPOE XapaKTepu3yeT pacipefieNieHie BUXpeil B Pery/spHbIX TOUYKaX BOJTHOBOTO
1014, [l €r0 KOMIIOHEHTbI SBISIIOTCS. HENPEPHIBHBIMU (DYHKLMSIMA.
Huxe npuBOmATCS BbIpaskeHHS KOMIOHEHT rot M B TPOCTEHIINX CHCTEMax

KOOPJIUHAT.

JlekapToBa NpsIMOYroJIbHAsA CHCTEMA KOOPANHAT

oM
rot, M = —-
dy
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M, M

rot, M = -—=, (59)
az X
M oM
rot, M= —> - —*,
ax ay

HHJIHHIIPH‘IECKaﬂ CHCTEMA KOOpAUHAT

1| oM arM, )
rot M=—|—- - 1,
r| oe 0z
oM M
rot,M = L —z, (60)
az ar
arM ) oM
rot,M = HE el e
r ar o}

Cdpepuueckas cucreMa KOOpHHAT

1 d(Rsin®OM_)  g(RM
rotyM = 5 vl X 9),
R” sin© 90 L)
1 [em. a(RsinoM,)
rot,M = —— —R_ @ 61)
Rsin® [ dg aR
1]a(rM oM
rot,M = - M) _ Mg
R dR a0

POTOp BEKTOPHOI'O MOJISI ONMUCBIBAECT PACIPENCICHNE BHXpefI M TaK XK€, KakK

grad T u div M, MHBapuaHTEH K 3aMEHE KOODJUHAT.

14. IOBEPXHOCTHBIN AHAJIOT rot M

Kaxk MbI 3HacM, COOTHOIIICHHUE (58) MOZKHO HCIOJb30BaTb TOJBKO B PETYJIAP-

HbIX Toykax. Haiinem tenmepb cooTHomeHnue mexpy mojgeM M m Buxpsmu Wi,
pacnpefiencHHbIMEA Ha ToBepxHocTH S. Ilpumensis dopmyny (48) K kpusoit |,
nexarieii B IIOCKOCTH, IEPIEHANKYISIPHOI K BeKTopy Wy (pHc. 5, 6), ONyIuM

M, - dl, + M, - dl, = kWl

Jines

My = My = kW, (62)
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HOCKOIII)Ky
dl, = - dl,

¥ paccTosiHue N MEXJTy AByMSI CTOPOHAMH HOBEPXHOCTH CTPEMHUTCS K HYIIO.
3pecs M, 1 M, — TaHreHIMaIbHbIE KOMIIOHEHTHI MOl Ha Pa3HbIX CTOPOHAX

HOBEPXHOCTH.
CootHorenne (62) MOXKHO 3aIicaTh Kak
n x (M, - M) = k,Ws, (63)

OTKY/Ia BUHO, YTO Pa3HOCTh TAHTCHIWATBHBIX KOMIIOHEHT ONPENIENSeT MIOTHOCTh
W HampaBlieHWe BUXpedl Ha moBepxHOCTH. Hampumep, B ciyyae MOBEPXHOCTHBIX
TOKOB i

n x (B, - B)) = ui.

Taxkum 06pa3oM, MbI IONYIMIN TPU BUJ]A COOTHOIIEHUH, CBA3bIBAIONIMX mone M
1 €ro UCTOYHUKH — BUXPU:

fM-dl= szW-dS, rot M = Kk,W,
| S

u (64)
nx (M, -M,) = kW

15. @OPMYJA CTOKCA

PaccMoTpiM pon3BONTBHYIO 3aMKHYTYIO KPHBYIO | ¥ TIOBEPXHOCTB S, OTpaHH-
YEHHYIO 9TOY KpUBOH (pHC. 5, 6).
W3 (opmyis! (50) cnefyet, 4To CKansipHOE NPOU3BEACHHE

rot M - dS
3alaeT MOTOK BEKTOpa IUIOTHOCTH Buxpedl W dUepe3 SNeMEHTapHYHO ILIOMIANKY

dS. C TOYHOCTBHIO 0 TIOCTOSIHHON K, OTOK dYepe3 MOBEPXHOCTb S ONpeelnseT-
csl KaK

JrotM-dS.
s

C npyroft CTOPOHBI, 3TOT XK€ MOTOK MOXKHO BBIPA3UTh Yepe3 HUPKYISIIIO (CM.
topmyny 48) monst. OTcrofia HOMyIuM

§M-dl = frotM-dS. (65)
| S

3TO COOTHOIIEHUE TPENICTABISIET cob0il m3BecTHYIO hopmyny CToKca, CBSI3bIBAIO-
IIyIo 3HaUeHus 1moas M BROMb 3aMKHYTOH KpuBoil | ¢ ero 3HayeHusIMH Ha IO-
BepxHocTH S. ®opmyny Taycca — Octporpaackoro u dopmyny CTokca MOXKHO
paccMaTpuBaTh KaK COOTHOIIEHHS, CBA3BIBAIOIME MONE U €ro TeHepaTopbl: HC-
TOYHUKY U BUXPU.
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B xauecrse mimnroctpanuu gopmyisl CTokca paccMoTpuM noje M Ha mioc-
koct XOY (puc. 5, 2), rue

dl =dxi+dyj, dS=dxdy

M=M,i+M,j.
IIpepnonaras, 4to

M, = % =0,
9z oz

MBI BMECTO PaBEHCTBA (65) MONyunM

M oM
M. dx + M dy) = | — - —*|dS. 66
j|9(x><+yy)£(az az) (66)

B )IaJIbHefIIHeM HUCNOJIb3YEM ITO COOTHOLICHUE IS TOTO, YTOOBI OpOJIEMOHCTPU-

POBaTb HEKOTOPBIC 3aME€1aTEIbHbIC CBOICTBA KOMILIEKCHOI HepEMCHHOﬁ.

16. CACTEMA YPABHEHMI BEKTOPHOTO I1OJIS

Cornacno dopmynam (33) u (64), CyIecTBYeT JiBa OCHOBOIONATAIOIIAX COOT-
HOILEHNS, CBA3BIBAIOIINX 0N M U €ro reHepaTopsl:

FM-dS =kQ, divM =k, My,-M,,=kXZ
S

H (67)

fM-dl=k,§W-dS, rot M=k, W, nx (M, -M,) =k,Ws.

1 S

Ecnm mone n3BecTHO, TO JaHHBIE COOTHOMIEHHSI MOXKHO HCIOJB30BATh TS Ha-
XOXJIEHIs] TeHepaTopoB 3Toro monst. M Hao6opoT, ecinm mone HEeM3BECTHO, TO
COOTHOLLIEHNS (67) IIPEACTABILIOT COOOM CUCTEMY YpaBHEHUH, B pe3ylbTaTe pelle-

HUs KOTOPOI 3TO 110JI€ MOXHO OyAeT HalTH.
Hanpumep, B peryssipHbIX TOUKax

rot M = k,W, div M =Kk,d. (68)
Crienyrote npuMepsl (DU3HIECKUX TOJEH SBISIOTCS KOHKPETHBIME TPHME-

pamn JIaHHOﬁ CUCTCMBI.

l“pasmannonﬂoe noJjie

rot g =0, div g =-4 myd.
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3JleKTpl/l‘leCK06 moJje

ot E=0, divE= 2.

€0

MarnutHoe moJjie

rot B =y, j, divB=0.
JIeKTpOMarHuTHOE ToJIe

otE= -2 d4vE= 2,
Jat £

rotB=u0(jc+8%), div B = 0.

OTH IPUMEPBI SICHO MOKA3bIBAIOT, YTO CYLIECTBYET CIEAYIOIME TPU THIA BEKTOD-
HBIX MTONEN:
a) TI0JIe ICTOYHUKOB, TSI KOTOPBIX

rot M =0, div M =k,d. (69)
3TO noJjie NOpOKIAETCs TOMBKO UCTOYHUKAMH;

0) BuxpeBoe moie:

rot M =k,W, divM =0 (70)
ITo onpenenenuto, 3TO MOJE HE IMEET UCTOUHUKOB;

B) one M, nopoxfeHHoe reHepaTopaMu 060oux THIOB. Takoe mone nogduHs-
€eTcsl ypaBHEHMSIM (68).

ITokaxeM Tenepb, YTO IPOU3BOJIBbHOE Mone M MOXKHO IpPEACTaBUTb B BUJE
CyMMBI TpeX noneil. JIedCTBUTENBHO, MOKHO 3aIUCATh

M=M,+M,+M,, (71)

rie nonst M, u M, ynoBIeTBOPSIFOT COOTBETCTBEHHO ypaBHeHWsM (69) m (70), a
none M; BooOIie He IMEEeT TeHepaTOPOB, T.€.

rot M; =0, div M; =
ITockomnbky
div M, + divM, + div M; =div(M, + M, + M;)

rot M, + rot M, + rot M; =rot (M, + M, + M),

none M gBnsercs pemieHneM ypaBHeHus (68). PaBeHcTBo (71) cocTaBiseT cyi-
HOCTb TeopeMbl ['enbMronblia, Urparolieil BaXKHYt0 poib IIPY U3YYEHUH pa3iny-
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HBIX BEKTOPHBIX Toneit. CeiyeT 3aMeTuThb, 4To B o0wieM cinydae nons M,, M, u
M; cBs3aHbI APYT C IPYTOM.

17. CKAJIAPHBIN U BEKTOPHBIV MMOTEHIAAJIBI

Cucrema ypaBHeHH# (68) cOCTOUT U3 4eThIpeX OOBIKHOBEHHBIX Au(pepeHIy-
allbHBIX YpaBHEHUII IEPBOTO MOPsIKA U, B IPUHLMIE, I03BOJIAET HAUTH TPU KOM-
TIOHEHTBI BEKTOPHOTO MOJS ¥ €r0 TeHepaTopbl. KOHEUHO, pelIUTh TAKYI0 CUCTEMY
OYeHb CIOXKHO. UTOOBI YIPOCTUTD 3TY 3ajjauy, BBEAIEM TOHATHE MOTeHnuana. Pac-
CMOTpHM CHayala IoJjie HCTOYHUKOB, KOTOpOe MOTYUHSETCs paBeHcTBaM (69). M3
MEPBOrO YPABHEHHUS 3TOH CUCTEMBI CIIEAYET, YTO

M=grad U
WA (72)
M=i£i] +Lﬂi2 +L£iw
h, ox, h, ox, hy ox5 °

rie U — mpousBonbHas (pyHKINS, IMEIOIasi EPBYIO Mpou3BofiHyto. V3 ompepene-
Hud (58) BUJIHO, UTO BCET/IA BBINONHAETCA CIEAYIOLEE PABEHCTBO:

rot grad U =0

Unu
hi, i, i,
1 d d d
— — — |=0. (73)
hhyhs | 0x, X, 0X 4
REIVR VR BV
h, ax; h, 9x, h; ax;

Kpowme Toro, BMecTo hopmyansl (72) MOXKHO 3amMucaTh
M = —grad U. (74)

TakuMm 006pa3oM, MbI TOKa3ali, YTO NPOU3BOIBHOE MOJIE UCTOYHUKOB M MOXHO
TPEJICTaBUTh Uepe3 cKansipayro Gyaknmo U. DTOT pe3yibTaT NMEEeT OueHb OOIb-
1I0€ MPaKTHYECKOE 3HAYECHHE, IOCKONBKY CKAISIPHOE II0JIE BCETJa JIErye M3ydaThb,
yem BCKTOpHOG. CDYHKIH/IIO U 06131‘{HO Ha3bIBAKOT CKaJIﬂprIM IIOTEHIMAJIOM BEK-
topHoro nonst M. TlockomnbKy cyiectByeT 6eckoHeyHoe uncno (yHkimin U, xa-
PaKTepU3yIOLIMX OJHO M TO Xe BeKTopHOe mone M (3TH (YHKUMM MOTYT OTJIH-
YaTkCs IPYT OT Apyra, HalpuMep, HEKOTOPO MOCTOSIHHOM), CKaISIPHBIN MOTEHIN-
aJl BPSITL JTX IMEET KAKOM-TO (PM3NIECKUI CMBICIT.

s TOro 4TOOBI ONMCATh TIOBEJICHNE MOTEHIWANA, TOJICTABEM PaBEHCTBO (72)
BO BTOpOE ypaBHeHHe (69). ITO aeT CeAyIONMil pe3yIbTaT:

div grad U =k,d
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nin
V2U = AU = k9. (75)

BreipaxeHue, crosiee B JeBOM YacTH paBeHCTBa (75) Ha3bIBAETCS JAIIaCHAHOM
norennuana U. C yyetoM cooTHoutenuit (27) u (72) umeeM

i(ﬂ&) +L(%ﬂ) +L(%£)} _ k. (76)
9

ox, \ h ax, X, \ hy ax, ox5 \ hy axs

1
hyhy hy

Takum 06pa3oM, BMECTO CHCTEMbI YpaBHEHUH (69) Mbl monyunin nugdepeHmm-
aNIbHOE YPABHEHNE B YACTHBIX NMPOM3BOJHBIX BTOPOTO MOPSAKa OTHOCHTEIBHO IO-
TeHpana U. TTocKobKy Nammackal XapakTepu3yeT INIOTHOCTh MCTOYHHKOB, OH
MHBAPMAHTEH OTHOCUTEIBHO 3aMEHbI KOOP/IMHAT.

PaccmoTpum fanee BuxpeBoe mone, OmicbIBaeMoe CUCTeMOH ypaBHeHH (70).
W3 BTOpOTO ypaBHEHHUSI 3TON CUCTEMBI:

divM=0
cIefyeT, 4To
M =rot A. 7

HWcnons3ys cootHomeHns (27) u (58) 1erko yoeauThesl B CIPABEJIMBOCTH CIIENY-
FOIIIETO TOXKIECTBA:

div rot A = 0. (78)

Kak u B cmydyae ckansipHOro IOTEHIMANA, CYLIECTBYET OECKOHEYHOE YHCIO
BEKTOPHBIX (DYHKIMIA A, ONMUCHIBAIOIIMX OffHO M TO Xe mone M. Hanpumep, Ta-
Kue (PYHKUMU MOTYT OTJIMYAThCS APYT OT Jpyra TONBKO I'PAJUEHTOM HEKOTOPOH
¢yukun: grad ¢. YToObI MONYYUTh YpaBHEHKE [/ BEKTOPHOTO MOTEHUHMana A,
TOJICTaBUM BhIpaxenue (77) B mepBoe u3 ypaBaennii (70). 1o faet

rot rot A = k,W. (79)

Bocronb3yemcst Tenepb COOTHONIEHHEM
rot rot A = grad div A — V?A,

KOTOPOE MOXHO IIPOBEPUTH, IPOAHANU3UPOBAB KaXyI0 U3 KOMIIOHEHT B JICBOI U
IpaBOH YaCTH.
Torma BMecTo paBeHCTBa (79) MbI IPUXOAMM K BBIPAKECHUIO

grad div A — V?A = k,W. (80)
[Mockonbky cymiecTByeT GECKOHEUHOE KONMYECTBO (DYHKUMA A, ONNMCHIBAIOIIMX

OfIHO U TO Xe moje M, BblOepeM Cpefill HUX Ty, KOTOpasl YIOBIETBOPSET pa-
BEHCTBY

div A =0. 81)
Ypasuenne (80) Torfa 3aMeTHO YIPOILIAETCS, X MbI OTYYaeM
V?A =-k,W. (82)
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Takum o6pa30M, MbI BbIpA3WJin MOJISI ICTOYHUKOB U BI/IXPGIjl qepes CKa.HF[pHI)IIjI n
BeKTOpHI)IfI TIOTCHIMAJIBI:

M, =grad U u M, =rot A.

B obmem cnydae BekTopHOe Tone (71), BbI3BAHHOE MCTOYHMKAMH W BHUXPSIMH,
MOXKHO IPEICTAaBUTL KaK

M = grad U + rot A. (83)

3OT0 paBeHCTBO MpEJCTaBIAET cO00M Apyryto (opmy Teopembl [enbmromnbua. Uto
Kacaetcs ot M; u3 popmyinl (71), TO €ro MOXHO BbIpa3uTh Kak yepe3 cKa-
JSPHBIN, TaK U yepe3 BeKTOpHbI noTeHuai. Takum oOpa3oM, uHpopmanus 06
3TOM MOJE YK€ COfIepXKUTCS B BbIpaxXkeHuu (83).

18. IAIIIACUAH M ETO MATEMATUYECKHUIA CMBICJ

Mbl BHJIEH, YTO CKANSPHBI MOTEHIMAN, ONMUCHIBAKOLIMI IO MCTOYHMKOB,
YNIOBJIETBOPSIET YPABHEHHIO
V2U = AU = div grad U = k3.

Xors ¢ hu3n4IecKoli TOUKH 3pEHHS. OUYEBHUHO, UTO NAIIACKAH ONPENENET MWIOT-
HOCTb UCTOYHMKOB, IIOJIE3HO TAKXKE OGCYJII/ITI: €ro MaTeMaTHUYECKUIA CMBICTI. HJIH
9TOro 00paTUMCs K YpaBHEHHIO (76) U 3alMIIEM €r0 B JIeKapTOBOI CUCTEME KOOP-
JIUHAT.

[onaras h, = h, = h;, nonyuum

AU eY LAY k. (84)

PaccmoTpuM cHavana ¢yHKIMIO Y(X) ¥ BbIpa3uM €€ NEPBYIO U BTOPYIO IIPOM3BOA-
HbIE Yepe3 3HavyeHus camoit pyHkiuu. Kak BUHO U3 puc. 5, d, TepBYyIO MPOM3-
BOJTHYIO MOKHO 3aIMCaTh Kak

iy g &) L -
Yi**t5) AX[)/(X+AX) y(xol,

A

Iy — Ly - y(x -
Yi*=5) AX[Y(X) y(x - Ax)].

CIIGJIOBaTeJIbHO, BTOpas NpOU3BOJHASA B TOUKE X ONPEACIISACTCA BbIPAXKECHUEM
p 1
y'(x) = e [y(X + AX) +y(X = AX) = 2y(X)]
X

nimn
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%y 2
=y () -y, (®85)
X (AX)
e
y"“’(x) _ Yy(X + AX) + y(X — AX)

2

SBJIAETCS CPEHUM 3HAUEHUEM (DYHKIIMA B OKPECTHOCTU TOUKH X.
ITycrb

%y/ox? = 0.

3JT0 03HAvaeT, YTo0 (PyHKIHS Y(X) B OKPECTHOCTH TOUKHU X BEIET ceOs JIMHET-
HbIM 00pa3oM. JIuHeiiHble (DYHKUMM NPEACTaBIAIOT OO0 MpoCTEHImil Kiace
dynkumit Y(X). COOTBETCTBEHHO, BTOPYIO MPOU3BOIHYIO 3°Y/0X* MOXKHO TPAKTO-
BaTh Kak MePy OTKJIOHEHMS (PYHKIUHU OT €€ JUHEHHOrO MOBEeHNSI B OKPECTHOCTH
HEKOTOPO! TOYKH.

PaccmoTprm Teneps neByro yactb ypaBHenus (84). 13 puc. 5, e cnenyer, 4yTo

2

IY L [U(x + A, y, 2)+ U - AX, ¥, 2) = 2U(p)],
x> (Ax)?

a?u 1

— = (U, y + Ay, )+ U(x, y - Ay, 2) - 2U(p)],
ay (Ay)

22U 1

— = —[UX, y, 2+ Az)+ U(X, y, - Az) - 2U(p)].
0z (AZ)

ITonarast

AX = Ay = Az =h,

moyHM
ViU = h% [21 U, - 6U(p)]

o
ViU = h%[uw(p)— U(p)l. (86)

3pech TOUKa P sBISETCA LEHTpoM Kyba, U; — 3HaueHus] NMOTEHIUAala Ha pa3HbIX
CTOpOHAX JaHHOTO 06 BeMa, a U(p) — cpefiHee 3HAUCHNUE MOTEHIUANIA.

Taxum 00pa3oM, eciu MOTEHIMAT B TOUKE P YIOBIETBOpSET ypaBHeHMO Jla-
maca

ViU =0,
TO €r0 3HaYEHNUE B 9TOH TOYKE COBIAMAET CO CPEHIM:
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U*(p) = U(p). 87

DyHKIMH, TOTYUHAIOLIMEC 3TOMY YCIOBHUIO, Ha3bIBAIOTC rapMoHuyeckumu. Ilo
CYIIECTBY OHH TIPEJICTABISIOT cOO0# 0000IeHre TMHEHHBIX (DYHKIMA HA ABYX- U
TpexMepHbIi ciyyait. Takum 06pasom, 3Ha4eHue namnacuana VU xapakTepusyer
OTKJIOHEHHE MOTEHIMaNa OT FapPMOHINYECKOH (DyHKIWH.

19. CornacHo paBeHcTBaM (75) oneparnuro
div grad U
MOXHO 3aIliCcaTh KaK
div grad U = V2U.
3peck V - onepatop, IMEIOLINI ClENy oMMt BI/:

I 9 I a9 . I a9 .
—— L +t—— 1, +——1;.
h, ox, h, ax, hy x5

COOTBCTCTBeHHO,

gradU=VU, divM =V -M,
(39)
rot M=V x M, div grad U =V (VU) = V*=A.

20. INonmy4um e1e ABa MOJIE3HBIX COOTHOLIEHNS], UCIIONB3Ys chopmyay [aycca —
Ocrporpayckoro:

[V-MdV = §M-dS. (90)
\ S

ITonaras
M=VU,

Oy MM TIepByto hopmyary ['puna:
[viuav = § & ds. 1)
v s an

IMpennonoxum, 4To
M =¢VU-U Vo.
[Toncranoska 3Toro BelpakeHus B paBeHcTBO (90) gaeT BTopyto dopmyiy I'puna

[(@V2U -UV2g)dV = f(cpﬂ —u a—“’) ds, 92)
Vv S on on

TaK Kak
V(eVU -U Vg) = VU + Vg - VU - UV?p - VU - Vo = VU - UVZq.
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21. B 3akmoueHne OpUBEJIEM HECKOJIBKO MOJIE3HBIX q)OpMy.II I BBIYACIICHUSA
OPOU3BOIHBIX OT Pa3TNIHBIX HpOI/IBBelIEHI/IfII

V(@19,) = ¢V, + 9,V @y,
V-(pa)=¢V-a+aVg,
Vx (pa)=¢pV xa+ (Vp x a),

V-(axb)=b-Vxa-aVxbh.



MMPUWIOXEHUE 4

KOMINIEKCHBIE YHCJIA
BBEJEHUE

B Teuenme fonroro BpeMeHn MCIOMb30BATICH TOTBKO TONOXATENBHBIC U OT-
pUIATENbHbIE JIECTBUTENbHbIE YHCNA, KOTOpbIE MOAPA3NENSIOTCA Ha LETble H
npoGHsle. [Tocnennue, B cBOIO 04epefib, MOTYT OBbITh PalliOHANBHBIMA M HUppaLy-
OHaNbHbIMU. Bce aTH umcna xapakTepusyloTcst aOCOMIOTHON BENMYMHON M 3HA-
KOM, M WX MOXHO TpEJCTaBATh KaK TOYKM Ha NpSMON, HAaIpuMmep, Ha OCH X
(puc. 1). Ilpn aToMm paccTosiHEE OT HYJIS 10 HEKOTOPON TOYKM paBHSETCS abco-
JIOTHOII BEJTMYNHE COOTBETCTBYIOIIETO UHCITA.

3areM MOSBIINCH MaTEMaTHYECKUe 3a/jadll, B KOTOPBIX NOTpeOOBaIoCh BBECTH
Ipyrue, He fedcTBATeNbHbIe yncna. [1o ompenenenno AefiCTBUTENBHOTO YHCaa X
€ro KBajipaT BCeIya SIBISETCS YHCIOM MOOXATEIbHBIM: x> 0. CrefoBaTenbHo,
anreGpanyeckoe ypaBHEeHHEe

X*+1=0 (D
HE MOXET UMETh HCﬁCTBHTeHBHLIX KOpHeﬁ, HOCKOHbe
2=l )

YroObl HAllTH pelIeHne 3TOTO YPaBHEHNUS, BBEIM HOBOE YMCIO, KOTOPOE Ha3blBa-
eTcst MEUMOY efpuHunel i. Kax cnepyer u3 ypasaenus (2),

x=+-1=i 3)

OCHOBHOE CBOJICTBO 3TOT0 YHCIAa COCTOUT B TOM, UTO €r0 KBAjjpaT paBEeH MHUHYC
e/IUHUIIC:

Y
X z
[ 7,
Y
¢
of~o 1 X
~ 1
~ 1
~ 1
~ 1
~ 1
N 1
~ ]
\\ 1
Puc. 1. KommiekcHast mIiockocThb N 2%
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iF=-1. @

a T.0.
EcrectBeHHbIM 0000IIEHNEM 3TOTO YKCTA SBISIETCS MPOM3BECHHE MEHCTBH-
TENBHOTO YHCNA y HA MHIMYIO EIMHULLY /, JAf0IIee YUCTO MHUMOE YUCIIO

yi )

KOTOpOE y100HO HAHOCHTH BJIOJH OCH y (cM. pHC. 1).

quLIpe HpOCTCfIIHPIe onepanuu HaJl MHUMbIMU YUClIaMi, @ UMEHHO CYMMUPO-
BaHNe, BHIYNTAHUE, YMHOXEHNE U JIEJICHHE BBINOJHAOTCA TOYHO TaK Xe€, KaK U ¢
IEACTBUTENBHBIMA YUCITIAMHE, HO C YYETOM PaBEHCTBA (4).

1. KOMIIVIEKCHOE YHCJIO U ErO AIITEBPANYECKAS ®OPMA

Cnepyrolmuii mar — 3T0 BBEfIeHHE KOMIUIEKCHOTO YHCNa, KOTOPOE SBISETCS
CYMMOT IBYX UHCEJ, AECTBATEILHOTO M MHAUMOTO:

z=Xx+1y. ©6)

SHCCL X Wy Ha3bIBAKOTCA HeﬁCTBHTCHLHOﬁ U MHAMOMW YacTbI0 KOMILIEKCHOTO YHC-
J1a 1 3aMCbhIBAOTCA KaK

x=Rezu y=Imz. @)
OHM U3MEHSIOTCS B CIEAYIOIINX MPEfeax:
—0<x<® H-0<y< o,

PageHcTBO (6) 3amaeT KOMIIIEKCHOE YnciIo B anreOpanmyeckoil opme. Ymcno z
yno6HO n300pakaTh KaK TOYKY Ha MIIOCKOCTH, TOKA3aHHOM Ha puc. 1. 3Ty mioc-
KOCTh OOBIYHO Ha3bIBAIOT KOMIUIEKCHOH MIIOCKOCTBIO.

PaccMoTpuM Temeph OCHOBHbIE Omepanyid Haj KOMIUIEKCHBIMH YHCIaMH,
TIpefcTaBiIeHHbIMY B anrebpanyeckoil popme. CyMMHPOBAHUE U BbIYMTAHHE JIBYX
KOMILTEKCHBIX YHCE

Zy=x,+10y, U z,=X,+1y,
BBITIONHSIETCS CIEAYIOMIM 06pa3om:
3=z, 7, = (X, £ X)) +i(y, = y)), ®)

T.€. YKa3aHHbIE ONEpalyy NPOU3BONATCA OTHENBHO JISI NEUCTBUTENBHBIX ¥ MHHU-
MBIX YacTed.
Oneparmst yMHOXKEHHST 3aIIChIBAETCS Kak

2y = 2y7) = (X + 1y,) (X, + 1)) = 20X, + 23y, + 100y, + ¥,X)),
UM Z3 = X5 + iV,
e

X3 = XX = ViYas Y3 = X)) + X)) &)
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Hpeme 4YEM pacCMOTPETL YaCTHOE ABYX KOMIIJIEKCHBIX YMCEJI, MOJE3HO BBEC-
TH YUCITO

f=x-1iy, (10)
KOMILIEKCHO COTIPSKEHHOE YHCITY

z=Xx+1y.
Takum o0Opa3oM, fEfCTBUTENbHbIE YAaCTH YUCET z U z° COBNANAIOT, & MHUMBbIE
YacTH pa3NuyatoTcsd 3HakKoM. BzamMHOe pacmosiokeHMe z W z* MOKa3aHO Ha

puc. 1. M3 paBeHcTB (9) cnefyeT, 4YTo NPOM3BEfICHNE z U z* SBNSIETCS AEUCTBHTENb-
HBIM 4MCIIOM. JICTBUTENBHO, NMEPEMHOXKAs 3TU YNCIA, ONYIIM

22" = x> + Y% (11)

[MocneaHee paBeHCTBO TO3BOJSAET HAM OMPEMENHUTh ONEpanuio ICTEHNS ABYX KOM-
IICKCHBIX YHCEI:

Z3 = 2,/z4.

3TO OTHOIIECHHAE MOXKHO OpeaCcTaBUTh Kak

ZnZ
2, = 2271
7
ninmn
_ (g +iyp)xy = iyy)
3 -
2, .2
X1+
CneoBaTelbHo,
XX + Y12 X1Y2 =X
Y3=— 3T T, (12)
X +n X1+

BaMeTI/IM, 4TO Ba KOMINVICKCHBIX YHCJIa PaBHbI
Z1 = Iy
€CJIN paBHbI UX HeﬁCTBHTeHLHLIe U MHUMBIE YaCTHU:
Xy =X, By, =Y.
OHHaKO B OTJINYHUEC OT HeﬁCTBHTCHLHBIX YHUCEJI, HCPABEHCTBA
z,>z, WM Z, < Z,

HE UMCIOT HUKAaKOIro CMBICJIA.

2. TPUTOHOMETPUYECKAS ®OPMA KOMINIEKCHOI'O YUCIA

JInst Toro 4ToObl ONpefeNuTh CTENeHb U KOPEHb M3 KOMIUIEKCHOTO 4YHCha,
TpeAcTaBUM ero B pyroit ¢opme. M3 puc. 1 BuAHO, 4TO NOJNOXKEHUE YKUCIA HA
KOMIUIEKCHOI TIIOCKOCTH MOXHO OTIPENIeNTUTh NIapaMeTpaMu r | ¢. 3iech 7 SBIs-
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eTCSl PACCTOSHMEM OT Hayalla KOOPAMHAT IO TOYKM U HA3bIBAETCS MOJYJIEM KOM-
IUIEKCHOTO yucna. Bropoil napameTp, ¢, Ha3bIBaeTCs ApTYMEHTOM KOMILIEKCHOTO
Yycna, ¥ 3TO YIOll MEXy AEACTBUTENBHON OChIO X U paguycoM r. Oba mapamerpa
U3MEHSIOTCS B CIIEMYIOLINX TIpefierax:

Osr<wu 0=q@<2m. (13)

[pepnonaraercs, 4To MOAY/Ib I — BCEra YUCIO MOJAOXHUTeNbHOE. Ecnu Touka,
ONKCBIBAOIAs] KOMILUIEKCHOE YHCIO, JIBIXKETCS IIPOTHB YacOBOH CTPEJIKH, ee ap-
TYMEHT yBeJIMuMBaeTcs. B 4acTHOCTH, apryMeHTbI BceX MOJOXKUTENbHbIX MHUMbIX
Yucel PaBHbI /2, a ISl OTPULATEILHBIX MHUMBIX UHCEN (p = It

W3 npuBefeHHOro Ha puc. 1 TpeyronbHuUKa CleAyeT, 4To

X=rcosg M y=rsin@. (14)
CoorBeTcTBeHHO, (hopMyIy (6) MOKHO TIepenucaTh Kak
z=r(cos @ + i sin @). (15)

IMocnennee BbIpakKeHHE 3afla€T TPUTOHOMETPHYECKYIO (DOPMY KOMILIEKCHOTO
yycna. OUeBUHO, UTO paBeHCTBa (14) ycTaHABIUBAIOT CBSI3b MEX]Iy anrebpamdec-
KO M TpUroHOMeTpuueckoil popMamu. Onepanyuy CyMMUPOBAaHUS W BbIYMTAHUS
115t 00enX (pOpM BBINOHSAOTCS OJUHAKOBBIM 00Pa30M.

PaccmoTpuM Temepp Kak 3alichIBacTCs MPOU3BEEHHE KOMIUIEKCHBIX YHCEl,
NPEACTABICHHBIX B TPUTOHOMETPHIECKON (hopMe:

z, =ry(cos @, + i sin @,), z, =71,(CO8 @, + i sin @,).
B arom cirygae umeem

Z3 = 2,2, = 1'17,[(COS @, cos @, — sin @, sin ;) +

+ i(sin @, cos ¢, + sin @, cos @,)]
U

z3 = 11p[cos(@, + @) + i sin(@, + @)1, (16)
TaK Kak

sin(@, = @,) = sin @, cos @, * sin @, cos ¢,

cos(p, = @) = COS ¢, COS @, 7 sin @, sin .
Takum o6pa3zoM, B cooTBeTCTBIH C (16)

ry=nrir, 1 @3=@; + @, (17)

CJIGJIOBaTeJII)HO, TPUTOHOMETPUICCKA (bopMa OYCHb YJIOGHa JIJIs1 BBINOJTHCHUA
onepanuu YMHOXKEHMSI. AHaIIOFI/I‘IHO, TPON3BEICHNE HECKOJIBKUX KOMINICKCHBIX
YHUCECJT 3aMMIICTCA KaK

480



=2, "2, 23" ... 2z, =r(COs @ + i sin @),
e
F=r Ty I3 w7y Q=@ +@Q,+@;+ ... +Q,.

(18)

HCJIGHI/IG IBYX KOMIUIEKCHBIX YMCEJ MPUBOJUT K CIIEYIOIIEMY BbIPAXKEHUIO:

7. =F2 T2 089, +ising,
3 E s T
Zy 1 cos@+ising,

nim

7y =22 (cos @, + i sin ¢,) (cos @, — i sin ¢,),
i

TaK Kak
(cos @, + i sin @,) (cos @, — i sin @) = 1.

IToaTomy MbI Ony4aeM
73 =2 [cos(@, = @) + 7 sin(@, - @)l
1
170171

) —
Zz=—"— N Q3 =@, — @y,

n

OTKY/la BUJHBI IPEUMYILECTBA AaHHON (POPMbI KOMINIEKCHOTO YHCIA.

PaccMoTpuM Teneph cTeneHb KOMITIEKCHOTO Yicia
W==z"
3nech

z =r(cos ¢ + i sin @)

W =R(cos 6 + i sin 0).
W3 Beipakenuit (18) cnenyer, 4ro

R=r"un0=ng.

19)

(20)

@n

Taknm O6p330M, IJId TOTO, YTOOBI BBIYMCIHUTL CTENEHh KOMIIJIEKCHOTO qucia,

HY>KHO HallTH CTENIEHb €T0 MOAYJIS /', a apTYMEHT (p YMHOXKUTB Ha 71.
B uactHocTH, ecnu r = 1, paBeHcTBO (20) 3anmmchIBaeTCs Kak

(cos @ +isin @)"=cos n @ +isin n .

(22

IMocnenHee cooTHOIIEHNE — 3TO XOpOLIO M3BecTHas opMmysia Myaspa, KoTopast
TI03BONISIET 3AMETHO YIPOCTUTD BbIYUCICHUE NMPOM3BEAEHNS KOMIUIEKCHBIX YHCE,
a TakXke NpUMEHsieTcd Al MHOTUX Apyrux ueneit. ITomaras, Hanmpumep, n = 2,

HOJTy4UM
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cos 2¢ = cos’ @ — sin? @,

sin 2¢ = 2 sin @ cos @.

Omnpenenum Tenephb ONepaiyio B3STHS KOPHS U3 KOMIIEKCHOTO YiCIa:

W= z’i’. (23)
3nech n — LeJ0€e Yucio, u

W =R(cos O +isin 0), z = r(cos ¢ + i sin ).

I[To onpenenennto, BMECTO BbIpaKeHUs (23) MOXHO 3alACaTh

W'=z,

R"(cos 0 + i sin 0)" = r(cos @ + i sin ).
HWcnonw3ys opmyny Myaspa, momyuum

R"(cos n 0 +isinn0)=r[(cos(p+2mk)+isin(p+2mk)]. 24)
ADryMEHT ( B [IpaBOJi YaCTH 3TOTO BbIPAXKEHUS 3aMEHEH Ha ¢ + 2mk. OTO MOX-

HO CcfielIaTh, IOCKOJIBbKY & SABJISIETCS LENbIM YUCIOM.
W3 paBeHCTBA IBYX KOMIUIEKCHBIX BEIMYAH CIENYET, 4TO
1
R'=r umu R=r"
n (25)
_ @+2mk
=

n
Ime

k=0,1,2,.., (n-1.

CnenoBatenbHO, paBeHCTBA (25) MO3BONSIOT BEIYACIUTD # KOPHEH KOMILIEKCHOTO
yucna. Cnefyer 3aMeTUThb, YTO, monarasg k = n, Mbl CHOBa TIOJyYaeM KOpPEHb,
COOTBETCTBYIOIMH &k = 0.

3. 9KCMOHEHIHAJ/IbHASI ®OPMA KOMIIIEKCHOTO YN CIIA

st TOro 4TOOBI MONYYUTH TPETHIO (POPMY KOMILIEKCHOTO YUCIA, BOCIOIb3Y-
emMcst pa3noxenneM B psipi Teinopa yHKImi

sin x, cos x, €,

rae x — HGﬁCTBHTeHLHOe, a Z — KOMIIJIEKCHOE YHUCII0.
Kax u3BectHo, YKa3aHHBIC PA3JIOKEHUSI UMEIOT CJIEIIYIOHII/Iﬁ BHAN:

3 .5 7
sinx=x--+X 42X 4
3t 57!
(26)
2 6
cosx=1-2 42X 4L 4
2! 41 6!
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2 3 4
ef =1+ + 2 42 4 .
10 20 31 41

[Nonarag z = ix, nocnegHee pa3noxeHNUe MOXHO 3aMucaTh KaK
_ T R R
e =l+ix - -+ i +..
2! 31 4! 5!
1701071

el =(1_ﬁ+ﬁ—%+...)+ikx—“

(oo xt o, )
2! 41 35t 7!

+.. J 27
Cpasuenne opmyn (26) u (27) MOKa3bIBAET, YTO
e™ =cos x + i sin x. (28)

9T0 3aMevaTeNLHOE COOTHOLICHUE, MOJYyYECHHOE BfmepOM, NMEET MHOTOYHCIICH-
HBIC IPUTOKCHHUS. N3 "ero CIIEYET, HAllpUMEDP, 4TO

el=1, e? =i, e"=-I, (29)

=—i, € =1 wme>™ =1, (30)

Tfie 7 — LeJI0e YUCIO.

W3 Boipaxennit (15) u (28) Mbl IPUXOAUM K SKCIIOHEHI[MANLHON (POpPME KOM-
IJIEKCHOTO YKCIIa

z=re". (31)

Ora opma mpefcraBneHus yIoOHA 71 BBINONHEHNUS ONEPalyil YMHOXCHHUS U
JICTIEHNs], @ TAKKE NSl BO3BEIEHNS! KOMIIEKCHBIX YHMCEN B CTENEHb M ISl HAXOX-
nenus ux kopHeit. Kpome toro, u3 Belpaxenus (31) Mbl uMeeM

Inz=Inr+ig. 32)
Takum oGpa3oMm, fieficTBUTENbHAS YacTh In z paBHseTcA Jorapumy MOAyIs z, a
MHEMasl JacTh COBMAJAET C apryMeHTOM ((ha3oi) ¢ 9TOro Jncia.

Ipyroe BaxxHOe MPUMEHEHNE 3KCIOHEHIMANBHOR (DOPMbI KOMIUIEKCHBIX Y-

Cell CBSI3aHO C IPEJCTaBIEHUEM CHHYCOUJANBHBIX (pyHKImA. PaccmMoTpuM B Kaue-
CTBE MILTIOCTPALK (PYHKIUIO BPEMEHH

s(t) = A cos(wt + @), (33)

rme A — aMIUIATYfa, @ — HavyanbHas pasa. Oba 3TuX mapameTpa HE 3aBHUCAT OT
BPEMEHH, HO MOTYT ObITh (DYHKIMSAME OT TOUKH HAOIONEHUSI.
CornacHo onpepenenuto (28),

cos x = Re e*™.

CremoBaTensHo,
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s(t)y=A Re g™+ ?
I

s(t)=A Re e™ e, 34)
TaK Kak A — IefiCTBUTENBHOE YHCIIO.

®opmyiy (34) MOKHO TaKKe 3alUcaTh KaK

s(t) = A Re e e, (35)
BBons 0603HaueHNe

A=Ae™, (36)
MBI BMECTO (34) TIOIyUrM CIIEAYIOLIEE BbIPAKEHHUE:

s(t)=Re A e™, 37
rie (yHkuus A Ha3blBaeTCs KOMIUIEKCHON aMmiuTyfoi. OHa cofepXut uHpop-
Manuo o6 aMIUIUTYle M HavanbHOU (hase cunycompanbHonl (yHkimu. [Ipencras-

nenue (37) ObIBaeT OYEHD MOJE3HBIM NPH pellieHnH AugpepeHIuanbHbIX ypaBHe-
HOH.



MMPUWIOXEHMUE 5

OBBIKHOBEHHBIE JMHEAHBIE IUOOEPEHIIVAIBHBIE
YPABHEHUA C ITIOCTOSHHBIMHA KO3®OPUITNEHTAMUA

1. PaCCMOTpI/IM YPaBHEHUS, KOTOPBIE MOKHO IIPEACTABUTD B CIICIYIOLIEM BUJIC:

d"x(1)
n n + n-1

dt

n-1
d :i(lt) +..+q dx(®)

dt dt

a

+agx(1) = fi(0). M

3pechk a, — HEKOTOpble NIEfiCTBUTENbHbIE TIOCTOSHHBIE KO3(D(UIUEHTDI, ¢ — apry-
MEHT, HallpUMepP BpeMs HaOIOEHNSI.

Ypasrenue (1) 0ObIYHO ONUCHIBAET MOBEJICHNUE JUHENHOA CHCTEMBI, CXeMaTH-
YecKHd MOoKa3aHHO# Ha puc. 1 B Buje npsiMoyroiabHuka. COOTBETCTBEHHO, (hYHK-
U0 f(f) MOXHO HHTEPIPETHPOBaTh KaK BXOJHOE BO3[ICIICTBME HA CHUCTEMY, a
(pYHKIMIO X(f) — KaK PeaKIliio CUCTEMbI Ha 3TO BO3JEHCTBHUE, T.¢. BbIXof. Cremyer
3aMETHTb, YTO PeajIbHbIE CUCTEMBI, TAKWE KaK YIPyras WM aKyCTHIECKasi Cpefia, a
TaKKe MEXaHMYECKHE WM 3NEKTPHUECKHE YCTPONCTBA JOBOJBHO YacTO BENYT ceOst
KAaK JIMHEHHBIE CUCTEMBI.

W3 ypaBHeHus (1) cneyroT ABa BaKHBIX CBOJCTBA JMHEUHBIX cucreM. [1o om-
penenenuto, GyHKIUS x(f) SBISETCS PEIlIeHHeM 3TOro ypaBHenus. [lanee, oueBmj-
HO, UTO eciu B ypaBHeHun (1) (yHKumro f(f) 3aMeHuTb Ha myf(f), THe m ecTh He-
KOTOpbIl TOCTOSHHBIA KO3(D(UIUEHT, TO pEIICHHEM 3TOTO ypaBHEHUs OyieT
mx(¢). [IpyruMy CIIOBaMH, €CITM BXOJ| B CUCTEMY YBEJINYHUTb B /11 Pa3, TO BO CTOIb-
KO Xe pa3 YBeIU4UTCs U BHIXOA. IIpefnonoxumM, 4To CyIecTBYIOT (DYHKIUH X, (¥)
1 X,(1), YROBIIETBOPSIIOLME YPABHEHUSIM

d"x (1)

a, T + .+ agx,(t)= fi(1)
t

d"x, (1)
a” d n
t
CymMupYsI 3TH YpaBHEHHS U YUATHIBAS, YTO

ot agx, (1) = f5(0).

d"x (1) . d"x, (1) _ d"

(x, +x,),
dr" dr" dr"
Oy YAM
S . x(1)
Jluneitnan
cucmema
Puc. 1. Mopenp TEHEHHON CHCTEMBI Bxoo Boixo0
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n n-1
a, . x,(f) +a,, dd ,fi(f) +otapx(t) = fi (D + f,(0), )
t

x() = x,(2) + x(0). 3

OueBHIHO, YTO 3TOT PE3yJbTaT MOXHO OOOOUIMTH HA TMPOM3BOJLHOE YHCIIO
(yHKIMi f(¢). ITO O3HAYAET, YTO BBIXOJ] CUCTEMbI, BbI3BAHHBIN CYMMOW BXOJIOB
f(®), ABIAETCA CYMMOIi COOTBETCTBYIOIIMX BBIXOJIOB, T.€. ECIIH

F@O =1 + L) + ... + f,(0),

TO
xX(®) =x,(t) + x,(1) + ... +x,(0). “4)

Kax orMedarnoch panee, 3TOT pe3ylbTaT SBISIETCS OYeHb BAaXKHBIM CBOMCTBOM JINI-
HelHbIX crcteM. [Ipeskye YyeM MCIob30BaTh BhIpaXKeHne (4), pacCMOTPHM OTHO-
POJTHOE YpaBHEHME.

2. Ilonaras B (1) f(¢) = 0, mony4nm

d"x() " ()
n n + a”‘l n-1

dt dt

a + ..+ agx(t)=0. o)

PaBeHcTBO (5) 00BIYHO ONKMCBHIBAET PEAKUMIO JIMHENHOH CHUCTEMBbI (HAIPUMED,
CMELIEHUE MacC MU TOK B 3JIEKTPMYECKOH LIENMM) IOCIE OKOHYAHUSA JeHCTBHSA

ynkun f(1).
Pemienue 3T0ro ypaBHeHHs MOXKHO HailTH MeTOfIoM po6 1 ormubok. IIpexmo-
JIOKMM CHavaja, 4To (PyHKIus x(f) IMEET BHJ

x()=Ae", 6)
Ifie A U 7 He 3aBUCST OT apryMEHTa .

[Moncragnsist popmyay (6) B (5), momyyum

ar"+a, "' +..+ar+a,=0. @)

Takum 06pazoM, BMecTO AU(EPEHIUATLHOTO YPABHEHNST Mbl MOMYYMIN afl-

rebpanyeckoe ypaBHEHHE TOTO Xe nopsiika #. KoHeuHo, penenue ypaBHenus (5)
MOKHO HCKaTb U B HECKONBKO JpYroil (hopme:

x(t)=Be™,

OfIHAKO KOHEUHBIH Pe3yJbTaT OT 3TOTO HE H3MEHUTCSL.
YpasHeHue (7) Ha3bIBAETCS XapaKTEPUCTHIECKUM M UMEET 7 KOpHEli:

Vs Ty I'3geney Ty

KaK/bIfl B3 KOTOPBIX MOXET ObITh ACHCTBUTENBHBIM, MHUMBIM MM KOMIUIEKC-
HBIM.
JIn1st KaxKA0To KOPHS 7; (PyHKIUS

rit
Ae
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YHOBIETBOpsieT ypaBHeHuto (5). CHOBa MpUMeHssl MPUHIMI cynepro3uiuu (4),
HOJIy4¥M IIOJIHOE PEIIEHAE OFHOPOJTHOIO YPABHEHNUS B BUNE

x(1)=Ae" +Ae™ +..+Ae". 8)

OueBupiHO, 4TO (PyHKUUS X(f) YAOBNETBOPSET YPABHEHUIO (5), HE3aBUCUMO OT
TOrO, KaKie 3HAaueHUs NPUHUMAIOT KOI((UIHUEHT A,, T.€. JAHHOE YpaBHEHUE
IUI KaXJoro Habopa KOpHE# 7; UMeeT OECKOHEUHOe 4ucno pemieHui. MHbIME
CIIOBaMH, HEM3BECTHBIE KOI((HUIUEHTBI A; HEBO3MOXKHO ONPENETUTD, UMES TONb-
KO OffHOpOfiHOE uhepeHuanbioe ypaBHenue. [t Toro 4To0bl UX BBIYUCIHUTS,
HEOOXO/IUMO 3aflaTh HAYaJbHBIC YCIOBHS, T.€. YKa3aTh 3HAUCHUS (PYHKIUU x(f) U
€€ IIPOU3BOJJHBIX B HEKOTOPBIA MOMEHT BPEMEHH :

X(f) = CPO, X’(l‘) = CP], X"(l‘) = cp2""’ x(”_l) (t) = (Pn—l- (9)

[Tpumeps! peleHust ypaBHeHus (5) IPUBOASATCS B IT1aBE 2.

3. OOcynuM fanee pelleHne HEOJHOPOJHOTO YPaBHEHMS M PacCMOTPUM TpH
BO3MOXKHBIX CIy4asi, a IMEHHO, KOT/1a f(f) sIBNSAETC CHHYCOMAANBHOM, TIepUOfiuYe-
CKOM MM TIOYTH NPOMU3BONBHOI (DYHKIUET.

ITokaxeM, peKAe BCETO, YTO PEINCHAE YpaBHEHNA (1) MOXHO NPEJCTABATH B
BHJIE CTIEAYIOIIEN CyMMBI:

x(1) = x(8) + x,(2). (10)
3pech x,(f) — NPOU3BONBHOE pelLIeHHEe OTHOPOAHOTO ypaBHeHus (5), x,(f) — HEKO-

TOpOE YacCTHOE pelleHne ypaBHeHus (1).
JleficTBuTeNBHO, MOAICTAaHOBKA paBeHCTBa (10) B ypaBHeHue (1) aeT

", (1) va d"x(0)

n n n-1

ot agx,(t)|+

dt dr"!
n n-1_

, W g (LA ka0 = £, an
dr" dr™”

ITo onpepesnennto, BblpaxkeHue B NEPBbIX CKOOKAX paBHAETCS HYJIIO, a BbIpasKeHHe
BO BTOPBIX cKoOKax — pynkumn f(¢). Takum obpazom, yHKIms x(¢), 3amaBaemMast
paBeHCcTBOM (10), sBISIETCA TaKXkKe pEILCHUEM HEONHOPOAHOTO ypaBHEHHs (1).
Pemenne x,(f) ypaBHeHus (5) Obl1o mpuBefieHO paHee. OmnpenenuM Tenepb BTO-
poe cnaraeMoe B IIpaBoil yacTu BbIpaxeHus (10) — yactHoe pemenue x, (7). Ilo-
naras

f(®) = C cos(wt + @), (12)

nepenuieM (1) B Bujie

n-1

d"x,(0) d""x (0
a,——+a, | ———

n n-1 -1
dr" dr"

+...+ayx,(t) = Ccos(wt + ). (13)

ITomumo 9TOro, paCCMOTPUM TAKXKE MOXOXKEE YPABHEHUE
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d'vo d""y, (1)

n n-1 -1
ar" ar"

+..+ayy,(t)=Csin(wf+ ). (14)

YMHOXKas €ro Ha i, a 3aTeM CKIajbIBasi 00a YpaBHEHHS, TIONYIIM

n-1

A0 LEO L ()= C e =C e (15)
dt dt

3nech

C=Ce™
SIBTISIETCS. KOMIUIEKCHOIT BENIMTIMHOI, 1

7)(0) = x,(1) = iy, (0). (16)
CyILIECTBEHHO, UTO

x,(t) =Re z,(2). 7

[Tockonbky B mpaBoit yacTu ypaBHeHHs (15) BMECTO CHHYCOMJANbHON (PYHKIMH
CTOUT

—iot
Ce™,

€ro pelreHne 3aMeTHO YIPOIIAeTCs.
DTO CBA3aHO C TEM, YTO

d . . d2 .
_e—tu)t - _iwe—zmr’ - e—mat - (—iU))ze
dt dt

—int

1 B OOIIEM CiTyJae

d" . .
_ne—uu/ — (_l«)nwne—t(»t'

dt

Bnaropaps aToMy mOMCK (PYHKIMHM z; CTAHOBUTCS Ype3BbIYAfHO MPOCTO 3afia-
Yen.
[Ipepnonoxum, 4o

7,(t) =B e™. (18)
IMopcranoBKa 3TOro BhIpakeHus B popmyiny (15) naet

Bl(—iw)"a, + (-iw)'a, | + ... + a;] = C

B= ¢ . (19)

(-im)"a, +(-i0)" a, | +..+a,

Taxkum o6pa3om, mepexof oT paBeHcTBa (13) X cooTHomeHuto (15) mpUBOAUT K
3HAUMTENBHOMY VIPOIICHUIO. JledCTBUTENBHO, BMECTO JU(PEepEeHINATBHOTO
ypaBHEHUS MbI IONYYMITK IpOCTefiiee anrebpanyeckoe ypaBHEHHE OTHOCHTENBHO
Hem3BecTHOro B.
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®opmyay (19) MOXKHO IepenucaThb B BUJIE
B=Be™, (20)

rae B 1 § — COOTBETCTBEHHO, AMIUIATY/IA ¥ ApTYMEHT KOMIIEKCHOTO 4ucia B.
Kak crnenyer u3 Boipaxkenus (18), yacTHoe pemieHue ypaBHeHusi (15) paetcs
hopmyIoit
z,()=BePe™
10071
z,(f) =B e’ “*P, 20

Haxkonen, Bocnone30BaBIIMCh PaBEHCTBOM (17), MONYyYNM YacTHOE pEIIEHUE HC-
XOfIHOTO ypaBHeHus (13) B Bupe

x,(t) =B cos(w t + B). (22)

Bennuunsl B u 3, onpepensemsle hopmynoit (19), SBISIOTCS COOTBETCTBEHHO
aMILTUTYAOM 1 ha3oli yacTHOro petuenus. CpasHuBas paBeHcTBa (12) u (22), npu-
XO[IUM K BBIBOJY O TOM, YTO €CIH BXOJJOM B CHCTEMY SIBIIIETCS CHHYCOHMJANIbHAS
(OYHKIHS, TO YACTHBIM pelleHHeM OyfeT TAKXKe CHHYCOMAalbHAs (DYHKUMS, MMe-
IOLIast Ty K€ YacTOoTy, HO ApYrue aMIUIUTYRy U pa3y. Takum oOpa3oM, Mbl IOKa-
3aM, 4TO WCIONb30BaHUE (HOPMYIbI Diliepa 3aMETHO YIPOLIAET PEelIcHUE ypas-
Henus (13). Takoit nogxop 0ObIYHO HAa3bIBAETCS OLEPALMOHHBIM METOLOM.

4. Cornacro popmyne (10) monHoe pelieHre (BbIXOJ TMHEHHOR CUCTEMBI) SIB-
JeTCsl CYMMOM JIBYX ClaracMbIX: OfJHO U3 HMX MOXHO Ha3BaTb CBOOOJHBIMH KO-
7e0aHusAMH, U OHO TNPEACTaBIsET COOON pELIEHHE X (f) ONHOPOJHOTO YPABHEHNS;
[pyroe SBJIACTCA YacCTHBIM PEIICHHEM X,(f), XapaKTEPHU3YIOLIMM BBIHYXK[CHHbIC
KOJIE0aHNs CUCTEMBI.

Taxkum oOpazom, uMeeM

x(1)=Ae" +Ae™ +...+Ae" + Bcos(wt + ). (23)

3pech BEJMYMHBI 7, SBISIOTCS KOPHAMH XapaKTEpPHUCTUUECKOTO YpaBHEHUS.
YroObl onpefenuTh Hen3BeCTHbIE KOI(DPUIMEHTHI A;, HEOOXOAUMO HCIONB30BATH
(Tak Xe, KaK U B cly4yae OJHOPOJHOrO YPaBHEHHUs) HAayaJbHbIE YCIOBHS, chopMy-
JIMPOBaHHBIE ISl IOJTHOTO pemeHns x(¢). 13 BeIpaxkenus (23) BUAHO, 4TO BXOJ
JMHEHHOW CHCTEMBI BCET/Ia MPUBOAUT K BO3HMKHOBEHMIO CBOOOJIHBIX M BBIHYX-
NeHHbIX KoneOaHuil. [10cKoNbKy peanbHble CHCTEMBbI BCEIa SIBISIIOTCS IMCCHUIIA-
THBHBIMHU, CBOOOJIHbIE KONEOAHMUsI X () CO BpDEMEHEM 3aTyXaloT, U B KOHIIE KOHIIOB
OCTAIOTCS TOJBKO BBIHYXKJIEHHBbIE KONEOaHus. B aTOM cMbICie MOXHO CKa3aTh,
YTO €CIIM BXOJOM B cUCTeMy Oblla CHHYCOUfaabHasd (PYHKIKS, TO BBIXOOM OyHeT
TaKXe CHHyCOMAaNbHas (PYHKIHS TOW e YaCTOThI, IPH YCIOBHUH, YTO CBOOOTHBIC
KoneOaHus K 3TOMY MOMEHTY BPEMEHH TIOJTHOCTBIO MCYE3NMH. JTO — OHO W3 HaW-
0oiee BaKHBIX CBOHMCTB JMHEHHBLIX cucTeM. OIHAKO HEOOXOAUMO OTMETHUTh, YTO
B HayaJbHbII TEPUO BPEMEHH, KOIJla €l MPHUCYTCTBYIOT CBOOOAHBIE Koneba-
HUSI, TIOJHBIN BBIXON X(f) MOXKET CYLIECTBEHHO OTJIMYATHCS OT CHHYCOMJANBHON
(byHKLHH.
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5. Mpbl omucanm oONEpalMOHHBIA METOJ], MO3BOJSIOMIMI HAWTH peLICHUE
OOBIKHOBEHHOTO AM(pepeHINanbHOro ypaBHEHNs B cliyyae, KOTfja BXOJIOM SBIs-
eTcs cuHyconfabHast pyHKims. OKa3bpIBaeTCs, YTO aHAIOTUYHBIN TMOAXON MOKHO
UCMOTb30BATh TIPU PEIICHAN JTUHEHHOTO i epeHIUATBLHOTO YPaBHEHUS C YacT-
HBIMU TIPOM3BOJHLIME TPH YCIOBHH, UTO €r0 PEIICHHE ONKMCHIBAETCS CHHYCOM-
NaJbHOM (PyHKIHET.

Yro06bl NPOUILTIOCTPUPOBATH CKa3aHHOE, PACCMOTPUM CliefiytoLiee uddepen-
[ManbHOE ypaBHEHHE:

2 2 2
viy=9U, 90U, oU_yoU (24)
ax? oyt ezl or

TJie oL — MOCTOSIHHBINA Koaduuuent, U — cuHyconpaabHas (yHKIUS BpeMEHH:
U=A cos(w t + ). (25)

B o0mem ciyyae ammiuTyza A 1 pasa ¢ 3aBUCAT TakKe OT KOOPAUHAT TOUKH
HabOmtonieHnst x, y u z. [Tockonbky yHKums U sIBIsieTcs MPOU3BEEHNEM JIBYX CO-
MHOXHTENEN

Ax,y,z,t) u cos[w ¢+ o(x, y, 2)]

U KaXAblil U3 HUX 3aBUCUT OT KOODAMHAT, NOACTAHOBKA 3TUX COMHOXMTENEH B
opmyiy (24) He IPUBOAUT HU K KAKOMY YIPOIIECHMIO. B TO e BpeMs UCroib30-
BaHHE KOMILIEKCHBIX NEPEMEHHBIX, B YaCTHOCTU (DOpMynbl Dilnepa, CTaHOBUTCS
o4eHb 3hheKTUBHBIM. YTOOBI BOCIONIB30BATLCA 3TUM, IEPEMNILIEM CIIE pa3 ypas-
Henue (24) B Bujie

V2V=62_V+82_V+62_V=aﬂ (26)
ax? ay? ez o’
3nech
V=A sin(t+ ¢). @7

Hanee, yMmHOXas BbIpaskeHue (26) Ha — i U CKIIaf{bIBas MOJNYYHBILIEECS PABEHCTBO C
ypaBHEHYEM (24), HaXOAUM

V2Z=82—Z+82—Z+azz=a£ (28)
ax?  ayr ez’ ot

e

Zx,y,z, ) =UX,y,z, ) +iV(x, y, z, ) 29)
0071

Z(x,y,z, 1) = Z(x, y, z) ™ 30)
H .

Z(x,y,z)=Ae™. (31)
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CnenyeT OTMETHUTD, YTO PEIICHUEC YPABHEHUE (15) TaKXKe€ MNPEACTABIISICTCA B BU-
1€ MpOU3BENICHS IBYX Cl'.)yHKIII/IfI, OJIHa U3 KOTOPBIX, B, SIBIISICTCA prHKIII/IteI TOJIb-
—iwt

KO KOOPJIMHAT, a fipyras, e, 3aBUCHT TOJHKO OT BPEMEHH.
[Topcranoska Beipaxkenud (30) B ypaBHeHue (28) faet

VZ+kZ=0. (32)
3nech
F=ioo.

Taxum o6pa3oM, BMecTO ypaBHeHUs ucpy3un (28) Mbl IPHUINIM K YPaBHEHUIO
lenpMrosbia (32) OTHOCHTENBHO KOMIUIEKCHOH aMIuTyfbl Z. [1ocKonbKy ypas-
HeHne (32) He CONEpXUT BPEMEHM, HAUTH €r0 PEIIEeHHEe OTHOCHUTENBHO MPOCTO.
Kak cnenyet u3 dopmyast (31), 3Hast Z, 3aTeM MOKHO HAlTH aMIUTATYAY @ a3y
¢yuknum U, 3aaBaeMoii BbIpaxkeHneM (25). AHAJIOTHYHBIN MOAXOJ, MOXHO HC-
TI0J1b30BaTh U NIPY PEIIEHUN BOITHOBOTO YPaBHEHHUS:

veiy=L2U

2 o



MMPUWIOXKEHMUE 6

PAJBI ®YPLE

1. Cunyconpianbabie (PyHKINT

Asinx u B cos x 1)

ABISIOTCA NPOCTEAIIAMHU IPUMEPaMKl IEPUORMIECKIX (DYHKIMI, TIpUYeM UX IIpo-
U3BOJIHBIE U IEpPBOOOpa3Hble — TakXke nepuopanyeckue pynkiuu. Koneuso, cymie-
CTBYET OECKOHEYHOE MHOXKECTBO APYIUX NEPUOAMYECKUX (PYHKLMI, YIOBNETBOPS-
IOIIMX COOTHOLICHHIO

[+ 1D =fx), )

rfie / 00603HayvaeT NepHoy.

[Tpumeps! Takmx pyHKUMIT TPUBEEHBI HA puC. 1.

2. B navane 19-ro Beka ®ypbe mokasan, yTo MOYTH JHOOYIO MEPUOIMIECKYIO
(bYHKIMIO MOXKHO TIPEICTABUTD B BHJIE CIEMYIONIEH CyMMBI:

o o
f(x)=by+ ¥ a,sinnox + Y b, cos nw,x, 3)
n=1 n=1

KOTOpasi Ha3biBaeTcs psiioM Pypee.
3pech n — 1enoe 4ucno, a, u b, — NOCTOSIHHbIE KO3((ULMEHTDI, HE 3aBHCH-
IIe OT apTyMEHTa X, 1

27

o, ==, @
[
[Tepenuiem BbipaxeHue (3) B BUie
fx)= b0+2an sinu),,x+2b” COSW X, 5)
n=1 n=1
me
2 /
w,=nw, WM o,=-—, [ =—. 6)
l n

ITo ompepenenuto, w, U /, — COOTBETCTBEHHO YacTOTa W NEPHOJ WIEHA psja C
HOMEpOM 7.
B uacrHOCTH, BeMuuuHbI /; = [ # 00, = (0 TIEPBBIX WIEHOB

a, sin wx u b, sin ®x

XapaKTepU3yIOT NEPUOJ 1 YACTOTY caMoil (PYHKIHH [ (x).
CornacHo ¢opmyse (3), pyHKImS f(x) IpefcTaBIseTcs B BUE CYMMBbI Tpex
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Puc. 1. Tlepuopmueckue (yHKIIH a y

i
27 0 27n X
0 y
/1| T 1 /
I
| l 4
-n: 0 : b : in x
I |
6 y
1 a 1 I 1 |
1 I 1 | 1
1 I 1 | 1
1 I [ 1 [
—n: 0 n: 27r: 371: : X
1 ] 1 | 1
1 I ] I 1

yneHoB. [1epBriil unen b, sBrsieTcsl NOCTOSHHON. BTopoili uieH npefcrasisieT co-
00i1 OECKOHEUHYIO CyMMY CHHYCOUAQNBHBIX (DYHKIUH, HMMEIOMIMX pa3InvHbIe
AMIUTUTY/BI X 4aCTOTBI:

a, sin . x + a, sin 2w ,x + a; sin 3w x + ...
CyImecTBeHHO, UTO TIEPBOE ClaraeMoe 3TOW CyMMbl U (DYHKIWS f(X) UMEIOT Offu-
HaKOBbIE 4acTOThl. OfIHAKO C POCTOM /1 YBEIMYMBAETCS M YaCTOTa (,, 3a7laBaeMast
opmynoit (6).

CneqryeT 3aMeTUTh, YTO Pa3HOCTb MOCIEOBATENbHBIX YACTOT PABHSIETCS ;:

w,-0,;=nrw0,—-n-1Dw, =0, wn

n
2n
.

Tpetnit unen B BbIpaskeHHW (5) TakXe TPEACTABISET coO0i OECKOHEUTHYIO
CyMMYy:

0

Aw=w, =

a, cos WX + a, cos 2mw,x + a; cos 3mx + ...

®a30BblIll CIBAT MEX]Y WIEHAME C HOMEPOM /1 B TIEPBOY U BTOPO! CYMME paB-
HsieTcst 7t/2. UneHbl 3THX CyMM Ha3bIBAIOTCS TADMOHMKAMY #1-TO MOPSAKA; B 4acT-
HOCTH b, ABNSAETCS FAPMOHUKON HYJIEBOTO NMOPANKA.
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Puc. 2. ®ynkuym sin nx u cos nx Ais

- n=1,2,3

IToBepieHye NIEpBBIX YWIEHOB psifia, MMEIOLIUX HYJNEBblE aMILTUTYAbI, OKa3aHO
Ha puc. 2.

3. OueBUHO, 4TO PaBEHCTBO (5) BBINONHSAETCS TOJBKO NMPHU OMpPEAENEHHBIX
3HAUEeHUAX KOI((UIUEHTOB a, U b,, U HAIIA 3a[jaya COCTOUT B TOM, YTOOBI X
Hafitu. [Ipouenypa moucka 3Tux Ko3(ppUIMEHTOB COCTOMT U3 TpeX waros. Hau-
HEM C TOTO, YTO ONPENENuM b,. YMHOXKasl JIEBYIO U TpaByto 4acTu (opmynsl (5)
Ha dx U HHTETPUPYS B NIpefienax oT — //2 1o 1/2, nonyyum
1
2

1nn0)xdx+zb fcosnm]xdx. ®)

2

%m—
?MS
'\m_

N =

1
f(x)dx = j'
1

2

o=

ITockoneky

1

1

2 |2
cos(nw x)

[sin(nw x)dx = _costno)

2 1) O( 2nl\]=0

o Jeosl 250 _ ol —p2E L
L e, [COS\ 1 2) TN

1 rl(Dl _1
2 2
u
1 1
2 i 2
[sin(nw,x)dx = _sintro 21 g 2w Y gl 2 ] 0,
1 no, |1 ono, [\ 12) U T 1 2)
. 1

thopmyna (8) IpuHEMAET BUA
1
2
ff(x)dx =1b, )
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I

1
2
by = l[ [ ). (10)

Takum 06pa3oM, KOHCTaHTa b, ONpefenseTcs MIOMAbio MO KPUBOH f(x) HA WH-
TepBaJie, PABHOM IIEpHONY /.

Yro6sl HaiiTH KO3(PPUIMEHTHI a,, YMHOXIM 00e JacTi (hopMyibl (5) Ha
sin(mw,Xx) 1 CHOBa IPOMHTETPUPYEM B Ipefenax uHrepsana [. B pesymbrare mo-
JTy9IuM

1

1
2 2 ®© o
[ f()sin(mo x)dx = b, [sin(mw x)dx + Y a,M, + Y b,N,, (11
1 1 n=1 n=1
2 2
e
1
2
M, = fsin(n(u X)sin(mo x )dx
.
u
1
2
N, = fcos(nm,x)sin(mmlx)dx.

N[ =

3peck m = 1 — 1r060€ 1eI0e YUCIIO.
Hcnonb3yeM fanee paBeHCTBa

sin(# + V) =sin 4 cos V + sin V cos u
n (12)

sin(u—V)=sinu cosV-sinVcos u,
a Takxe

cos(u +V)=cosu cosV —sinu sin V
u (13)
cos(u —V) =cos u cos V —sin u sin V.

W3 Hux cnepyer, 4To
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. . 1
sin u sin V = —[cos(u — V) —cos(u + V)],
2

Ccos u cos V= i[cos(u —V) + cos(u + V)], (14)

sin u cos V = l[sin(u + V) + sin(u — V)].
2
[Tonarast
U=nwx iV =mawHx,

OOJyInM
1

1
M, = 1 }cos[(n - m)w x Jdx - }cos[(n + m)w x Jdx |. (15)
2 ° 1

1

2 2

ITocnennee BbIpaXeHWE paBHSAETCS HYMIO NMPU 1 # m, MOCKOJBKY Pa3HOCTh
11— M U CYyMMAa 71 + m SIBJISIOTCS LeNbIMU YUCIIaMH.
IIpu n = m umeem

1 1
12 2
M =—| [dx — [cos(2mw x)dx
3|
2

1
2

w M, =1/2.
Takum o6pa3zom,
0 n=m,
M, =31 (16)
E n=m.

CooTBEeTCTBEHHO, IIepBas CyMMa B MPaBO YacTu BeIpakeHust (15) mpeoGpasyercs
K BUY

E anMn =
n=1

W3 nocnepnero pasenctsa (14) BUAHO, YTO Bce MHTETpanbl N, HCUE3AI0T:

La,. (17)
2

SHN, = 0. (18)
n=1

YuuThIBad, YTO NEPBBIA WIEH

sin(mw .x)dx

— e

b,

N =
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TaKXK€ PpaBHACTCS HYIHO0, OKOHYATEIbHO NOJTYyIUM

f(x)sin(mw x)dx = a,, .

— -

0] —

WJIM, 3aMEHsd m Ha A,
f(x)sin(nw x)dx. 19)

— ol

2
Cln=7

[

Teneps, ymaOXast 06e yacTi hopMyIsl (5) Ha cos(nw,x) W BBIIOIHSS OTEepa-
Y, QHATTOTHYHBIE MPENBIAYIIIM, TTOTYINM

(20)

| o

1
}f(X)COS(nwlx)dx.

b)l =
!

o=

Takum 06pa3zoM, Mbl TIOKa3alld, YTO pAf, CTOSLIMIA B NPaBOil YacTH BbIpasKeHHU
(5), coBmajaet ¢ mepuopiIecko (pyHKIMEH f(x), ecru ero Ko3(puImenTsl by, a,

u b, cBI3aHbI ¢ PYHKIMETN f(X) cIemytomum 06pazom:

— o=

b, = ll F(x)dx,
2
1
a, = % } F()sin(no x)dx, Q1)
1
2
b = 2 }f(x)cos(nu)lx)dx.

"

N =

Kak ormeuanock panee, ! sBisiercst nepuofoM (yHKIuA f(x), a o, = 2w/l — ee

4acTOTOM.
ITpexne yem o0cyXnaTh cBOACTBa PsAfoB Pyphe, 3aMETUM CIIEYIOLIEE:
a) psfbl Pypbe MpefcTaBIsIOT (PYHKIUIO HA HHTEPBANE, PABHOM €€ IEpPUOfy /;
0) BoIpaxkenus (21) a1 K03 pUUKEeHTOB ObLIX NOTYYEHbI B TIPEANONOXKEHIH,
YTO HaYajI0 KoopauHaT x = O coBNAfacT ¢ CepefuHOl 3TOro MHTEpBana. Hampu-
MEP, €CIU IIOMECTUTh TOYKY X = O B Ha4amo 3TOr0 MHTEPBAJA, TO 3aMEHa Iepe-

MEHHOM
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[
y=x+-—
2

macT

1
by == [ flx)dr,
0

| o

a, =

I f(x)sin(nw x)dx, (22)
1{ !

b, = %}f(x)cos(nm X)dx.
0

4. VimeeTcst fiBa ciydasl, IpU KOTOPBIX psabl Pypbe UMEIOT 3HAUUTETBHO 60-
Jee mpoctoil BuA. PaccMoTpuM cHavana ciydai, Korjpa f(x) sBISeTCS YETHOM
(yHKIHEH:

J0) =f(=x0), (23)
[Mockonbky npou3sBeaeHus
f(x) sin(nw,x) u f(x) cos(nw,x)

SIBJISIFOTCSL COOTBETCTBEHHO HEYETHOH M YETHOW (PYHKUMSIMH 1O OTHOIIEHUIO K
cepefiHe nHTepBana x = 0, K03(OUIUEHTHI a,, TOTKHBI PABHATHCS HYJIIO:

a,=0
u psig Pypbe npuHUMaeT BUj
F)= by + 3 b, cos(nw ), 24)
n=1
e
1
5 2
b, = —lff(x)dx (25)
0
n
1
2
b, = ilff(x)cos(nm X)dx. (26)
0

W Haobopor, ecnu pyHKUYS f(X) HeUETHAS:
J) =-f),
TO HOJBIHTETPAJIbHOE BbIPAXKEHHE

498



f(x) cos(nw,x)
TaKKe ABISIETCS HeUeTHON (DYHKIHMEN 1, CeOBaTENbBHO,
b,=0,

BKITIFOUAs YIEH by,
CooTBeTCTBEHHO, BMECTO (hOPMYJIBI (5) UMeeM

fx)= i a, sin(nw,x) @7
n=1

| &~

ot — V=

a, =

f(x)sin(nw x )dx, (28)
[
MOCKOJBKY MOALIHTErpaNbHOE BhIPaXKEHNE SIBNSIETCS YETHON (DYHKIMEN.
Psnb1 ®ypee miist pyHKIMI, TpeCcTaBIeHABIX HA pUC. 1, MMEIOT CIeNyOLyi
BUJT:

a |~

T
y=;— (cosx+ 7 > 5

cos3x cosSx + cos 7x )
5 7

(sinx sin2x  sin3x )
2 —+—-..
1 2 3

da( .
=—|SInx +

sin3x sinS5x
—_—+—+...].
4

3 5

5. Tlone3Ho Takxke MpecTaBUTh psiibl Pypbe B HECKOIBKO APYroil ¢opme.
Kaxk cnenyet u3 Beipaxxenus (5),

fx)=>b,+ i[an sin(nw ,x) + b, cos(nw x)]. 29)
n=1

[Tonarast B 3TOM BbIpa>XeHUN

a,=A,sing, u b,=A, cos ¢,, (30
TOJTy4nM
f(xX)=by+ 3 A, cos(nwx —q,). (3D
n=1

W3 nocnepuseit (opMmynbl BUAHO, YTO NEpUORMUECKas (PYHKUMS OMNCHIBAETCA B
O0IIEM cilyyae NMOCTOSIHHBIM ClaraeMbIM b, U OECKOHEYHOU CyMMOH CHHYCOH-
ATBHBIX (DYHKIMI, IMEIOIUX pa3IidHble aMIUIUTYAb! U HavaibHble (ha3bl. B To
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K€ BpeMs, 4acTOThl , 3TUX (PYHKUMI 3afatoTcs BbIpaxkeHusimMu (6). HaGopbl
yucel A(w,) 1 ¢(w,) 0OBIYHO HA3BIBAIOTCS aMIUIUTYAHBIM U (Da30BBIM CIEKTPOM
nepuopmieckont yakmu f(x) (puc. 3, a, 6). [TockombKy pa3HOCTH TOCIENOBA-
TEJIBHBIX YaCTOT PABHAECTCS KOHEUHOMY HEHYJIEBOMY 3HAUECHHIO (), TaKHE CIIEKT-
PbI Ha3bIBaIOTCS UCKpEeTHBIMA. OYEBHIHO, UTO C YBEIUUEHNE NepUofa /, pa3HULa
MEXJy 4acTOTaMi M, ¥ M, ; CTPEMHUTCS K HyJIr0. MOXHO OXHJaTh, YTO B Tpefe-
e [ — o0 CIIEKTp CTAaHOBHUTCS] HENIPEPBIBHBIM.
6. Ilyctb ¢pyHKIMSA f(X) YIOBNETBOPSET HA UHTEPBANE

—I2<x<l2

CIeyIoIMM ycaoBusiM [upuxie:

a) f(x) gBnsieTcsl OJHO3HAYHON, KOHEYHOH (DYHKIMEH, MMEIoLlell KOHEYHOe
YHUCIIO pa3pbIBOB;

6) f(x) MMeeT KOHEYHOE YHCIIO MAKCIMYMOB I MUHIMYMOB.

Torpa u3 Teopun psnoB Pypbe CIeAyeT, YTO BO BCEX TOUKAX HEMPEPHIBHOCTH
pan Pypoe cxoputcs K QyHKIMY f(x), a B TOUKE Pa3pblBa X, — K 3HAUCHUIO

f(xo—a);f(xo+a)' (32)

3pech € — OeckOHEUHO Majasl BeJuunHa. [laHHOe cpefjHee 3HaYeHHe JIBYX Mpefieib-
HBIX OpIMHAT €CTECTBEHHO PAacCMATPHBATH B KAauecTBE 3HAUCHMS (pyHKUMN f(x) B
TOUKE X = X,. HeKOTOpBIe W3 MPUBEACHABIX BBIIIE IPUMEPOB MWILTIOCTPHPYIOT 3TO
MHTEpECcHOE MoBefieHue psfioB Pyphe.

3ameTuM, 4To (YHKIMA X~ U sin x~' He YIOBIETBOPSIOT yCIOBUAM Jupuxiie
Ha UHTEpBaJe, cofiepkaiieM TouKy x = 0.

7. Urobbl TPOEEMOHCTPHPOBATH CXONUMOCTH psOB Dypbe, paccMOTpM
(byHKIHIFO

f(x)={

-1 -mw<x<0,
+1 O<x<m.

Ee psapg @ypre umeet Bup

(33)

1 3 5 7 2n-1

4 |sinx sin3x sinS5Sx sin(2n - 1)x
—+ + 4ot + ...
7

OTcrofia BUHO, UTO, HECMOTPS Ha TO, YTO (OYHKUKS f(xX) IPUHUMAET TOCTOSH-
Hble 3HAYEHUs B Ipefienax Kaxaoro Mojaynepuosa, Ha KOTOPOM KaKfblil U3 une-
HOB pdfa (33) sBnsieTcs CUHYCOUfaNbHON (PYHKIMEH, cyMMa §, AOCTaTOYHO ObICT-
po cxopmuted K f(x) Ha uHTepBane 0 < x < g (puc. 3). Tem He MeHee, CXOUMOCTh
CTaHOBUTCS Goliee ME[IVIEHHON 0 Mepe MPUOMIKEeHNS K TOUKE pas3phiBa, HANPH-
Mep x = 0, 4TO NPUBOJIUT K HEOOXOAMMOCTH YUUTHIBATH BCE GOINBIIE YIEHOB Psfia.
Kaxk BujiHO u3 puc. 3, 8, C yBenM4YeHHEM YHCIIA 71 PACTET TAKXKe KOJIUYECTBO MAK-
CHMYMOB CYMMBI §,,, U IEPBbIil MaKCUMyM TIpudmmkaetcs K Touke x = 0. Orciona
CIIeflyeT, YTo B Ipefiesie 77 — o 3HAueHHe 3TOro Makcumyma crpemutes K (1.18),
a mpeyieTbHas opAuHaTa (PyHKUUX f(x) paBHa efuHMIE. JTO SBICHUE OBLIO OT-
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Puc. 3. Cnextp nepuomuyeckoi a y

ynkumm. ekt I'n66ca

S
o
LN
s

Sn(x)_
n=20

1,0}
0,81
0,6
04§ .
02§/

0 05 1 15 2 25 =

kpbiTo ['n66coM. Takum oOpa3om, NpeAcTaBmsITh (GYHKIMU uX pspamu Dypobe

BOIIM3M TOYEK paspbiBa He yAOOHO.
8. PanHee MbI HAIlLMK YaCTHOE pelLlIeHHe §,(x) JUHEHHOro AuchhepeHIUaNIBHOr0
YpaBHEHHU JIs Clyyasi, KOIJ|a BXOJOM SIBIISIETCS] CHHYCOMfaNbHAs (PyHKIus

f(x)=A cos(w t + ). (34)
B arom ciyuae
s;(x) =C cos(w t + 7T). 35)

IMpenmonoxumM Tenepb, YTO BXOJOM SIBISETCS Nepuopuueckas (pyHKuus f(x) c

nepropoM [ 1 4yactoTon w, = 2/l.
Torpa yacTHOe pelieHue s,(x) HOJKHO YHOBIETBOPSTH CIIEAYIOLIEMY YpaBHE-

HHMO:
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d"sl(x) d"ﬁlsl(x)
BT

- et @ys (x) = f(x). (36)
dx dx

n

Hcnonn3yst pasnoxenue B psig Pypbe, MOTyInM
f(x)=by+ > A, cos(nox - @,). 37
n=1

[puMeHsast NpUHUKMI CYNEpPHO3UIUM, MOMYYMM, YTO YACTHOE PpEIIEHHE MOXHO
3anucaTh B Bujie psfa Pypoe

s;(x)=15,+ i C,cos(hmwx -t,), (38)

n=1

YJIEHBI KOTOPOT'O MOXKHO JIETKO HalTH.



MNPUWIOXEHUE 7

HUHTEIPAJI ®YPBE

Kak 6b110 IOKa3aHO paHee, NEPHOANIECKYI0 (PYHKIHIO
f) =fx+ 1D,

YAOBIETBOPSIOLLYIO yCIOBUSAM [Tupuxiie, MOXHO HpeacTaBUTh B Bufe psina Pypoe

f(x)=by+ Y a,sinnox + Y b, cos nm,x, 1)
n=1 n=1
e
0, =no =n", 6)
1
12
by = " [ f(x)dx, ©)
4
1
22 .
a, == [f(x)sinnwx dx
I
2
u @
1
52
b, == [f(x)cosnox dx.

C YBEITAYCHUEM IIEPUO/IA PA3HOCTD YaCTOT

A(‘U=('U}':_(Dn—l=0‘)l=2_17.[ (5)

CTPEMUTCS K HYJIO, M, COOTBETCTBEHHO, B mpefierie [ — oo criekTp (yHKImH f(x)
CTaHOBHTCS HENPEPBIBHBIM. B TO e BpeMs (pyHKIuA f(x) nepecTaeT ObITh NEPHO-
nu4eckoi. YToObl OCYLIECTBUTh NMEPEXOf K IMPENENbHOMY Clyyaro, psagbl Pypbe
HEOOXOAUMO COOTBETCTBYIOIUM 00pa30M MOJU(UIUPOBATD.

2. YuursIBas (opmyny Jitnepa

€*? = cos @ = i sin @,
BMECTO BbIpaxenus (1) 3anuiem
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nwx —inwx 3 nwx —inwx
- € € + ¢

f)=by+Sa,*
n=1

2i n=1
= b() + i bn ~ ian ei’l‘”l—" + i bn + ian e—i”UJl—" (6)
n=1 2 n=1 2
nimm
e . ) e .
f)=by+ Y c, e +¥c, e ", @)
n=1 n=1
3nech
b +ia « b —ia
c,=———" u ¢, =-"+—=". ®)
2 2

Kak cnenyet u3 BoipaxeHuii (4),

Fx)e™ dx

n

— ol

1
c, =—
l

B[ —

I ©

s

1 _i
€= Fx)e ™™ dx.

—_— ol

1
2
3nech 7 — NOJOXKUTENLHOE TieNIoe uucio, n = 1, 2, 3,...
CpaBHeHye paBeHCTB (9) OKa3bIBAET, YTO

=, (10)
Psn (7) MOKHO 3amucaTh B IBYX Pa3lMUHbIX (POPMax, a UMEHHO:

f(x)=b,+ icn g e

n=-o

70011 (11)

f)=by+ Y e

n=—0o0

TIPU YCIIOBUH, YTO B 00€UX cyMMax OoTOpoLIeH uieH ¢ 1 = 0.
W3 Beipaxkennit (3) u (9) cnepyer, 4TO

by =cy= ¢y, (12)

504



U, CJIE[JOBATENbLHO, paBeHCcTBa (11) MOXKHO mepenucars Kak

f(x) - i Cne—imu]x (13)

n=—0

Jines

f(x) - i C:einml,\‘ , (14)

n=—o

U 9TH CyMMBI yxe cofiepxkaT wieH ¢ n = 0. CrnefyeT 3aMeTHTb, YTO Kaxpas W3
HpPEJCTABICHHBIX BBIIIE CYMM COBNAfIAeT ¢ psigoM Pypee (1), MOCKOIBKY MHEMBIE
YaCTH CyMM PaBHBI HYIIIO.

[Tokaxem Tenepb, KaK 3TH TOCTATOUYHO CIOXHbIE BHIPAXKEHUS MOXKHO 3pdek-
THBHO MCIOJIb30BaTh NS MONyueHus: psioB Pypbe B MpeenbHOM ciydae, Korna
Hepuof / CTpeMUTCs K OECKOHEYHOCTH.

Paccmotpum npesxpie Beero Belpaxkerud (9) u (13):

= S

n=—0

Fx)e " dx .

n

— o=

1
c, =—
[

N =

W3 Hux cnenyer, uto

1

o 2 . i X i
f(.X)= l E ffv(x)emw].xdx e—mw].x
l,1=_oo 1
2
A
1
1 0 2 X .
xX)=— x)e"dx [e 7" Aw, 15
fx) anx flf() (15)
2
TaK KaK
=2 u o, =Aw.
‘91

B npenene, nipu / — oo nosepienne yHKIuH f(x) nepecraeT ObITh NEPHOIUYECKIM
1 CTAHOBUTCSL IPOM3BOJIbHBIM. [10CKOJIBKY pa3HOCTb COCEHUX YAacCTOT CTPEMHUTCS
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K Hym0, Aw — 0, cyMMy B IIpaBOil 4acTH paBeHCTBa (15) MOXHO 3aMEHUTh UH-
TErPAJIOM 110 BCEM YaCTOTaM:

1 ” —iox
flx)= ;_wa(w)e dw, (16)
e
F(o) = } F(x)e™ dow. a7

[Mocnepnue fBa BbIpaXKeHWs! MPECTaBISIOT co00il mpeobpasoBanne Pypoe
¢dyHkmu f(x), a ¢yHkuua F(w) Ha3piBaeTcs CIEKTPOM (PYHKUIMM f(Xx) WM ee
KOMIUIEKCHOY aMIUIUTYyAoi. Takum o0pa3oM, B OTJIHYME OT NEPUOAMIECKHX
(byHKIWH, TTPOU3BONBHAST (DYHKIWS f(X) ONUCHIBAETCS CHHYCOMAANBHBIMA TapMO-
HUKaMH BCEX BO3MOXKHBIX YacTOT. MIHbIME cTOBamu, Takue (PyHKIUM XapaKTepu-
3YI0TCS HENPEPBIBHLIM CeKTPoM. OYHKIMIO f(x) MOKHO MPEACTAaBUTH B HECKOJb-
KO JIpyroM BHJIE.

HNcnons3ys Boipakenus (9) u (14), noayunm

0

1

2 o .

f(x)=l[ 2 ff(x)e—uw)l,\dx emml,
1
2

n=—00

I

o

1
1 2 —i X iw,x
-y [f(x)e™™ " dx e Aw.
27 pe T

2

flx)=

PaccmaTpuBas mpefienbHbIA ciy4ail, IpUXONUM K APYroH mape HmpeoOpa3oBaHUil
Dypre:

_Lw iox
fx)= - _wa(oJ)e dw
u (18)

F(o) = } Fx)e ™ dx.

BesycnosHo, 06e hopmbl mpeoOpa3oBaHust Pypee SBISIOTCS 3KBUBAJIECHTHBIMHU, U
B JJaJIbHEIIIEM MbI OyIeM UCIONb30BATh NEPBYIO U3 HUX, 3a[laBAEMYI0 BbIPAKECHH-
savu (16) u (17).

3. Tlo ompepenenmnto, ciekTp F(w) SBISIETCS KOMIUIEKCHOH (DYHKIHMEH, KOTO-
PYI0 MOKHO 3amucaThb KaK
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F(w) =Re F(w) + i Im F(w) (19)
A
F(o) = |F(w)|e™". (20

IMopcrasnsa nocnefHee BoIpakeHue B npeoOpasoBanue Pypee (16), momyunm
F0) =+ [IF@)e " do. Q1)
21 T

3TO 03HAYAET, YTO IPOU3BONBHYIO (DYHKLMIO MOXKHO IIPEACTaBUTh B Bujie Oec-
KOHEYHOW CyMMbI CHHYCOUANbHBIX KOJIeOaHui

A2 1R e, 2)
21

UMEIOIUX OECKOHEYHO MajIble aMILTUTY/bl U Pa3Hble YaCTOTBI U (pa3bl.
PaccMoTpuM HeKOTOpBIE BaxKHbIE CBOUCTBA 3TOrO cnekrpa. Ilpexne Bcero, u3
paBeHcTB (17) cnegyer, uto cekTpsl F(w) 1 F,(w) paBHbI APYT APYIY:

Fi(o) = Fy(), (23)
€CJIM PaBHBI COOTBETCTBYIONINE (DYHKIINN

i) = f(0).

W3 Beipaxkenwii (17) u (19) nMeeM

Re F(w) + i Im F(w) = }f(x)eiw‘dx

W
Re F(0) = } F(x)cos(wx)dx (4)
) 4
Im F(0) = } F(x)sin(wx)dx. (25)

CJIGJIOBaTeJIbHO, HeﬁCTBHTSHLHaS[ U MHUMaAsl 4aCTU CIEKTpa SBJAIOTCA COOTBETCT-
BEHHO YETHOH 1 HEYETHOM qDYHKIII/IﬂMI/I JacCTOThI:

Re F(0) = Re F(-o)

Im F(w) = - Im F(-w). (26)

4. Tlepemmmem Bbipaxkenne (16) B apyroit dopme. Hcnonssys gopmymny
Diinepa, NOMyYUM
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f(x)= sz(ReF +iIm F)(cos wx —isinwx)dw =
T S

= 2L f[ReF(u))cosu)x + Im F(w)sinwx Jdw +
T 2o

+2L }[Im F(w)coswx — Re F(w)sinwx Jdw. 27)

T _»

y‘lI/ITblBaﬂ, 4TO MOABIHTETPATILHOC BBIPaKEHUE BO BTOPOM ClIara€MoM SIBIISICT-
csl HeueTHOH (pyHKImeit, popmyny (27) MOKHO YIPOCTHTD CIEAYIONINM 06pa3oM:

fx)= ZL }[ReF(m)cos wx + Im F(w)sinwx |do. (28)

ITockoneky f(x) — pmeficTButenbHas (DYHKIHUS, €CTECTBEHHO, YTO MHHMAsl 4acTb
BbIpaXkeHus (27) oOpaiaeTcsi B HONb.
I[TpennonoxumM, 4To (yHKUYs f(x) BefieT ce0sl CIeyIoLIM 00pa3oM:

0 x <0,

f(x)x=0. 29)

£ = {
Janee, momarasi, 4To x B BhIpakeHuH (28) SBISACTCS OTPUIATEIBHBIM, TIONYYIM
0= 2—1” };[Re F(w)cos(—wx) + Im F(w)sin(-wx)]dw
nim
0= i i[Re F(0)cos ox — Im F(w)sinox Jdo. (30)

31ech x HOJOKUTENBHO.
CymmMupoBanue BolpaxkeHuit (28) u (29) gaer

fx)= 1 fReF(u))cosoox dw
T
110011

fx)= 2}ReF(m)cosw}c dw,
T o

IIOCKONBKY MOJbIHTErPAJIbHOE BbIPAKECHUE SBISETCS YETHOH (hyHKLMEHd yacTo-
TBI .
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Taxum ke 00pa3oM u3 Belpaxkenuit (28) u (30) nomyunm

flx)= 3}1m F(o)sinwx do. (32)
T

Iocnennue pmBa paBeHCTBAa HA3bIBAIOT COOTBETCTBEHHO KOCHHYC- W CHHYC-
npeoOpasoBanusMu Pypee.

OHM MO3BOJISIIOT BHIYMCIUTD 3HAUEHHUSI TIPOU3BOJIbHON (DYHKIMH f(x), 3ajaBae-
MO¥ BbIpaxXeHueM (29), 10 OFHON TONBKO JCHCTBUTENBHON, THOO0 MHUMOW YacTH
crekTpa. MHTerpupoBaHue OCYIIECTBISETCS TONBKO MO MOJNOXKUTENbLHBIM YacTo-
TaM. 3ameTuM, uto u3 opmyn (31) u (32) cnegyer, 4to

fReF((o)cosoox dw =fIm F(w)sinwx dw. (33)
0 0

[Tocnennee BbIpaXkeHNE MOKA3bIBAET, YTO MHAMAS U [ICACTBUTENbHAS YaCTH CIEKT-
pa cBsa3aHbl Apyr ¢ apyroM. VIHbIMu crioBamu, (hyHKIUH

Re F(w) u Im F(w)

He SIBIISIOTCS. HE3aBUCUMBIMHL.
5. PaccMoTpuM HECKONBKO MPUMEPOB, HNIOCTPUPYIOLINX TOBEfICHHE CIEKTpa
F().

Ipumep 1

Pacemotpum crepyromyto pyHKumO f(x):

0 0,
fx)= fo{ L (34)
e x=0.
Ee nosenenne nokaszano Ha puc. 1, a. Kak cienyer u3 ¢popmyansl (18),
F((D)=f0fe—areiwxdx - fO.
0 o - iw
nim
F(o)= fy——— +ify—5—. (35)
a +0w a +0w

OueBupiHO, 4TO [ICACTBUTENbHAS I MHHMMAsl YacTH CIIEKTPa SBISIOTCS COOTBETCT-
BEHHO YETHOU 1 HeueTHO! (pyHKImsMu. Takum 00pa3oM, aMIUIMTYAHbIA U ha3o-
BbII1 CIEKTPBI €CTh

Fo)f=——, g=tg"2. (36)

[ 2 2,(P
o +w
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a 0
Jx) Fo)]/o

e— ox
.f(‘) fO
X W/

8 2

¢ Jx)
n/2

T
M/ 0 t

Puc. 1. ®yHKIMM 1 CHIEKTPBI

Wx nosefieHne CyliecTBEHHBIM 00pa3oM 3aBUCHT OT mapametpa o. (puc. 1 6, 6). B
TpeNieTIbHOM Cclydae CTyneHyaTon yHkuuy, o = 0, umMeeMm

f n
[F)]=" n ¢="=. (37)
w 2
B YaCTHOCTH, OTCHO[Ia BUTHO, UTO B CIIEKTPE NOMUHUPYIOT HU3KUE YaCTOTHI.

Ipumep 2

B 3tom npumepe paccMoTpuM (DYHKIMIO, ONMHUCHIBAOIIYIOCS HPSIMOYTOJNBHBIM
UMIYJIbCOM (pHcC. 1, 2):

0 t<1,
2

fo=1f —%tstsg, (38)

0 ¢>2%
2

CrniexTp 3T0¥ (DYHKIMH JAETCS BHIPAKEHUEM

T
T

2 .
F((,U) = fO felwtdt =..f_Oel(.ut 2‘[
T 10 -y

2

2
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I

F(w) = etz (39)
wt/2

Tie fiT — IUIOIIANb MMITYJIbCa.
B atoM citydae ciekTp (hyHKUMY SBASETCS JEACTBUTENBHBIM, T.€. BCE CHHYCOHU-

NAJIbHBbIE TADMOHUKHA UMEIOT HYJIEBYIO (1)a3y. HOBCJ.ICHI/IG AMIUTATY]IbI OIIPEACIIACTCA
OTHOLICHUEM

sinwt/2

wt/2

6. Panee Mbl omucanm pelieHne JUHEHHOTO Mu(epeHIUATBHOTO YPaBHEHNSI
TSt CITy4aeB, KOT/la IpaBas yacTh f(x) sBIsIach MO0 CHHYCOUAANbHOM, MO0 Te-
PUOIMYECKO (PYHKIHET.

Pacemotpum Tenepsb cnydail pyHKIMM f(x) ¢ MpaKTHYECKH TPOU3BOIBLHOMN 3a-
BHUCHMOCTBIO OT X. CIIEKTp 3Tol (hYHKIMY U3BECTEH U 3afiaeTcs hopMyaoit (17).

YacrtHoe penieHue s,(x) ypaBHCHHS

d"s,(x) d" s (0)
+

a,——+a,  ———+..+a5(x) = f(x) 41)
dx dx

MO2KHO TAKXKE HpenCTaBI/ITb KakK
5,(0) = = [S,(0)e™ do. 42)
27 o

B aTOM BbIpaxeHuu (YYHKIWU 5,(x) U ee cleKTp S,(w) HEU3BECTHBI.
ITopcranoBka cooTHOmEHN! (16) 1 (42) B paBeHCTBO (41) faeT

%

[la,(<iw)" + a, (=im)"™" + ...+ a,15,(w)e " do = }F(m)e'l‘mdm. 43)

-0

IMockonbKy paBeHCTBO (DYHKIMHA O3HAYAET, YTO PaBHbl TAKKe U UX CIEKTPHI,
nony4yaeM

Si(@)= Fw) : (44)

a,(=iw)" +a, (i) +.. +a,

3Had cnekTp S;(w) YacTHOrO pelleHus U NMPUMEHSS NepBoe U3 MpeoOpa3oBaHuil
Dypoe (16), MbI MOXKEM ONPEAENUTh (PYHKIHIO S, ().

7. Cruenyrouee npuMeHeHHe NpeoOpa3oBaHus Pypbe CBS3aHO C pELICHUEM
M QepeHIanbHOTO YPaBHEHUS B YaCTHBIX IIPOM3BOJHBIX CIEAYIOIIETO BUA:

’u

viu-oaZ -2l -o. 45)
Jat

at
3nech U — QyHKIUS BpEMEHN W KOOPAWHAT TOYKM HAONIOfEHUs, oL U [3 — He-
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KoTopble nocrosgunble. Hanpumep, nonaras mu6o o = 0, mu6o = 0, Mbl Ipu-
XOJMM COOTBETCTBEHHO K BOJIHOBOMY YPaBHEHHUIO WU K YPaBHEHUIO U y3Hu.
YT00bI YIPOCTUTH PEIICHNE YpaBHEHNUS (45), ucnonb3yeM uHrerpan ®ypse

Ux, y, 2, )= = [U(x, y, 2, 0)e ™ do. (46)
27 %o
ITopcranoBka 3Toro BhIpakeHus B ypaBHEHHE (45) faeT

ZLI[VZU +inal +po’Ule ™ don =0
T

W
V2U + KU =0, (47)
TIe
E=ioa+p o (48)

YpaBHeHue (47) sBISETCS YpaBHEHHEM I[e€nbMrojiblia OTHOCHTENBHO KOM-
mekcHoi ammmutynel U(x, y, z, @), ¥ OHO, KOHEYHO, NpOLIE ypaBHEHHs (45),
nockonbky (ynkuus U He 3aBucuT OoT BpeMeHu. Haiing ¢pynkuuio U u ucnons-
3ys fanee uHTerpan ®ypbe, Mbl MOXEM IIOJTYYUTh PELICHAE YPaBHEHUS (45).



MNPUWJIOXEHUE 8

HMHTET'PAJI JIOAMEJIA

[IpennonoxuM, 4TO CKaNSpHBIA MOTEHUMA MAAIOIIEd BONHBI MEHSETCS BO
BpEMEHH KaK (PYHKILMS, MOKa3zaHHAs Ha puc. 1. OYeBURHO, YTO 3Ty (PYHKLHUIO
MO3KHO TPEJICTaBUTh B BUJIC CYMMBI CTYIEHUATBIX (PYHKIWE ¢ aMIUIATYIOH Ag(T),
I7ie T — MOMEHT BPEMEHH, B KOTOPBIN NPOMCXONUT BO30YXJieHNe BOMHBL. [Ipenmno-
JOXAM TaKXe, YTO MOTEHIHMAA BTOPUYHON BOJHBI, BBI3BAHHOH EIMHWYHON CTY-
HeH4aToil (pyHKIMel, u3BecTeH U omuchbiBaeTcs pyHkiuenn A(z — t). OueBupHo,
YTO UCTOYHMK B BUJE CTYNMEHYATOH (PYHKIMH C aMILTUTYOH A@(T) BO30yXpaeT
BOJIHY, IOTEHIUAJ KOTOPOIl paBeH

Ag(t) A(t - T).

Cymmupys fieficTBUe BCeX CTYNEHYaTbhIX (PYHKIMIA B pa3NuyHble MOMEHTBI Bpe-
MEHH, HaXOUM, YTO BTOPUYHbIH IOTEHUMAN PaBHSETCS

=t
32O A/ -)A.
Jt

=0

1=t
@5(1) = P(O)A(N) + Y A(D)A(r - T) = p(0)A(1) +
=0
Kax BuiHO U3 puc. 1, IpuOIMXEHHOE BbIpaKeHUe
Ag(t) = 20 Ag
at

CTaHOBUTCY Bce 00JIee TOUHBIM O MEpPE YMCHLIICHUA UHTEPBaIa Ar.
B OpEeNEIbHOM C1y4ae, Korjga At CTPEMUTCS K HYJIHO, MbI NIOJIy4a€M HHTErpal
CBEPTKHA

t
il

95(1) = Q(OIAW) + [ *45 A )i, M

0

(1)
JAVIO)
A3(P
AZ(P
A1(P
Puc. 1. Tlpencraienue pyHKImM

4epe3 NHTErpaj HIOEIMGJIH AT AT AT AT AT AT t
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KOTOpBIil Ha3biBaeTcs uHTerpasoM [roamens. OH MO3BOJSET [I1 NMPOU3BOJIBHON
Nafarolell BOJIHbI HATH BTOPUYHYIO BONHY, IPU YCIOBHUY, YTO (pyHKIMS A(f — T)
n3BecTHa. MHTErpupys o yacTsM MpaByro 4acTb (opMyJsl (1), HoTydum

95() = GOAO) + [@(1) = Ar. 6)
0 T

3TOT MHTErpal Ha3bIBAKOT BTOPOU hopmoil uHTerpana [Jroamens. Touno Ta-
KO€ Xe IPEJICTAaBIEeHIE MOXHO UCIIONb30BaTh B TeX JUHEHBIX CHCTEMAX, sl KO-
TOPBIX U3BECTEH OTKIMK CTYNEHYATON (DYHKIUM.



